EXTENDED HAMILTONIAN FORMALISM OF
FIELD THEORIES:
Variational aspects and other topics

NARCISO ROMAN-ROY

Departamento de Matemdtica Aplicada IV
Edificio C-8, Campus Norte UPC
C/ Jordi Girona 1. E-08034 Barcelona. Spain

June 6, 2005

7TH INTERNATIONAL CONFERENCE ON GEOMETRY, INTEGRABILITY AND
QUANTIZATION.

Special Sesion: “Multisymplectic Geometry and Classical Field Theory”.

A. ECHEVERRIA-ENRIQUEZ, M. DE LEON, M.C. MUNOz-LECANDA, N. ROMAN-ROY: “Hamil-
tonian systems in multisymplectic field theories”. math-ph/0506003 (2005).



1 INTRODUCTION

Structure of autonomous Hamiltonian dynamical systems are especially suitable to analyze

problems such as: symmetries and related topics (existence of conservation laws and
reduction), integrability (including numerical methods), and quantization.

Geometrically, many of their characteristics arise from the existence of a “natural”
geometric structure in the phase space: the symplectic form.

The dynamic information is carried out by the Hamiltonian function, which is
‘independent’ of the geometry.

We wish to generalize Hamiltonian systems in autonomous mechanics to first-order
multisymplectic field theories.

In these models, multisymplectic forms play the same role than symplectic forms in
autonomous mechanics.

There are two multimomentum bundles:

The restricted multimomentum bundle has not a canonical multisymplectic form.
Hamiltonian systems are introduced by means of Hamiltonin sections (carrying the
physical information), which allows us to construct the geometric structure.

The extended multimomentum bundle is endowed with a canonical multisymplectic form.
On it, Hamiltonian systems can be introduced as in autonomous mechanics, by means of

suitable closed 1-forms (and certain kinds of Hamiltonian multivector fields). The resultant

extended Hamiltonian formalism is the generalization to field theories of the extended
formalism of non-autonomous mechanical systems.

C. PAUFLER, H. ROMER, “Geometry of Hamiltonian n-vector fields in multisymplectic field
theory”, J. Geom. Phys. 44(1) (2002) 52-69.
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2 PRELIMINARIES

2.1 MULTIVECTOR FIELDS IN MULTISYMPLECTIC MANIFOLDS

(M, Q) multisymplectic manifold,
Q € Z™ (M), 1-nondegenerate (2 < m + 1 < dim M).

Sections of A*(TM) are called k-multivector fields in M
(contravariant skew-symmetric tensors of order k in M).

XF(M) is the set of k-multivector fields in M.

X € X¥(M) is a locally decomposable multivector field if X|y = X1 A ... A X}
for U ¢ M, and Xy,..., X, € X(U).

VX € X%(M) loc. dec. multivector field 3 associated distribution Dy C TM
Dxlv = span{ Xy, ..., Xx}

X is integrable if Dy is involutive.

X € X¥(M) is a locally Hamiltonian k-multivector field if ;(X)Q € Z™+1=F(M).
Vo e M,3U C M and 3¢ € 2™ *(U) such that (X)Q = d¢ (on U)
¢ locally defined modulo closed (m — k)-forms.

Every ¢ € 2™ %(U) is a local Hamiltonian form for X.

X € X¥(M) is a Hamiltonian k-multivector field if i(X)Q = d¢, for ¢ € 2™ F(M).

( is a Hamiltonian form for X.



2.2 MULTIMOMENTUM BUNDLES

n: B — M (Configuration fibre bundle) dim M =m, dim E =n + m.

w € 2"(M) volume form on M.

Natural coordinates in E adapted to the bundle: (z¥,y4) (v=1,...,m; A=1,...

w=dx' A...Adx™ = d™x

Mr = AJT*E ~ Aff(J'r, A" T*M) (Extended multimomentum bundle).

APT*E < A™T*E.
Canonical forms in Mm: 0 € 2™(Mmr), Q:= —dO € Q™ ( Mn).

