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IV.1IV.1 TheThe symplecticsymplectic areaarea

Let V Let V bebe a PHJTS, a PHJTS, andand D D thethe associatedassociated boundedbounded symmetricsymmetric
domaindomain, G = , G = HolHol(D)(D)00. . RecallRecall D has a D has a GG--invariantinvariant metricmetric ((thethe
Bergman Bergman metricmetric). ). TheThe associatedassociated KKäählerhler formform ωω isis thethe differentialdifferential
formform ofof degreedegree 2 2 defineddefined byby

ωωzz ((ξ ξ , , ηη) = ) = ggzz((ξ ξ , , JJzz ηη) ,) , z in D,  z in D,  ξ ξ , , ηη in V .in V .
TheThe KKäählerhler formform ω ω isis GG--invariantinvariant andand closedclosed..



IV.1IV.1 TheThe symplecticsymplectic areaarea

Let V Let V bebe a PHJTS, a PHJTS, andand D D thethe associatedassociated boundedbounded symmetricsymmetric
domaindomain, G = , G = HolHol(D)(D)00. . RecallRecall D has a D has a GG--invariantinvariant metricmetric ((thethe
Bergman Bergman metricmetric). ). TheThe associatedassociated KKäählerhler formform ωω isis thethe differentialdifferential
formform of of degreedegree 2 2 defineddefined byby

ωωz z ((ξ ξ , , ηη) = ) = ggzz((ξ ξ , , JJzz ηη) ,) , z in D,  z in D,  ξ ξ , , ηη in V .in V .
TheThe KKäählerhler formform ω ω isis GG--invariantinvariant andand closedclosed..

Let zLet z11, z, z2 2 bebe twotwo points in D. points in D. ThereThere isis a unique a unique geodesicgeodesic arc arc fromfrom
zz11 to zto z22 (a (a consequenceconsequence of of thethe negativenegative curvaturecurvature).).
Let Let zz1 1 , z, z2 2 , z, z33 bebe threethree points in D. points in D. FormForm thethe geodesicgeodesic triangletriangle
T (zT (z1 1 , z, z2 2 , z, z33). ). ThenThen letlet

A (A (zz1 1 , z, z2 2 , z, z33) = ) = ∫∫Σ     Σ     ω ω 
wherewhere ΣΣ isis anyany surface surface withwith ∂Σ∂Σ = = T (zT (z1 1 , z, z2 2 , z, z33).).
TheThe integralintegral doesdoes not not dependdepend on on ΣΣ andand isis calledcalled thethe symplecticsymplectic
areaarea of of thethe triangle.triangle.



TheThe symplecticsymplectic area has area has thethe followingfollowing propertiesproperties

i)i) A (g(zA (g(z11), g(z), g(z22), g(z), g(z33)) = A(z)) = A(z11, z, z22, z, z33), for g in G), for g in G
ii)ii) A (zA (zττ(1)(1), z, zττ(2)(2), z, zττ(3)(3)) = ) = signsign((ττ) ) A(zA(z11,z,z22,z,z33))
for for τ τ anyany permutation of 1,2,3permutation of 1,2,3
iiiiii)) ((cocyclecocycle propertyproperty)) for all for all zz11,z,z22,z,z33, z, z44 in D,in D,

A(zA(z11,z,z22,z,z33) = A(z) = A(z11,z,z22,z,z44) + A(z) + A(z22,z,z33,z,z44) + A(z) + A(z33,z,z11,z,z44))



TheThe symplecticsymplectic area has area has thethe followingfollowing propertiesproperties

i)i) A (g(zA (g(z11), g(z), g(z22), g(z), g(z33)) = A(z)) = A(z11, z, z22, z, z33), for ), for anyany g in Gg in G
ii)ii) A (zA (zττ(1)(1), z, zττ(1)(1), z, zττ(1)(1)) = ) = signsign((ττ) ) A(zA(z11, z, z22, z, z33) ) 
for for τ τ anyany permutation of 1,2,3permutation of 1,2,3
iiiiii)) ((cocyclecocycle propertyproperty)) for all for all zz11,z,z22,z,z33, z, z44 in D,in D,

