
III III TheThe ShilovShilov boundaryboundary



V V Positive Positive HermitianHermitian Jordan Triple SystemJordan Triple System
{x,y,z} {x,y,z} CC--linearlinear in x in x andand z, z, conjugateconjugate linearlinear in yin y

symmetricsymmetric in (x,z)in (x,z)
a a quinticquintic identityidentity

ττ(x,y) = tr (z(x,y) = tr (z→ → {x,y,z}) positive {x,y,z}) positive definitedefinite hermitianhermitian formform
c tripotent  {c,c,c} = 2cc tripotent  {c,c,c} = 2c
lxllxl spectral spectral normnorm of xof x
D  unit D  unit ballball for for thethe spectral spectral normnorm
G = G = HolHol(D)(D)00, K , K stabilizerstabilizer of 0 in G.of 0 in G.

ExampleExample. . V = Mat (p,q, V = Mat (p,q, CC) (p) (p≤≤q, n=p+q) q, n=p+q) 
{x,y,z} = {x,y,z} = xyxy*z+*z+zyzy*x, *x, lxllxl = = llxllllxllopop
D = {x in V, D = {x in V, lxllxl<1}, G = PU(p,q), K = P(U(p)<1}, G = PU(p,q), K = P(U(p)xUxU(q))(q))
k(z,w)= k(z,w)= detdet(1(1pp--zw*)zw*)--nn



III.1 III.1 TripotentsTripotents andand Peirce Peirce framesframes

Let V Let V bebe a PHJTS, a PHJTS, withwith triple triple productproduct {.,.,.}. Assume, for {.,.,.}. Assume, for convenienceconvenience, , 
thatthat V V isis simple (i.e. simple (i.e. cannotcannot bebe writtenwritten as a as a sumsum of of twotwo PHJTS).PHJTS).

RecallRecall thatthat a tripotent a tripotent isis an an elementelement c c whichwhich satisfiessatisfies {c,c,c} = 2c.{c,c,c} = 2c.

ThereThere isis a (partial) a (partial) orderorder on on tripotentstripotents : if c : if c andand d are d are twotwo tripotentstripotents, , 
thenthen saysay c c < d if < d if therethere existsexists a tripotent f≠0, orthogonal to c a tripotent f≠0, orthogonal to c andand suchsuch
thatthat d=c+f. d=c+f. 

A tripotent c A tripotent c isis primitiveprimitive (or minimal) if c (or minimal) if c cancan not not bebe writtenwritten as a as a sumsum of of 
twotwo (non (non zerozero) ) tripotentstripotents. . AnyAny tripotent tripotent cancan bebe writtenwritten as a as a sumsum of of 
primitive orthogonal primitive orthogonal tripotentstripotents..

AnyAny twotwo minimal minimal tripotentstripotents are are conjugateconjugate underunder an an automorphismautomorphism of V.of V.

A A Peirce Peirce frameframe isis a maximal set of a maximal set of orthognalorthognal primitive primitive tripotentstripotents. . AnyAny
twotwo Peirce Peirce framesframes are are conjugateconjugate underunder an an automorphismautomorphism of V. In of V. In 
particularparticular, , thethe numbernumber of of elementselements isis thethe samesame for all for all framesframes (call (call itit thethe
rankrank of V). of V). 



Let c Let c bebe a tripotent. a tripotent. ThenThen TFAETFAE
(i) c= c(i) c= c11+…++…+ccrr, , wherewhere (c(c11,…, ,…, ccrr) ) isis a Peirce a Peirce frameframe
((iiii) c ) c isis a maximal tripotenta maximal tripotent
((iiiiii) V = V) V = V22 (c) + V(c) + V11(c) (i.e. V(c) (i.e. V00(c) = 0)(c) = 0)
((iviv) ) RR cc11++RR cc22+… ++… +RR ccrr isis a maximal flat a maximal flat spacespace in V.in V.



III.2 III.2 TheThe ShilovShilov boundaryboundary

Let D Let D bebe a a domaindomain in in somesome complexcomplex vectorvector spacespace..