Natural coordinates in Mm: (2, y*, p%, p)-

@

= phdyt Ad™ e, + pd™a (where d™ 'z, = (aiv) d™z)
Q = —=dpi) A dy* Ad™ 1z, —dp Ad™z

Jir* = ApT*E /n*A™T*E (Restricted multimomentum bundle).
p: Mm — Jir*,

Natural coordinates in J7*: (z¥,y%, p%).

M o - Jin*
\ /
R E T
|
M



2.3 HAMILTONIAN SYSTEMS IN Jl7*

Definition 1 A section h: J'n* — M of the projection i is called a Hamiltonian section.
The differentiable forms Oy := h*© and ), := —dO;, = h*Q) are called the Hamilton-Cartan
m and (m + 1) forms of J'7* associated with the Hamiltonian section h.

(Ji7*, h) is a restricted Hamiltonian system.

In natural coordinates: h(z”,y?, p4) = (2%, v, p4,p = —h(x?,y5,p})).
h e C°(U), U C J'n*, is a local Hamiltonian function.
O, = phdy* Ad™ e, —hd™z , Q= —dpy Ady* Ad™x, + dh Ad™2

Definition 2 Let (J'7*, h) be a restricted Hamiltonian system. Let T'(M, J'7*) be the set
of sections of 7. Consider the map
H : I'(M,J'7) — R
(0 — [ VO
The variational problem for this system is the search of the critical sections of the functional

H, with respect to the variations of i given by ¢ = o101, where {0/} is a local one-parameter
group of every Z € XV (J'x*) (F-vertical vector fields in J'7*).

d *
Et:o/]\4¢t®h_0

This s the so-called Hamilton-Jacobi principle of the Hamiltonian formalism.

Theorem 1 The following assertions on a section v € T'(M, J'7*) are equivalent:

~

. is critical section for the variational problem posed by the Hamilton-Jacobi principle.

P i(X)Q =0, VX € X(J'7).

SIS

. is an integral section of an integrable connection V), satisfying the equation
(Vi) = (m —1)Q,

4. 1 is an integral section of an integrable multivector field X, € X™(J'w*) satisfying that

() =0 , i(&,)(T'w) =1 (7T-transversality) (2)
5. If (U; v,y p%) is a system of coordinates in J'w*, then 1 satisfies in U
O ov) _ b\ dhow) _oh 5
orv  Ophle oz Oylly

which are the Hamilton-De Donder-Weyl equations of the rest. Hamiltonian system.

Definition 3 &), € X™(J'7*) is a Hamilton-De Donder-Weyl (HDW) multivector field for
the system (J'm* h) if it is locally decomposable and verifies equations (2).



3 HAMILTONIAN SYSTEMS IN Mnr

3.1 EXTENDED HAMILTONIAN SYSTEMS

Definition 4 (Mm,Q, «) is an extended Hamiltonian system if:

1. a € ZY Mm).
2. There ezists a locally decomposable multivector field X, € X™ (M) satisfying that

(X)) = (-1)""a ; (X)) (Fw)=1 (k-transversality) (4)

If v is exact, (Mm,Q, «) is an extended global Hamiltonian system. Then 3H € C® (M)
such that o« = dH, which are called Hamiltonian functions of the system. (For an extended
Hamiltonian system, H exist only locally, and they are called local Hamiltonian functions).

In addition, the integrability of X, must be also considered.

Proposition 1 If (Mm,Q,«) is an extended Hamiltonian system, then i(Y)a # 0, VY €
XV (M), Y #0. In particular, for every system of natural coordinates (x¥,y™*, p%,p)) in
M adapted to the bundle structure (with w = d™z),

e B
Z(a—p)&—l

Proposition 2 If (Mm,Q, «) is an extended Hamiltonian system, locally o = dp+ (3, where
B is a closed and p-basic local 1-form in M.

o =dp+dh(a”,y",p)) = dp +h(z",y",p})) = dH (5)
where h = p*h, for some h € C®(u(U)), (U € M).