A (zA (z11, z, z22, z, z33) = A (z) = A (z11, z, z22, z, z44) + A (z) + A (z22, z, z33, z, z44) + A (z) + A (z33, z, z11, z, z44))

TheoremTheorem ((DomicDomic--ToledoToledo ‘87, ‘87, OerstedOersted--JLCJLC ‘03)‘03)

A (zA (z11, z, z22, z, z33) = ) = -- ((argarg k(zk(z11,z,z22) + ) + argarg k(zk(z22,z,z33) + ) + argarg k(zk(z33,z,z11))))

wherewhere k(z,w) = k(z,w) = kkDD(z,w)(z,w)2/p 2/p ((kkDD thethe Bergman Bergman kernelkernel), ), andand p p isis an an 
explicit explicit integerinteger ((calledcalled thethe genusgenus of D).of D).

Observations : D Observations : D isis simplysimply connectedconnected, k(z,w) ≠ 0 on , k(z,w) ≠ 0 on DxDDxD andand
k(z,z) > 0 for z in D, k(z,z) > 0 for z in D, soso thatthat therethere isis a unique a unique continuouscontinuous
determinationdetermination of of argarg k(z,w) k(z,w) whichwhich takestakes value 0 on value 0 on thethe diagonal.diagonal.



For For thethe unit disc in unit disc in CC withwith thethe PoincarPoincaréé--BergmanBergman metricmetric, , thisthis isis
equivalentequivalent to to thethe formula for formula for thethe area of a area of a geodesicgeodesic triangle triangle 

A(a, b, c) = A(a, b, c) = ππ -- ((αα++ββ++γγ),),
wherewhere αα,,ββ,,γ γ are are thethe angles angles atat thethe summitssummits a,b,c of a,b,c of thethe triangle.triangle.

ConsequenceConsequence of of thethe formula :formula :
--r r π <π < A(zA(z11, z, z22, z, z33)  < r )  < r ππ

for all zfor all z11,z,z22,z,z3 3 in D, in D, wherewhere r r isis thethe rankrank of of thethe symmetricsymmetric spacespace..



IVIV--2 Passing to 2 Passing to thethe limitlimit

TheoremTheorem ((OerstedOersted--JLCJLC ‘03, JLC ‘07)‘03, JLC ‘07)

For For anyany σσ11 , , σσ22 , , σσ3 3 in S in S x x S S x x S, let S, let 

i (i (σσ11 , , σσ22 , , σσ3 3 ) = 1/) = 1/π π limlim A ( zA ( z11, z, z22, z, z33))

as as zzjj tends to tends to σσjj (j=1,2,3).(j=1,2,3).
The limit exists with The limit exists with no restriction on no restriction on the way zthe way zjj approaches approaches σσjj if if thethe
σσjj are are mutuallymutually tranversetranverse. If not, . If not, somesome restriction restriction isis neededneeded
(‘’ (‘’ kindkind of ‘’ radial of ‘’ radial approachapproach).).



TheoremTheorem TheThe functionfunction i i satisfiessatisfies thethe followingfollowing propertiesproperties

i)i) i ( g(i ( g(σσ11), g(), g(σσ22), g(), g(σσ33)) = i()) = i(σσ11 , , σσ22 , , σσ33 ) for ) for anyany g in Gg in G
ii)ii) i i isis skewskew--symmetricsymmetric w.r.t. permutations of w.r.t. permutations of thethe σσjj ‘s.‘s.
iii)iii) For all For all σσ11, , σσ22, , σσ33, , σσ44 in S,in S,

i (i (σσ11, , σσ22, , σσ33) = i () = i (σσ11, , σσ22, , σσ33) + i () + i (σσ22, , σσ33, , σσ44) + i () + i (σσ33, , σσ11, , σσ44))
((cocyclecocycle relation)relation)
iv)iv) --r ≤ i (r ≤ i (σσ11, , σσ22, , σσ33)) ≤ r≤ r
andand thesethese inequalitiesinequalities are optimal (are optimal (boundsbounds attainedattained). ). 