TheThe ShilovShilov boundaryboundary S of D S of D isis thethe smallestsmallest closedclosed subsetsubset of of thethe
boundaryboundary of D, for of D, for whichwhich thethe maximum maximum principleprinciple for for thethe modulusmodulus
of of holomorphicholomorphic functionfunction appliesapplies. . TheThe ShilovShilov boundaryboundary maymay bebe
muchmuch smallersmaller thanthan thethe topologicaltopological boundaryboundary..

ExampleExample 11. Let D . Let D bebe thethe productproduct of of twotwo copies of copies of thethe complexcomplex unit unit 
disc. disc. ThenThen thethe ShilovShilov boundaryboundary of D is of D is thethe productproduct of of twotwo copies copies 
of of thethe unit unit circlecircle, as , as cancan bebe seenseen by by applyingapplying twicetwice thethe maximum maximum 
principleprinciple w.r.t. w.r.t. eacheach variable.variable.

ExampleExample 22. Let D . Let D bebe thethe unit unit ballball in Matin Mat (p,q) (p,q) withwith p ≤ q, p ≤ q, thenthen

x x isis in in thethe topologicaltopological boundaryboundary of D of D iffiff 1 1 isis an an eigenvalueeigenvalue of of xxxx**

x x isis in in thethe ShilovShilov boundaryboundary iffiff xxxx*= *= IdIdpp



ExampleExample 3.3. TheThe Siegel disc Siegel disc andand thethe LagrangianLagrangian manifoldmanifold

Let V = Let V = SymmSymm(r, (r, CC) ) bebe thethe PHJTS, PHJTS, withwith productproduct
{x,y,z} = {x,y,z} = xyxy*z+*z+zyzy*x .*x .

D = {x in V ; 1D = {x in V ; 1--xx*>>0}xx*>>0}
TheThe group G group G isis SpSp(2r, (2r, RR)( )( modmod{±1}), {±1}), andand K K isis isomorphicisomorphic to U(r) to U(r) 

acting on V by (u,X)acting on V by (u,X) →→  uXuuXutt ..
D D isis calledcalled thethe Siegel discSiegel disc. . ItsIts ShilovShilov boundaryboundary isis

S = { S = { σσ in V ; in V ; σσ σσ* = 1}.* = 1}.
S S isis isomorphicisomorphic to to thethe LagrangianLagrangian manifold (manifold (alsoalso to U(r)/O(r)).to U(r)/O(r)).

RecallRecall. (E, . (E, ω)ω) a real a real symplecticsymplectic vectorvector spacespace , of dimension 2r., of dimension 2r.
A A LagrangianLagrangian L L isis a maximal a maximal totallytotally isotropicisotropic vectorvector subspacesubspace of Eof E
((hencehence of dimension r). of dimension r). TheThe LagrangianLagrangian manifoldmanifold isis thethe set of all set of all 
lagrangianslagrangians. . ItIt sitssits in in thethe GrassmanianGrassmanian of of rr--subspacessubspaces in E.in E.



TheThe ShilovShilov boundaryboundary S of S of thethe open unit open unit ballball D in V D in V cancan bebe
describeddescribed in in thethe followingfollowing equivalentequivalent waysways ::

i)i) S S isis thethe set of  maximal set of  maximal tripotentstripotents
ii)ii) S S isis thethe set of set of extremalextremal points of points of thethe closedclosed open open ballball (as a (as a 

convexconvex set)set)
iii)iii) S S isis thethe set of points in set of points in thethe closedclosed unit unit ballball whichwhich are are atat

maximal distance of maximal distance of thethe originorigin for for thethe distance distance associatedassociated to to 
HermitianHermitian formform ττ..



III.3 Action of G on S III.3 Action of G on S andand S S x x SS

TheThe action of a action of a holomorphicholomorphic diffeomorphismdiffeomorphism of D of D alwaysalways extendextend to to 
somesome neigh’dneigh’d of of thethe closureclosure of D. of D. HenceHence thethe action of G action of G extendsextends
to to thethe closureclosure of D. In of D. In particularparticular, G , G actsacts on S.on S.

Proposition 1Proposition 1 S S isis a a connectedconnected compact manifold. G compact manifold. G actsacts
transitivelytransitively on S, on S, andand S S isis thethe unique unique closedclosed GG--orbitorbit in in thethe
boundaryboundary of D. K (a maximal compact of D. K (a maximal compact subgroupsubgroup of G) of G) actsacts
alreadyalready transitivelytransitively on S. on S. TheThe stabilizerstabilizer of a point in S of a point in S isis a a 
(maximal) (maximal) parabolicparabolic subgroupsubgroup of G.of G.



