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System of PDE

FOouu®, . u™)=0, k=12 ..., 1 (a)

Creating Defining System
pr™X [F(z(”))]: 0for zMeA,

Solving Defining System
& =¢'(xu), 7 =n"(xu)

MATHEMATICA

Symmetry Group of A

G ={T.|acQcR, 00}

Solving the Lie Equation

df
asz(f@)’ f|a:0:X
d
fzn(f,qa), Plazo = U

Basic Infinitesimal Generators




Lie Group of Symmetry Transformations

Fk(x,u,u(l) ..... u(”)):O, k=1 2, ..., | (A)
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- u=f(x) T u'=f(x)
X X'

If f is asolution of A then f'=T,-f isalsoasolution of A .



The system of PDE and the Prolonged Space

Fk(x,u,u(l),...,u(”)):o, k=1 2, ..., | (A)
x:(xl,...,xp)e RP u:(ul,...,uq)e RY

) _Jy*r = ou” = ], = K =
u {uh _____ -y o =1,...,9; j, =1,..., p;k 1,...,3}

s c7 = RP x RS — z(”)=(x,u,u(l),u(z),...,u(”))e Z"

Z" is the n™ prolongation of the space Z

A, = {Z<n> e 2™ F(z™)=0 }C 2 (0

The system A is considered as a sub-manifold A in the prolonged spaceZ(”).



n™ prolongation of the Infinitesimal Generator X
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The Infinitesimal Criterion and the Defining System

X — I b} H )
;5 ( ox' o ou”
P 9
IX= X426 — p

i=1l a=1 i Jl_l Jn_la_l Jl Jn
G'is a Lie group of symmetry The infinitesimal criterion holds.
transformations of the system
of PDE A with the infinitesimal pr®X [Fz™)|=0 for 2 e A,

generator X.

Defining System



Fk(x,u,u(l),...,u(”)):O, k=1 2, ..., |

System of PDE

MATHEMATICA

Creating Defining System
prx [z )= 0 for 20 e a,

Solving Defining System

£ =& (xu), n% =n(x.u)

Symmetry Group of A

G’ ={Ta acQc Rr,OeQ}

Solving the Lie Equation

df
I £(f.9) f|a:0 = X
d
fzn(f,qo), Plazo = U

Basic Infinitesimal Generators

X, =D& )t D ()=

i—1 0 ou”




MATHEMATICA

Data Input

Basic Setup

Solvers Block

Equivalent
Transformations
Block

Creating Defining System

» | Solving Procedure

At least one
equation has
been solved.

False

Data Output

True



Data Input
0]

PDE ={F, =0,...,F, =
indvar E{Xl,...,xp}
depvar E{ul,...,uq}

. 94
deriv = {ujlr-vjs}

e Data Input is data about the considered PDE.



Basic Set-Up

Man =Ac

infGen = {E*(x,u),..., £°(x,u)..., 7 (x,u). ..., 7% (x,u)f

ProlGen = pr"(InfGen)

o {é:l(x’u)’ <oy é:p(x’u), ceey nl(xlu)l ceey nQ(X’u)} are unknown
functions that are to be determined and given at the package
output as solutions of the defining system.



Creating Defining System

Infinitesimal Criterion ||||||||||||||||||||||||||||||||||||||' Defining System

e Defining System is the major object in the program.

e Defining System is created by applying the infinitesimal
criterion InfGen (LHS) |,,,,=0.

e Defining System consists of linear partial differential equations.



Solving Procedure

groveeee *  Transforming " Solving
. . . g M :
: Defining System Defining System
Solvers Block
At least one True
Equivalent equation has
Transformations been solved.
Block
Hints
False

Data Output



Equivalent Transformations Block

Module-1  for adding and subtracting of two equations
Module-3  for differentiating of the equations

Module-4  for breaking the equations into parts

 The block is open for adding new modules of equivalent
transformations.



Solvers Block

Module-1  solver of C;x+C, =0
Module-2 solver of Cx+C,y=0

Module-3  solver of C,y'+C, =0

Module-4 solver of C,y"+C, =0

Module-5  gsolver of C,y"+C, =0

 The block is open for adding new modules for solving
equations.



Interactive Mode

Data Input

~

Determining

» Basic Setup

Rules

Equations

user level commands <

Solving
» | Procedure

Hints

.

Test: At least one equation
has been solved.