Theorem 2 Let a € Z'(Mm) satisfying the condition stated in Proposition 1. Then there
exist locally decomposable multivector fields X, € X" (Mm) (not necessarily integrable) sat-
isfying equations (4) (and hence (M, S, «) is an extended Hamiltonian system). In a local
system the above solutions depend on n(m? — 1) arbitrary functions.

Local expressions: X, = V/TS (8(3:” + Ffa;iA + GZV% +§V§p)’ where
A g;;:;}; (A=1,...om v=1,....m) (6)
éju = —%:—%EA (A=1,...,n) (7)
B = —§h+§7h—(%ha (A=1ioemi n#0) ®

Definition 5 X, € X" M) is an extended Hamilton-De Donder-Weyl multivector field for
(M, Q, ) if it is a solution to eqs. (4).

Integrability of X, makes that the number of arbitrary functions < n(m? — 1).

If X, integrable and ¢)(x) is an integral section of X, then

Wy o)  za - . OWhow) s, - . Opoy) . -
Ox” _FV O’QZ} )  a.., Auo,l?b ) oxY _guod}

and equations (6), (7) and (8) give PDE’s for the integral sections of X,,.



3.2 GEOMETRIC PROPERTIES OF EXTENDED HAMILTONIAN SYSTEMS

Proposition 3 Let (Mm,Q, «) be an extended Hamiltonian system, and D, the character-
istic distribution of co. Then:

1. D, is a p-transverse involutive distribution of corank equal to 1.

2. The integral submanifolds S of D, are 1-codimensional and p-transverse local subman-

ifolds of M.
3. If S is an integral submanifold of Dy, then pls: S — J'w* is a local diffeomorphism.

4. For every integral submanifold S of D, andp € S, there exists W C Mm, withp € W,
such that h = (u|wns) ™" is a local Hamiltonian section of u defined on u(W N S).

As a = dH = d(p + p*h) (locally), every local Hamiltonian function H is a constraint
defining locally the integral submanifolds of D,. Thus the local Hamiltonian sections
associated with these submanifolds are expressed as

h@l/;yA;pi) = (myvyAv]JZ?p = _h(x77yB7pWB))

Proposition 4 FEvery estended HDW X, € X" (M) for (Mn,Q,a) is tangent to every

integral submanifold of D,. As a consequence, if X, is integrable, then its integral sections
are contained in the integral submanifolds of D,,.

Using the local expressions of a and X, and equations (6) and (7), the tangency condition
leads to equations (8), which are just consistency conditions. (See also the comment in
Remark 1).



3.3 RELATION BETWEEN EXTENDED AND RESTRICTED HAMILTONIAN
SYSTEMS

Theorem 3 Let (Mm,Q,«) be an extended Hamiltonian system, and (J'7*, h) a restricted
Hamiltonian system such that Im h = S is an integral submanifold of D,. For every X, €
X" (M) solution to the equations (4)

(X)) = (=1)""a | (X)) (Fw) =1
there exists X, € X™(J'7*), such that A"h, X}, = X,|s, which is a solution to the eqs. (2)
Z(Xh)Qh =0 s Z(.)C'h>(7_'*W) =1

Furthermore, if X, is integrable, then X, is integrable too, and the integral sections of X,
are recovered from those of X, as follows: if : M — Mm is an integral section of X,, then
Y =pop: M — J'r* is an integral section of Xj.

Definition 6 Given an extended Hamiltonian system (Mm, ), «), and considering all the
Hamiltonian sections h: J'm* — M such that Im h are integral submanifolds of D,,, we have

a family {(J 7%, ) }a, which is called the class of restricted Hamiltonian systems associated
with (Mm,Q, a).

Proposition 5 Let {(J'7* h)}, be the class of restricted Hamiltonian systems associated
with an extended Hamiltonian system (Mm,Q,«). The submanifolds {(Sy, 75,€2}) are mul-
tisymplectomorphic (where Sy, = Imh, for every Hamiltonian section h in this class, and
75, Sp — M is the natural embedding).