III.3 Action of G on S III.3 Action of G on S andand S S x x SS

TheThe action of a action of a holomorphicholomorphic diffeomorphismdiffeomorphism of D of D alwaysalways extendextend to to 
somesome neigh’dneigh’d of of thethe closureclosure of D. of D. HenceHence thethe action of G action of G extendsextends
to to thethe closureclosure of D. In of D. In particularparticular, G , G actsacts on S.on S.

Proposition 1Proposition 1 S S isis a a connectedconnected compact manifold. G compact manifold. G actsacts
transitivelytransitively on S, on S, andand S S isis thethe unique unique closedclosed GG--orbitorbit in in thethe
boundaryboundary of D. K (a maximal compact of D. K (a maximal compact subgroupsubgroup of G) of G) actsacts
alreadyalready transitivelytransitively on S. on S. TheThe stabilizerstabilizer of a point in S of a point in S isis a a 
(maximal) (maximal) parabolicparabolic subgroupsubgroup of G.of G.

Proposition 2Proposition 2 G has a (unique) open G has a (unique) open orbitorbit in S in S x x S. S. 

A pair (A pair (σ,τ) σ,τ) in in S S xx S in S in thethe open open orbitorbit isis saidsaid to to bebe transverse.transverse.

ExampleExample Let S Let S bebe thethe LagrangianLagrangian manifold. A pair of manifold. A pair of LagrangiansLagrangians
(L(L11 , L, L22) ) isis tranversetranverse iffiff LL11 ∩ ∩ LL22 = {0}. = {0}. TheThe symplecticsymplectic group group isis
transitive on pairs of transverse transitive on pairs of transverse LagrangiansLagrangians (Darboux).(Darboux).



A pair (A pair (σ,τσ,τ in S in S xx S is transverse S is transverse 

iff there exists iff there exists a a geodesic geodesic γγ(t) in D (t) in D such that such that 
γγ(+(+∞∞ ) = ) = σσ, , γγ((--∞∞ ) = ) = τ.τ.

iffiff thethe Bergman Bergman kernelkernel extendsextends by by continuitycontinuity to to 
((σ,τ) (σ,τ) (i.e.i.e.  k(k(σ,τ) σ,τ) isis defineddefined).).



III.4 III.4 EuclideanEuclidean Jordan Jordan algebraalgebra

A A EuclideanEuclidean Jordan Jordan algebraalgebra isis aa EuclideanEuclidean vectorvector spacespace (W, < , >) (W, < , >) 
withwith a a bilinearbilinear productproduct x.y x.y andand a unit e a unit e suchsuch thatthat

i)i) x.y = y.xx.y = y.x
ii)ii) xx22(x.y) = x.(x(x.y) = x.(x22.y) (.y) (weakweak associativityassociativity))
iii)iii) e.x = x.e = xe.x = x.e = x
iv)iv) <x.y,z> = <x,y.z><x.y,z> = <x,y.z>

ExampleExample W = W = SymmSymm(r,(r,RR), x.y = 1/2(), x.y = 1/2(xyxy++yxyx), e = id, <x.y> = tr(), e = id, <x.y> = tr(xyxy).).



III.4 III.4 EuclideanEuclidean Jordan Jordan algebraalgebra

A A EuclideanEuclidean Jordan Jordan algebraalgebra isis aa EuclideanEuclidean vectorvector spacespace (W, < , >) (W, < , >) withwith a a 
bilinearbilinear productproduct x.y x.y andand a unit e a unit e suchsuch thatthat

i)i) x.y = y.xx.y = y.x
ii)ii) xx22(x.y) = x.(x(x.y) = x.(x22.y) (.y) (weakweak associativityassociativity))
iii)iii) e.x = x.e = xe.x = x.e = x
iv)iv) <x.y,z> = <x,y.z><x.y,z> = <x,y.z>

ExampleExample W = W = SymmSymm(r,(r,RR), x.y = 1/2(), x.y = 1/2(xyxy++yxyx), e = id, <x.y> =t r(), e = id, <x.y> =t r(xyxy).).