S

false

Data Output

true



¥ Mathematica 4 - [LiePDE{MathPackage).nb *]

EBEX

File Edit Cell Format Input  Eernel Find  indow  Help

i3} LiePDE(MathPackage).nb *
|Input ﬂ [ =

4

Lie Analysis of Partial Differential Equations (LiefnalysisPDE)]

Liemethod for finding syvmmetry transformations
of simultaneous partial differential egquations

BeginPackage ["LiefnalysPDE "]

LieInfGenerator (xexternal commandsx) ::usage=

~-LieInfGenerator[{lhsl, 1lhs2, ...}, {rhsl, rhs2, ...},
{ivl, ivz, ...}, {dvl, dvz, ...}, {infgivl, infgivZz,
{infgdvl, infgdvZ, ...}] constitutes and solves the
defining system of the symmetry group...™

Begin [" private "]

LieInfGenerator [lhs , rhs , 1v , dv , infgiv , infgdv ,
CompoundExpression [NIV = Length [1iv] ;

(% NIV 135 the number of independent variables * |
NDV = Length [dv] ;
(% NDV 15 the number of dependent wvariables * |

NEQ = Length[rhs] ;
(% NEQ 15 the number of differential equations * |
CEQ=Block[{c, L}, c:=Cases|[Level [lhs —rhs /.

100% = 4

[ —— . = h . .
:'.',' statt = I | F e | ¥ Mathematica 4 - [LieF... 4% Mathematica 4 Kernel

)

functions ] :]

EM lf(' ) 3:00FM




Heat Equation u, —u, =0

XX
Input

LielInfGenerator {u[t]}, {u[x, x]}, {X, t}, {u}, { infgenx , infgent }, { infgenu } ]

Output

{infgenx —» c[1] t + c[4] x t + c[5] x + c[2],
iInfgent — c[4] t + c[5] t - c[6] },

finfgenu — -c[4] xu - ¢[4] tu - c[4] x u - c[3] u +}

{fl(o,l) [X, t] - f1(2:0) [X, t] —— O} <




¥ Mathematica 4 - [LiePDE_HeatEqn.nb]
File Edit Cell Format Input Kernel Find Window  Help

£ LiePDE_HeatEqn.nb
==

LES=24

al[1]1= £[&] [x[1], ®[Z]] - .
Tracing the Evaluation
al[3]11= =x[3] £18][=x[1], =x[2]] +£[2] [x[1], =x[Z]]

SolvingProportFPuncEgqn: THF= 9

SolvingLlinearEgqnl: THNF= 9 Heat equation

JolvinglinearEqnl: THNF= 9

SolvingLinearEqnzZ: THF= 29 u _— u p— O
t XX

syaten[[4]]= 2 £[61% " [x[1], x[2]]

al6]= x[1] £[10] [=[2]] + £[11] [=[2]]

FolvingLinearEqni: THF= 11

L55=21 Clx + C2 y — 0

al[1]1]= =[1] £[10] [=[2]] + £[11] [=[2]]

all2l1= £[7][x[2]] (:1)(_|_C2 =0

al[3]]= =[3] £[8] [=[1], =x[2]] +E£[2] [=[1], =[Z]]
GolvingProporcFuncEoqn: THF= 11 [}

+ =
SolvinglinearEeqn0: TNF= 11 Cly C2 O
JolvingLinearEqnl: THF= 11

SalvinglinearEeqnz: THF= 11 Cl y” + CZ - O

SolvingLlinearEgqni: THF= 11

Syst 16]]1= -2 £[8] " (1], x[2 m _
ystem[[16]] [&] [(X[1], x[2]] Cly _|_C2 =0

afd]= %M[l]2 Ella] [=[2]] +=[1] E[13] [x[2]] + £[14] [=x[2]]

LES=27

Y I WY, [ NN Y Ry NN Y. T Yy Y. N Y [y Y. [y NN [y NN [y Y- [ Y. [y T Iy 7 [ NN, [y N, Y, [y Y, [y Y [ Y QY. [ N [y 'Y |

Sl l111 e 2 l11 FIINTTwT 211 0 FIT111 707211

w
100%: = o v

#: Mathematica 4 - [LieP. .. EM '4'(___,1 4124 P




*: Mathematica 4 - [LiePDE_V¥NLS_h_nul=nuZ=1.nb]
File Edit Cell Format Input Kernel Find indow Help

