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The localized induction equation(LIE) for the vortex filament is

St = Ss × Sss.

Here S(s, t) is a position vector (X,Y,Z) and suffices of s and t
mean the partial differentiation with respect to the arclength along
the filament and the time, respectively.

• LIE is derived by the Biot-Savart law with the localized induction
approximation and describes the swirl flow of vortex filament.

• LIE is integrable and has N soliton solution,

• LIE ia a member of the hierarchy,

• LIE is connected to the nonlinear Schrödinger equation,

A. Sym and Jan Cieśliński, and W.K. Schief and C. Rogers study
LIE from the geometrical point of view.



Definition of the local stretch

The local length dl of the vortex filament at X = (X,Y,Z) parametrized

by s is given by

dl =
√

(dX)2 + (dY )2 + (dZ)2.

Express dl with s as

dl(s) =
√

(Xs)
2 + (Ys)

2 + (Zs)
2 ds.

Then the local stretch ls is defined by

ls =
dl

ds
=
√

(Xs)
2 + (Ys)

2 + (Zs)
2.

ls = 1 means a filament without stretch, ls > 1 with stretch and

ls < 1 with shrink.



We consider the localized induction equation (LIE with stretch)

Rt =
Rr × Rrr

|Rr|3
.

R(r, t) is a position vector and r is a parameter along the filament.

If |Rr| = 1, that is, no stretch, then LIE with stretch reduces to the

standard LIE.

Note that LIE with stretch is an integrable equation as well as LIE.



The inverse scattering method for LIE with stretch is given by

ψr = Uψ,

ψt = Wψ.

With a spectral parameter λ, U and W are given by

U = −iλ

2

(
Zr Xr − iYr

Xr + iYr −Zr

)
,

W = λW12 + λ2W11,

where R = (X,Y, Z) is the position vector. The compatibility con-

dition is given by

Ut −Wr + [U,W ] = 0.



If we take W11 and W12 as

W11 = − i

2
√

(X2
r + Y 2

r + Z2
r )

(
Zr Xr − iYr

Xr + iYr −Zr

)
,

W12 =
i

2(X2
r + Y 2

r + Z2
r )

2/3(
XrYrr − YrXrr YrZrr − ZrYrr − i(ZrXrr −XrZrr)

YrZrr − ZrYrr + i(ZrXrr −XrZrr) −XrYrr + YrXrr

)
,

we obtain LIE with stretch. Then we see that LIE with stretch is

integrable. In fact we do not use the condition X2
r +Y 2

r +Z2
r = 1 so

that LIE with stretch includes solutions for stretched and/or shrunk

vortex filaments as well as unstretched ones.



Let us consider relationship between LIE and LIE with stretch where

LIE is expressed as

St = Ss × Sss,

and LIE with stretch as

Rt =
Rr × Rrr

|Rr|3
.



We can proof that |Ss| and |Rr| are independent of t by taking the

inner product such as

∂S

∂s
· ∂
∂s

(
∂S

∂t

)
= 0,

∂R

∂r
· ∂
∂r

(
∂R

∂t

)
= 0,

with the equations of motion LIE and LIE with stretch. Then |Ss|
and |Rr| are a function of s and r, respectively.

Let us consider the transformation between two equations as

ds = g dr,

where g is a metric defined by

g =

√
∂R

∂r
· ∂R

∂r
.

g is a function of r and also represents the local stretch. With the

metric we see that LIE is transformed into LIE with stretch.



Using the metric we have

s = f(r).

We can obtain a solution of LIE with stretch by substituting f(r)

into s of LIE such as

R(r, t) = S(f(r), t).

With N soliton solution of S, we can obtain N soliton solution of R.

Introducing the inverse function r = h(s) such as

f(h(s)) = s,

we see that LIE with stretch becomes LIE.



One vortex soliton solution of LIE with stretch is given by

Rx =
λI

λ2
R + λ2

I

sin 2(λRf(r) − ωRt)sech2(λIf(r) − ωIt),

Ry = − λI
λ2
R + λ2

I

cos 2(λRf(r) − ωRt)sech2(λIf(r) − ωIt),

Rx = f(r) − λI
λ2
R + λ2

I

tanh2(λIf(r) − ωIt),

where λ = λR + iλI and ω = 2λ2.



Stretched vortex soliton with a factor A as

Sx = A
λI

λ2
R + λ2

I

sin(2Ω)sech(2Θ),

Sy = −A λI
λ2
R + λ2

I

cos(2Ω)sech(2Θ),

Sz = s− λI
λ2
R + λ2

I

tanh(2Θ),

where

Ω = λRs− 2(λ2
R − λ2

I )t, Θ = λIs− 4λRλIt.

The local stretch is given by

l2s = 1 +
4λ2

I

λ2
R + λ2

I

(A2 − 1)[sech2(2Θ) − λ2
I

λ2
R + λ2

I

sech4(2Θ)].

If A = 1, there is no stretch and if A �= 1, then local stretch for

A > 1 and local shrink for A < 1.
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Time evolution of shrunk vortex soliton with LIE (left) and LIE

with stretch (right) at t = 0, 6 for A = 0.6 and λ = 1.5 + i.
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Local stretch of shrunk vortex soliton with LIE (left) and LIE with

stretch (right) at t = 0, 6 for A = 0.6 and λ = 1.5 + i.



Loop type of stretched vortex soliton

Sx = −A sin 4t sech2s,

Sy = A cos4t sech2s,

Sz = s− tanh2s,

which is exact solution of LIE, but is not solution of LIE with stretch.

Here A is a factor to represent stretch of the soliton. The local

stretch is given by

l2s = 1 + 4(A2 − 1)sech22s tanh22s.
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Time evolution of shrunk loop soliton with LIE (left) and LIE with

stretch (right) at t = 0, 6 for A = 0.5.
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Local stretch of shrunk loop soliton with LIE (left) and LIE with

stretch (right) at t = 0, 6 for A = 0.5.



We can generalize the metric such as

ds = gn dr,

then, we can obtain a generalized localized induction equation

Rt =
Rr × Rrr

|Rr|3n
,

which is still an integrable equation.



According to the above results, we find a further generalization of

LIE by introducing the independent variable transformation as

s = f(r)

such that

ds =
df(r)

dr
dr ≡ gdr.

If we assume that

R(r, t) = S(f(r), t),

then LIE reduces to

Rt =
Rr × Rrr

g3
.



Summary

1. We have shown the relationship between LIE and LIE with

stretch by using the metric g(r) and the inverse transformation r =

h(s).

2. We have obtained N vortex soliton solution of LIE with stretch

by using N soliton solution of LIE and shown explicitly one soliton

solution.

3. We have shown some numerical results by using LIE without

and with stretch.

4. Further generalizations of LIE have been found where the

integrability of the reduced equation is preserved.
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