IVIV--3 Elie Cartan’s invariant : an 3 Elie Cartan’s invariant : an exampleexample
for for thethe nonnon--tubetube type case.type case.
In 1932 E. Cartan In 1932 E. Cartan constructedconstructed an invariant for triples in an invariant for triples in thethe unit unit 
spheresphere S in S in CC2 2 under under thethe action of action of thethe ‘’‘’complexcomplex conformalconformal’’ group’’ group
PU(2,1). PU(2,1). AnotherAnother realizationrealization of S of S isis neededneeded..

ConsiderConsider CC3 3 withwith thethe HermitianHermitian formform
h((z,x,y), (z,x,y)) = lzlh((z,x,y), (z,x,y)) = lzl2 2 -- lxllxl2 2 -- lyllyl22

ThenThen thethe mapmap (x,y)  (x,y)  → → C C (1,x,y)(1,x,y) isis a 1a 1--toto--1 1 corresponcorrespon--
dancedance of S of S withwith thethe spacespace of of complexcomplex isotropicisotropic lineslines in in CC33. . ThenThen
G = PU(h) = PU(2,1,G = PU(h) = PU(2,1,CC) ) actsacts naturallynaturally on on thisthis spacespace, , yieldingyielding an an 
action of G on S. action of G on S. ConsiderConsider threethree distinct distinct isotropicisotropic lineslines LL11, L, L22,L,L33
andand for for vv11 in in LL11, v, v2 2 in in LL22, , vv33 in in LL33 letlet

J (vJ (v1 1 ,v,v2 2 ,v,v33) = h(v) = h(v11 , v, v22) h(v) h(v22 , v, v33 ) h(v) h(v33 , v, v11) .) .
NowNow J (J (λλ1 1 vv11,, λλ2 2 vv22, , λλ3 3 vv33) =) = llλλ11ll22 llλλ22ll2 2 llλλ33ll2 2 J(vJ(v1 1 ,v,v2 2 ,v,v33) ) ,,
hencehence argarg J (vJ (v1 1 ,v,v2 2 ,v,v33) ) definesdefines a a functionfunction on on SSxxSSxxSS, , whichwhich isis, by, by
construction, invariant construction, invariant underunder G. This invariant G. This invariant coincidescoincides withwith oursours
(up to (up to normalizationnormalization).).



IVIV--4 4 TheThe MaslovMaslov triple index : an triple index : an exampleexample
for for thethe tubetube--type case.type case.

TheThe geometrygeometry of of GG--orbitsorbits in in SxSxSSxSxS dependsdepends highlyhighly on on thethe type of type of 
thethe boundedbounded symmetricsymmetric domaindomain (tube(tube--type vs type vs nonnon--tubetube type).type).

Proposition.Proposition. Let D Let D bebe a a boundedbounded irreducibleirreducible symmetricsymmetric domaindomain of of 
tube typetube type. . TheThe action of G on S action of G on S xx S S xx S has a S has a finitefinite numbernumber of of 
orbitsorbits, , andand in in particularparticular (r+1) open (r+1) open orbitsorbits, , wherewhere r r isis thethe rankrank of D.of D.

If D If D isis not of tube type, not of tube type, thenthen therethere are are infinitelyinfinitely manymany GG--orbitsorbits in in 
S x S x S S x S x S andand none none isis open .open .

Fact.Fact. Assume D Assume D isis of tube type. Let e of tube type. Let e bebe an an originorigin in S, in S, andand let L let L bebe
thethe stabilizerstabilizer of e in K. of e in K. ThenThen S S isis isomorphicisomorphic to K/L and S to K/L and S isis aa
compact compact RiemannianRiemannian symmetricsymmetric spacespace..

If D If D isis not of tube type, not of tube type, thenthen S S isis not a not a RiemannianRiemannian symmetricsymmetric
spacespace..