¥ LiePDE_¥HMLS _h_nul=nuZ2=1.nb
| ==

(i
(il
]
]
F s

LE5=1531 |«

Tracing the Evaluation

all2]1= £[32] [x[2], x[3], =[&]]

al[311= =[4] £[33] [x[1], x[2], =[6]] +=[3] = [5] £[36] [=[L], =x[2], x[6]] +
X[3]E[37]) [=[L], ®[2], ®[6]] +x[3] £[38] [=[1], x[2], x[6]] + £E[33] [=[1], x[2], x[6]]

all4]l]= =x[3] £134] [=x[1], =x[2], =[6]] +=x[5] £[35] [x[1], =|[2], =[2]] +=[4] £[40] [=[1], =[2], =[6]] + £[41] [=[1], =[2], x[6]]
al[5]]= =[4] £[27] [=[2], x[5], =[6]] +=[3] £[29] [x[2], =|[5], =[6]] +=[6] £[42] [=[1], =[2], ®[5]] + £[43] [x[1], x[2], =[5]]
al[6]]1= -x[3] £[27] [x[2], x[5], x[6]] +x[4] £[29] [x[Z], K[5], =[6]]+x[5] £[44] [x[1], x[2], x[6]]+ £[45] [x[1], x[2], x[6]]
SolvingProportFuncEqn: THF= 45 C1X+C2y:O

SGysten[[1l]]= 4hE[33] [=X[1], ®[2], =[E6]] +4h E[3A] [®[Ll] 4 =x[2], ®[a]]

a[33]= -£[34] [x[1], =[2], x[E]] COUpled Nonlinear

SolvinglinearEgqul: THF= 45 C1X+C2 =0 h " . .
Systen[[3]]= 2 £[36] [=[1], =[Z], x[6]] SC rOdInger EquathnS
a[36]= 0

SolvinglinearEqnl: THF= 45 C,y'+C,=0 ia_A_l_EazA_l_qA‘z +h‘B‘2)A=0
Systen[ [64]1= -2 £[27]1" 2™ [x[2], =[5], x[6]] oxXx 2 2

system[[701]= 2 £[29]1%" " [x (2], x[5], x[6]] o AR

systen[[8]1= -4 £[31]1°" "M [x[1], x[2], x[6]] == q ‘2 ‘ ‘2) =
system[ [73]]= -2 £[32]°" " [x[2], x[5], x[6]] ! OX i 2 ot? +\Bl +hiAT B =0

Systen[[102]]= 2 £[35]°" ™ x[1], =[2], %[4]]
systen[[33]11= -2 £[3719°* P [ (1], x[2], x[6E]]

Svsten[[104]]1= 2 £0381 "M (1], =[2], =[6]]

System[ [42]1= -2 £[40]1%" " Y (%11, x[2], x[6]]

Length of Solved System = 131

Syaten[[44]]= 2 £144] " w11, %[2], =[5]]

100% = 4 v

g b b b b b b b b b b b b b b b b b b e b L

¥ Mathematica 4 - [LieP... El "(_J 6:07 PM



Trial Run

X, =0, Heat equation
X, =0, U, —U,, =0
X;=U0,

X, = X0, + 2t0,

X =2t0, —Xuo,
X, = 4txd, +4t20, —(x? + 2t )ua,
X, =a(x,1)0,

a(x,t) IS an arbitrary solution of the Heat Equation



Trial Run

ut
X, =0, space translation
)(2 — at time translation
X3 — t@x + (’9u Galilean boost

dilation

X, = X0, +3td, — 2ud,

U =

KdV equation
+u,, +uu, =0

ult) = f(x—g,t)
u® = f(x,t—g)
u® = f(x—et,t)+¢

u® =e % fex,et)

f (X,t) IS an arbitrary solution of the KdV Equation

& € R is the group parameter
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Application to Fiber Optics
(physical model)

Coupled Nonlinear Schrodinger Equations (CNSEs)