HermitificationHermitification of a of a EuclideanEuclidean Jordan Jordan algebraalgebra W.W.
Let Let WW bebe thethe complexification of W. complexification of W. ExtendExtend thethe Jordan Jordan productproduct in a in a CC--
linearlinear wayway. On . On WW definedefine

{x , y , z} = x . (y{x , y , z} = x . (y--. z) + z . (y. z) + z . (y--. x) . x) -- yy--. (x . z) .. (x . z) .

ThenThen WW isis a PHJTS (a PHJTS (calledcalled thethe HermitificationHermitification of W).of W).

ExampleExample. . WW = = SymmSymm(r, (r, CC), {x,y,z} = (), {x,y,z} = (xyxy*z+*z+zyzy*x).*x).



III.5 TubeIII.5 Tube--type type domainsdomains
D D isis saidsaid to to bebe of of tube typetube type if S if S isis totallytotally real (real (equivalentlyequivalently if if 
dimdimRR S = S = dimdimCC V). V). 

PropostionPropostion 11. Let V . Let V bebe a PHJTS, a PHJTS, andand let D let D bebe itsits unit unit ballball for for thethe
spectral spectral normnorm. . ThenThen D D isis of tube type if of tube type if andand onlyonly if V if V isis thethe
hermitificationhermitification of of somesome EuclideanEuclidean Jordan Jordan algebraalgebra..

Let W Let W bebe a a EuclideanEuclidean Jordan Jordan algebraalgebra, , WW itsits hermitificationhermitification. . ThenThen
D D isis holomorphicallyholomorphically equivalentequivalent to to thethe tube V+itube V+iΩΩ throughthrough thethe
Cayley Cayley transformtransform, , wherewhere Ω Ω isis  thethe ((interiorinterior of) of) thethe conecone of of 
squares {xsquares {x22, x in V}. , x in V}. TheThe Cayley Cayley transformtransform extendsextends to a dense to a dense 
open of S open of S andand mapsmaps itit to V+i0.to V+i0.



ExampleExample 11.  V= .  V= SymmSymm(r,(r,RR))
TheThe conecone ΩΩ isis thethe set of positive set of positive definitedefinite matrices.matrices.
TheThe Siegel disc {z in Siegel disc {z in SymmSymm(r,(r,CC), 1), 1--zz*>>0} zz*>>0} isis of tube type, of tube type, 
holomorphicallyholomorphically equivalentequivalent to to thethe Siegel Siegel upperupper halfhalf planeplane

{x+{x+iyiy, x, y in , x, y in SymmSymm(r,(r,RR), y >> 0}), y >> 0}
throughthrough thethe Cayley Cayley transformtransform c(z) = i (1+z) (1c(z) = i (1+z) (1--z)z) --11..

TheThe ShilovShilov boundaryboundary isis S = {z in S = {z in SymmSymm(r,C), z*=z(r,C), z*=z --11}. S }. S isis
isomorphicisomorphic to to thethe LagrangianLagrangian manifold.manifold.



ExampleExample 2 2 TheThe matrixmatrix unit unit ballball IIpp,q,q isis of tubeof tube--type type iffiff p=q.p=q.

TheThe associatedassociated PHJTS  PHJTS  isis Mat (p,q, Mat (p,q, CC).). If p=q, If p=q, thenthen thethe PHJTS PHJTS isis
thethe HermitificationHermitification of of thethe EuclideanEuclidean Jordan Jordan algebraalgebra

HermHerm(p,(p,CC) ) withwith x.y = 1/2 (x.y = 1/2 (xyxy++yxyx) ) andand <x,y>= <x,y>= ReRe(tr (tr xyxy))
TheThe ShilovShilov boundaryboundary isis S = U(p).S = U(p).

Proposition 2 Proposition 2 If D If D isis of tubeof tube--type, type, thenthen S S isis a compact a compact RiemannianRiemannian
symmetricsymmetric spacespace K/L.K/L.



III.4 Action of G on S III.4 Action of G on S xx S S xx SS

Proposition 4Proposition 4 Let D Let D bebe a a boundedbounded symmetricsymmetric domaindomain of tube type. of tube type. 
TheThe action of G on S action of G on S xx S S xx S has a S has a finitefinite numbernumber of of orbitsorbits, , andand in in 
particularparticular (r+1) open (r+1) open orbitsorbits..

