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M a complete connected Riemannian manifold,dimM = n.

G ⊂ Iso(M), closed and connected.

Isometric action of G on M
G×M → M

(g, x) → gx

x ∈ M , the G-orbit containing x:

G(x) = {gx : g ∈ G}

Orbit space M
G = {G(x) : x ∈ M}

π : M → M

G
,π(x) = G(x)

If π(x) is interior (boundary) point of M
G 7→ G(x) is called a principal (singular)

orbit. dimM
G = n−maxx∈MdimG(x)

Definition: M is a G-manifold of cohomogeneityk if dimM
G = k. We denote

it by Coh(M,G) = k.



Coh(M,G)=0
M is homogeneousM ' G

Gx

Gx = {g ∈ G : gx = x}

♣ If Coh(M,G) = 0 and κM ≤ 0 ⇒ M ' Rm × Tn−m (Wolf).

Coh(M,G)=1
♣ M

G is homeomorphic to one of the following

R,S1, [0,+∞), [−1, 1]

♣ If κM < 0, dimM > 2 then
π1(M) = 0 or π1(M) = Zp, p ≥ 1

If p = 1 ⇒ One orbit'S1; other orbits covered bySn−2 ×R.
p > 1 ⇒ each orbit' Rn−1−p × T p; M ' Rn−p × T p.

κM ≤ 0 are also studied recently.

κM > 0 open problem.



Coh(M,G)=2, κM = 0
Example: M = Rn−1 × S1, n ≥ 3, G = SO(n− 1)

g ∈ SO(n− 1), x = (x1, x2) ∈ Rn−1 × S1 ⇒ g(x) = (gx1, x2)

Principal orbit =Sn−2(c), for somec depending on orbits.
x = (0, x2) ∈ Rn−1 × S1, then the (singular) orbitG(x) is equal to{x}.
The union of singualr orbits' S1.

Example Let G1 ⊂ SO(m− 1), Coh(G1, S
m−1) = 1 (for exampleG1 = SO(m−

2)).
PutMn = Rm×Tn−m , n > m ≥ 3, G = G1×Tn−m, which acts onRm×Tn−m

by product action.
Each principalG-orbit = Nm−2(c)× Tn−m, whereNm−2(c) is a homogeneous hy-
persurface ofSm−1(c) ( c depends on orbits).
If x = (0, y) ∈ Rm × Tn−m then the (singular) orbitG(x) is isometric toTn−m.

Example Let Mn = R3 × Tn−3, n ≥ 3, and letG = {gθ = (eiθ, θ) : θ ∈ R}.
Consider the following action ofG onM :

x = (x1, x2, x3) ∈ R3, (x, y) ∈ R3 × Tn−3, gθ ∈ G

⇒ gθ(x, y) = (x1cosθ, x2sinθ, x3 + θ, y)

M is a cohomogeneity twoG-manifold and each principal orbit is isometric toH ×
Tn−3, whereH is a helix inR3. If x = (0, 0, x3) ∈ R3 then the (singular) orbit
G(x, y) is isometric toR× Tn−3.

Example Let Mn = T 2×Tn−2×Rm, n ≥ 3, and letG = Tn−2×Rm, which acts
onM in the following way:

g = (h, b) ∈ Tn−2 ×Rm, (x1, x2, x3) ∈ T 2 × Tn−2 ×Rm

⇒ g(x) = (x1, h(x2), x3 + b)

M is a cohomogeneity twoG-manifold and each orbit is diffeomorphic toTn−2 ×
Rm.



Theorem ( Coh(M,G)=2,κM = 0) One of the
following is true:

(a) M is simply connected orπ1(M) = Z
Each principal orbit=Sn−2(c), for somec > 0 (c depends on orbits).

(b) π1(M) = Z l and one of the following is true:
. (b1) There is a positive integerm, 2 < m < n, such that
Each principal orbit is covered byNm−2(c)×Rn−m, whereNm−2(c) is a homoge-
neous hypersurface ofSm−1(c) ( c > 0 depends on orbits).
There is a unique orbit diffeomorphic toT l ×Rn−m−l.

. (b2) Each principal orbit is covered bySr × Rn−r−2, for some positive inte-
ger r.
. (b3) Each principal orbit is covered byH ×Rn−m, such thatH is a helix inRm.
There is an orbit diffeomorphic toT l ×Rt, for some non-negative integert.

(c) Each orbit' Rt × T l, for some nonnegative integert ( t = n − l − 2, if the
orbit is principal)



Theorem (Coh(Mn+2, G) = 2, κM < 0, Fix(G, M) 6= ∅)
Then

(a) M is diffeomorphic toS1 ×Rn+1 or B2 ×Rn( B2 is the mobius band).

(b) Fix(G, M) is diffeomorphic toS1.

(c) Each principal orbit is diffeomorphic toSn.

Theorem ( Coh(Mn+2, G) = 2, κM < 0, G is non-semisimple,
singular orbits (if there is any) are fixed points ofG)
Then one of the following is true:

(1) M is simply connected ( diffeomorphic toRn+2).
(2) M is diffeomorphic toS1 × Rn+1 or B2 × Rn( B2 is the mobious band). Each
principal orbit is diffeomorphic toSn. Union of singular orbits (Fix(G, M)) is dif-
feomorphic toS1.
(3) M is diffeomorphic toS1 ×R2 or B2 ×R. All orbits are diffeomorphic toS1.
(4) π1(M) = Zp for some positive integerp, and all orbits are diffeomorphic to
Rn−p × T p.

Theorem ( Coh(Mn+2, G) = 2, κM = c < 0)
Then eitherM is simply connected or one of the following is true:
(1) All orbits' Tn−m ×Rm.
(2) π1(M) = Z, There is on orbit' S1 or Fix(G, M) = S1.
(3) π1(M) = Zk, k > 1, and there is two types of orbits, one type diffeomorphic to
T k ×Rn and the other types covered bySn−m ×Rm.

Theorem If Rn ,n ≥ 3, is of cohomogeneity two under the action of a closed and
connected Lie groupG of isometries, thenR

n

G is homeomorphic toR2 or [0,+∞)×
R.