A

GA A6°A [\A\ O MY jAmB 0
8X 2 ot? ot ot

2
B vo'B (B +y]A° P L JB—FO‘A 0
Ox 2 ot° ot ot

o#0 weak birefringent fibers

c=0, y=2 two-mode fibers

oc=0, y=2/3 strong birefringent fibers

12 Raman gain coefficient



Lie Group Analysis

Coupled nonlinear Schrodinger equations

optical fiber

strong birefringent

two mode 7/:_2
3
y=2
2
28 222 (A e Blf)A = o
2 . . "
,E;_B V?aat? (|B|2+y|A|2)B _ 0 group velocity dispersion
X
positive
Admitted Lie point symmetries negative v=-1
v=+1
A=zexp(ia) B=cexp(ip)
(7))
©
S 0 d 0 0 .0 .0 0 o o _0 0
_9 _0 X, =9 X, =2 X, =Xttt X =2 9y 0 ,.,0 .0
87 %y ot X2 OX b toop > ot da op ° ot X8x+zaz+g6g
©
T, T, T T, t'=t+a,X t'=texp(-a,)
n , 2 r_ e _Za
%‘ t'=t+a, | x'=x+a, | @'=a+a, | g =p+a, Ts o' =a+agt+—>=X T, X xxp(( )5)
o z'=zexpla,
=2 2
r__ 5
p'=p+vat+—=x égfzgexp(ae)




Coupled nonlinear Schrodinger equations

Lie Group Analysis

strong birefringent fiber
_Z
773
strong birefringent fiber
with parallel Raman scattering

0+0

2 2 2
0 X 2 Ot ot
2 2 2
0 X 2 Ot ot
Admitted Lie point symmetries
A=zexplia) B=cexp(if)
(7))
= 5 o 0 o o (o o
LQ = - = X, =— Xe=X—+t| —+—
S YT | x| M | Tw | T Xat+(8a+8ﬂj
©
T T, T, 14 t'=t+asx
(7)) , a2
%— t'=t+a, X'=x+a, a'=a+a, B'=p+a, a’:a+a5t+?5x
o a2
,B':,B+a5t+75x




Lie Group Analysis

Coupled nonlinear Schrodinger equations

oX
. 0B

0 X

i@A

Admitted Lie point symmetries

2
;—%tf+(|A|2+7|B|2)A+kB = 0
10°%B
TRTE (B +s|A)B+KkA = 0

fiber

weak birefringent

nonlinear directional

y#0 coupler
k=0
y=0
k-0

A=zexplia) B=cexp(if)

n

= o 9 o 0 o (o o

B X == X, =— Xy=—+— X4:X—+t[—+—]

° ot ox o o ot \oa op

©

T, T T t'=t+a,x

8_ ! ’ T , aj

8 t'=t+a, X’:X_|_a2 a =a+a, 4 a:a+a4t+7x

S B'=pB+a, a2
,8’:,8+a4t+74x




SYMMETRY GROUP REDUCTION

optimal set
of subalgebras

symmetry —
group g
qv)

O optimal set

."(7—) of reduced ODEs

adjoint %
representations =

optimal set
of group invariant solutions



INTERIOR AUTOMORPHISMS

Q two mode fibers i%*%%tf + (JAF + 7 (B[ ) A
d strong birefringent fibers 0B V_@ZI? . (|B|2 . |A|Z)B
ox 2 ot
A (g) X, X, X, X, X, X,
A () X, X, Xy X, Xo+e(X +vX,) Xq+6X
A, (e) X, X, X, X, X, —é&X, X +2eX,
A; () X, X, X, X, X, X,
A, () X, X, X, X, X, X,
A (e) X, +e(X,+vX,) X,+eX, +e(Xs+vX,) X, X, X X — X
A, (g) e X, e X, Xy X, e’ X, X

2

Ale)X; =X, _g[xn Xj]+2[xi’ [Xi’ Xj]]—"‘



OPTIMAL SET OF SUBALGEBRAS

A 1 2 2
O two mode fibers T (A + 718 ) A = o
Q strong birefringent fibers 0B | V_az? . (|B|2 . 7|A|2)B _ .
0 X 2 Ot
0 0
Case A X +eX;=—+e6— £=0,%1
ot oa
%) %) 0
X, + X =X—+t—+(e+1t)— c=0,%£1
Case B 4 5 Py ( )8,8
C C X, +0X, +&X —ﬁ+5i+gﬁ e=0,f1or e=41,0¢R
ase 2 TR T T o “oa 0B e e
%) 0 %) %)
X, +X, + X =X—+&—+t—+(0+1h =11 6<R
Case D 2 4 5 PP, ( )8,6’ £ S

65 .6 o6 o8 8 .6
X, +OX, + X =—t——-2X—+27—+ +&—+0 ,0€eR
Case E BT e T T T o T o Coa Cop £0¢€

Case F 8X3+6X4=8a+58 e=16=00r ¢eR, 6=1
oo Op



Exact solution for Case A

2
Z':‘ %%tf+|A|2A foes =0
Nonlinear directional ler 2
onlinear directional couple i‘23+%%t?+IBIZB+0A=O

p'+ oqsin (g — f)=10

q'+ opsin (f —g)=0

f'= p2—52+aq—cos (g - 1)
2 P

Reduced system
of :q2+aq£cos (f —g)