Proposition 6 Given a restricted Hamiltonian system (J'm*,h), let j5: S = Imh — M
be the natural embedding. Then, there exists a unique local form o € 2Y(Mmr) such that:

1. a€ ZYMn) (it is a closed form).

2. jgoo = 0.

3. i(Y)a # 0, for every non-vanishing Y € %V(“)(./\/lw) and, in particular, such that
i 82]9 a =1, for every system of natural coordinates (z¥,y™,p%,p) in Mn, adapted

to the bundle structure (with w = d™z).

Definition 7 Given a restricted Hamiltonian system (J'7*, h), if « € QY (M) satisfies the
above conditions, (Mm,Q, «) is called the local extended Hamiltonian system associated with
(Jim* h).

10



3.4 VARIATIONAL PRINCIPLE AND FIELD EQUATIONS

Lo (M, Mm): set of sections of & which are integral submanifolds of D,,.
YO (Mn) ={Z e X(Mn) | i(Z)a =0, Z is k-vertical}

(Z are R-vertical vector fields tangent to the integral submanifolds of D,).

Definition 8 Let (Mm,Q,«) be an extended Hamiltonian system. Consider the map

H, : T, M,Mn) — R
(G =y e
The variational problem for this system is the search for the critical sections of the functional

H,,, with respect to the variations of ) € T o(M, M) given by Uy = oy 01, where {ov} is the
local one-parameter group of any compact-supported vector field Z € %X(” (M), that is

Gl [ae=o
t=0 Ju

dt
This s the extended Hamilton-Jacobi principle.

Theorem 4 The following assertions on i) € Lo(M, M) are equivalent:

1. @ is a critical section for the Hamilton-Jacobi principle.
2. U*i(X)Q =0, for every X € Xo(M).

3. 1) is an integral section of an integrable multivector field X € X™( M) which is a
solution to the equations (4)

H(X)Q = ()" e, (X)) (Rw) =1

4. If (U;a¥,y4,p%,p) is a natural system of coordinates in M, then U satisfies the
following system of equations in U

ot od) Oy ohod) b dped) _ oliod)
oxV opy e oxv oyAly oxVv oxVv

where h = p*h, for some h € C®(u(U)), is any function such that a|y = dp +
dh(z”,y?,p4). These are the extended Hamilton-De Donder-Weyl equations of the
extended Hamiltonian system.

Remark 1 The last group of equations (9) are consistency conditions with respect to the
hypothesis on the sections . In fact, this group of equations leads to po¢ = —h ot + ctn.,
that is, ¥ € To(M, Mn). (See also the comment after Proposition 4). The rest of the
equations (9) are just the Hamilton-De Donder-Weyl equations (3) of the restricted case.
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4 CONCLUSIONS and OUTLOOK

. J'7* is the ‘natural’ multimomentum phase space for field theories, but it has not a
natural multisymplectic structure.

Restricted Hamiltonian systems are defined by Hamiltonian sections h: J7* — M,
which are also used to construct the multisymplectic form €, in Ji7*.

Both the geometry and the ‘physical information’ are coupled in €.

. (Mm, ) is a canonical multisymplectic manifold.

Extended Hamiltonian systems are defined by closed 1-forms, a € Z'(Mm), which
must be p-transverse.

The geometry (£2) and the ‘physical information’ («) are not coupled.

Field equations are analogous to the dynamical equations of autonomous mechanical
Hamiltonian systems.

. Every extended Hamiltonian system is associated with a family of restricted Hamilto-
nian systems.

Every restricted Hamiltonian system is associated with an extended Hamiltonian sys-

tems (at least locally).

. The definitions of restricted and extended Hamiltonian systems for submanifolds of
Jim* and Mr (satisfying suitable conditions) can be achieved. Their properties are
analogous to the former case.

. We hope that some problems could be studied in the extended formalism in an easier
way than in the restricted case:

e Multisymplectic reduction by symmetries.
o Integrability.

e Quantization.

In fact, the extended Hamiltonian formalism has already been used for defining Poisson
brackets in field theories.
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