Let V Let V bebe thethe EuclideanEuclidean Jordan Jordan algebraalgebra,to ,to whichwhich D D isis associatedassociated. . 
Let (cLet (c11,c,c22,…,,…,ccrr) ) bebe a Peirce a Peirce frameframe suchsuch thatthat e = ce = c11+c+c22,…+,…+ccrr . For . For 
0 ≤ k ≤ r, let   0 ≤ k ≤ r, let   eekk = c= c11 + …++ …+cckk --cckk+1+1 -- ……--ccrr ..ThenThen

(e, (e, --e, e, ieiekk) () (0 ≤ k ≤ r)0 ≤ k ≤ r)

isis a set of a set of representativesrepresentatives of of thethe open open orbitsorbits..

N.B. If D N.B. If D isis not of tubenot of tube--type, S type, S isis not a not a symmetricsymmetric spacespace of U, of U, 
andand therethere are are infinitelyinfinitely manymany GG--orbitsorbits andand no open no open GG--orbitorbit in in 
S S xx S S xx S S ..



In In thethe tubetube--type case, S type case, S isis a a RiemRiem. . SymmetricSymmetric spacespace. A maximal flat . A maximal flat 
torus of S torus of S isis of of thethe formform

T = { T = { ξξ11cc11++ ξξ22cc22++……+ + ξξrrccrr, l, lξξjjll=1, 1=1, 1≤≤jj≤≤r }r }
wherewhere (c(c11, c, c22, , ……, , ccrr) ) isis Peirce Peirce frameframe..

Proposition 5Proposition 5 (KH (KH NeebNeeb, JLC ‘07) Let D , JLC ‘07) Let D bebe a a boundedbounded symmetricsymmetric domaindomain
of tube type. of tube type. FixFix a maximal torus T in S. Let a maximal torus T in S. Let σσ11, , σσ22, , σσ33 bebe in S. in S. 
ThenThen therethere existsexists g in G g in G suchsuch thatthat g(g(σσ11), g(), g(σσ22), g(), g(σσ33) ) belongbelong to T.to T.

ExampleExample.. Normal Normal formform of a triplet of of a triplet of LagrangiansLagrangians . . 
Let LLet L(1)(1), L, L(2)(2), L, L(3)(3) bebe threethree arbitrayarbitray LagrangiansLagrangians in E. in E. ThenThen therethere existsexists a a 
symplecticsymplectic basis (basis (eejj,,ffjj) of E ) of E suchsuch thatthat

LL(k)(k) = = spanspan { cos { cos θθ11
(k)(k) ee11+sin +sin θθ11

(k)(k) ff11, cos , cos θθ22
(k)(k) ee22+sin +sin θθ22

(k)(k) ff22, …, cos , …, cos θθrr
(k)(k) eerr+sin +sin rr

(k)(k)ffrr}}

for k=1,2,3.for k=1,2,3.



List of simple List of simple EuclideanEuclidean Jordan Jordan algebrasalgebras, , boundedbounded domainsdomains of tube of tube 
type  type  andand theirtheir ShilovShilov boundariesboundaries

VV DD SS

SymmSymm(r,(r,RR) ) unit unit ballball in in SymmSymm(r,(r,CC)) LagrangianLagrangian manifoldmanifold

HermHerm(r,(r,CC)) unit unit ballball in Mat(r, in Mat(r, CC)) U(r)U(r)

HermHerm(r,(r,HH)) unit unit ballball in in SkewSkew(2r,(2r,CC)) U(2r)/SU(m,U(2r)/SU(m,HH))

R R x x RRdd--1 1 (*)(*) Lie Lie ballball in in CCdd (U(1)(U(1)xxSSdd--11) / ) / ZZ22

HermHerm(r,(r,OO)) EE7(7(--25)25)/U(1)E/U(1)E66 U(1)EU(1)E6 6 / F/ F44

(*) (*) ((λλ, x) . (, x) . (μμ,y) = (,y) = (λλ + + μ μ + <x,y>, + <x,y>, μ μ x + x + λ λ y)y)
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