PropositionProposition (KH (KH NeebNeeb, JLC ‘07) Let D , JLC ‘07) Let D bebe a a boundedbounded symmetricsymmetric
domaindomain of tube type. of tube type. FixFix a maximal torus T in S. Let a maximal torus T in S. Let σσ11, , σσ22, , σσ33 bebe
in S. in S. ThenThen ttherehere existsexists g in G g in G suchsuch thatthat

g(g(σσ11), g(), g(σσ22), g(), g(σσ33) ) belongbelong to T .to T .

ExampleExample.. Normal Normal formform of a triplet of of a triplet of LagrangiansLagrangians . . 
Let LLet L(1)(1), L, L(2)(2), L, L(3)(3) bebe threethree arbitraryarbitrary LagrangiansLagrangians in E. in E. ThenThen therethere
existsexists a a symplecticsymplectic basis (basis (eejj,,ffjj) (i.e. ) (i.e. ωω((eejj,,ffjj )) = = -- ωω((eejj,,ffjj ) = 1 ) = 1 andand allall
thethe othersothers ωω((eeii,,ffjj )) are 0) are 0) suchsuch thatthat for k=1,2,3,for k=1,2,3, LL(k)(k) has basis of has basis of thethe
formform

cos cos θθ11
(k)(k) ee11+sin +sin θθ11

(k)(k) ff11, cos , cos θθ22
(k)(k) ee22+ sin + sin θθ22

(k)(k) ff22, …, cos , …, cos θθrr
(k)(k)eerr+ sin + sin rr

(k)(k)ffrr



TheoremTheorem.. Let D Let D bebe otot tubetube--type. type. ThenThen thethe i(i(σσ11 , , σσ22 , , σσ3 3 ) ) takestakes onlyonly
thethe values values --r, r, --r+1,…, rr+1,…, r--1, r . If D 1, r . If D isis not of tubenot of tube--type, type, thenthen
i(i(σσ11 , , σσ22 , , σσ3 3 ) ) takestakes all values in [ all values in [ --r , r ].r , r ].



ExampleExample. . TheThe MaslovMaslov indexindex

Kashiwara’s Kashiwara’s definitiondefinition of of thethe MaslovMaslov index : index : 

Let LLet L11, L, L2, 2, LL3  3  threethree LagrangiansLagrangians in a real in a real symplecticsymplectic vectorvector spacespace
(E,(E,ω).ω). ConsiderConsider on on thethe (abstract) (abstract) productproduct LL11x Lx L2 2 x Lx L3 3 thethe quadraticquadratic
formform Q Q defineddefined by :by :

Q( (vQ( (v11 , v, v22 , v, v33)) = )) = ω ω (v(v11 , v, v22 ) + ) + ω ω (v(v22 , v, v33 ) + ) + ω ω (v(v33 , v, v11))
Set Set j (j (LL11, L, L2, 2, LL33) = signature) = signature of Q .of Q .

This This definesdefines a a SpSp(E)(E)--invariant invariant ZZ--valuedvalued functionfunction on S on S xx S S xx S,S,
wherewhere S S isis thethe LagrangianLagrangian manifold.manifold.



TheoremTheorem.. Let S Let S bebe thethe ShilovShilov boundaryboundary of of thethe Siegel unit disc, Siegel unit disc, 
isomorphicisomorphic to to thethe LagrangianLagrangian manifold. manifold. ThenThen ourour invariant invariant 
coincidescoincides withwith thethe MaslovMaslov indexindex..



IVIV-- 5 5 TheThe MaslovMaslov index for index for pathspaths..

OriginallyOriginally, , MaslovMaslov introducedintroduced a notion a notion nownow calledcalled Maslov’s index Maslov’s index 
for for pathspaths. . ItIt associatesassociates to a to a pathpath in in thethe LagrangianLagrangian manifold ( i.e. amanifold ( i.e. a
11-- parameter parameter familyfamily of of LagrangiansLagrangians) an ) an integerinteger ((therethere are are somesome
restrictions on restrictions on thethe endpointsendpoints dependingdepending on on thethe choicechoice of an of an originorigin
in S). Maslov’s in S). Maslov’s workwork waswas continuedcontinued by Arnold, by Arnold, andand laterlater by by 
Leray. This Leray. This approachapproach isis basedbased on on algebraicalgebraic topologytopology. In . In particularparticular, , 
thethe index index isis invariant by invariant by homotopyhomotopy. . A A slightlyslightly differentdifferent approachapproach
(but (but closelyclosely relatedrelated) ) waswas introducedintroduced by Souriau. by Souriau. 