A_\/E+Ecn(20x|h {BEX arcsin (i (2ox|h ))}

N

Exact solution B \/E EC”(Zoxlh exp,{ _ arcsin (ZOXIh))}

\A\ +\B\ = E = const, h——
do



REDUCTION PROCES

(Case Q)

28 L0 A e, A -
Q two mode fibers 22 : 222 { .
QO strong birefringent fibers L= V; - el ile o
A=zexplie) B=cexp(ip)
0 0 0
Generator X, +0X,+eX, :8x+§6a+gaﬂ e=0,t1o0or e=416€R
Invariants J,=t J,=z J;=¢ Jy=a-&X J,=pf-&
New variables z=p(x) ¢c=q(x) a=f{t)+r&x B=g(t)+sx
2pfT'+pf"=0
20'9"+0q9" =0

R
educed system 0" — p(f ,)2 +2p3 +27pq2 28 =0

q"-q(9')* +v29® +v2)qp? —v2eq =0



Exact solution for Case C

(two-mode fibers and strongly birefringent fibers)

A=Uexpi:

Vo

C, .
I[I{n; || M)+ &X
| 2Ah+1D, (o 3 m)

TI(n; j|m)= _[Oj L—nsn? (w|m)] dw

B=U expi- (n; j|m)+ ex

Vs

+C,
| 2Avh+1Db,

U=4(b,—b,)cn?(j|m)+b,, j=2aJh+1t, ﬂ:%,/bl b,

bl bz n:bl_bZ
b -b,’ b,
2& 02 _ C, 0+ oh
h+1  4(h+1) h+1

b, > b, > b, are the roots of the polynomial Q(8)=6°-

sn(j|m)and cn(j|m) are the Jacobean sine and cosine elliptic functions



Approximate vector solitary waves

Q Strong birefringent fibers with Raman scattering
A generalized version of previously obtained scalar solitary-wave solution

2

1 c
(a-cy)p+5p,, —p—13+(|o2 +hq?)p —[20(p?p, + pag, )= 0

+(ct-a), +(ct-b)o, =—=> :

b-)a+a, —2—§+(q2 +hp?)q -|26(a%q, + qpp, )| =0

A =+-2a sech(z)+
8-450)

F(z)= _Loa, +(8_a 2° —8—aln(sech z)j tanh z
15 15 3)

0 <<1 — Raman parameter G, (z) = sinh zsech?z

G,(z)=sech’z

1. L. Gagnon and P. A. Bélanger, Soliton self-frequency shift versus Galilean-like symmetry, Opt. Lett., Vol. 15, No. 9 (1990), pp. 466-468.



F(z)= _loa, +(8_a z° —%aln(sech z)j tanh z

|Al = /- 2asech(z)+ 6 F(z)sech z 52T\ 18
G, (z) = sinh z sech?z

B|=6G(z)
G,(z)=sech?z

5 IA2

1. L. Gagnon and P. A. Bélanger, Soliton self-frequency shift versus Galilean-like symmetry, Opt. Lett., Vol. 15, No. 9 (1990), pp.

466-468.
N. Akhmediev and A. Ankiewicz, Novel soliton states and bifurcation phenomena in nonlinear fiber couplers, Phys. Rev. Lett., Vol.

2.
70, No. 16 (1993), pp. 2395-2398.



LAWS OF CONSERVATION

O Two-mode fibers and strong birefringent fibers

SYMMETRY

LAWS OF CONSERVATION

TIME TRANSLATION

SPACE TRANSLATION
a2
TRANSLATION _
Jg = [|Adt
OF THE PHASE O c
o2
TRANSLATION _
J,= [[B[ dt
OF THE PHASE [3 °

GALILEAN-LIKE
SYMMETRY

J = MA\Z +V\B\2) dt +ixJ,
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Conclusion

« The symbolic computational tools of MATHEMATICA have been
applied to determining the Lie symmetries of PDE.

« An algorithm for creating and solving the defining system of
the symmetry transformations has been developed and
Implemented in MATHEMATICA package.

* The package has been successfully applied to basic physical
equations from nonlinear fiber optics.

. The package capabilities can be extended by
adding new programming modules for transforming and
solving other wider classes of differential equations.
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