TheThe spacespace S S isis not not simplysimply connectedconnected. In . In factfact, , ππ11(S) = (S) = ZZ. Let . Let ΣΣ bebe
thethe universaluniversal coveringcovering ofof S. S. ThenThen Souriau Souriau constructsconstructs a a Z Z -- valuedvalued
functionfunction m on m on ΣΣ x x ΣΣ, , whichwhich isis invariant, invariant, skewskew symmetricsymmetric, , andand
suchsuch thatthat, for , for anyany threethree points points σσ11 , , σσ22 , , σσ33 in in Σ Σ thethe sumsum

m (σσ11 , , σσ22) + m () + m (σσ22 , , σσ33) + m () + m (σσ33 , , σσ11))
dependsdepends onlyonly on on thethe projections projections ofof σσ11, , σσ2 2 andand σσ33 on S on S andand isis equalequal to to thethe
correspondingcorresponding MaslovMaslov index index ofof thethe threethree projections.projections.



FromFrom thisthis one one couldcould deducededuce thethe cocyclecocycle relation for relation for thethe MaslovMaslov
triple index.triple index.

CohomologicalCohomological interpretationinterpretation :: thethe MaslovMaslov triple index triple index isis notnot
cohomologicallycohomologically trivial on S trivial on S xx S S xx S. S. LiftedLifted to to ΣΣ x x ΣΣ x x Σ,Σ, itit becomesbecomes
trivial trivial andand cancan bebe writtenwritten as as thethe coboundarycoboundary of m.of m.

All All thesethese points of points of viewview ((MaslovMaslov--ArnoldArnold--LerayLeray andand Souriau) Souriau) cancan bebe
generalizedgeneralized in in thethe realmrealm of of ShilovShilov boundariesboundaries of of boundedbounded symsym--
metricmetric domainsdomains of tubeof tube--type (type (KoufanyKoufany--JLCJLC ‘07).‘07).



IVIV-- 6 6 List of simple List of simple EuclideanEuclidean Jordan Jordan algebrasalgebras, , 
boundedbounded domainsdomains of tube type  of tube type  andand theirtheir ShilovShilov boundariesboundaries

VV DD SS

SymmSymm(r,(r,RR) ) unit unit ballball in in SymmSymm(r,(r,CC)) LagrangianLagrangian manifoldmanifold

HermHerm(r,(r,CC)) unit unit ballball in Mat(r, in Mat(r, CC)) U(r)U(r)

HermHerm(r,(r,HH)) unit unit ballball in in SkewSkew(2r,(2r,CC)) U(2r)/SU(m,U(2r)/SU(m,HH))

R R x x RRdd--1 1 (*)(*) Lie Lie ballball in in CCdd (U(1)(U(1)xxSSdd--11) / ) / ZZ22

HermHerm(r,(r,OO)) EE7(7(--25)25)/U(1)E/U(1)E66 U(1)EU(1)E6 6 / F/ F44

(*) (*) ((λλ, x) . (, x) . (μμ,y) = (,y) = (λλμ μ + <x,y>, + <x,y>, μ μ x + x + λ λ y)y)



IVIV-- 7 7 Maslov index for Maslov index for beginnersbeginners

SeeSee blackboardblackboard


	IV An invariant for triples�and the Maslov index
	Contents
	IV.1 The symplectic area
	IV.1 The symplectic area
	IV-2 Passing to the limit
	IV-3 Elie Cartan’s invariant : an example for the non-tube type case.
	IV-4 The Maslov triple index : an example for the tube-type case.
	IV- 5 The Maslov index for paths.
	IV- 6 List of simple Euclidean Jordan algebras, �bounded domains of tube type  and their Shilov boundaries
	IV- 7 Maslov index for beginners

