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Introduction

Introduction

We consider linear space ¢ of micro-differential operators over
the field C of the following form:

n(L)

Le¢=S Y aD:nlL)eZ;, (1)

i=—o00

where coefficients g; are functions dependent on spatial variable
X = t; and evolution parameters f, t3 .... Coefficients a;(t),
t=(4,0b,...), are supposed to be smooth functions of vector
variable t that has a finite number of elements that belong to
some functional space A. This space is a differential algebra
under arithmetic operations. An operator of differentiation is

denoted in the following way: D := a%.
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Addition and multiplication of operators by scalars (elements of
the field C) are introduced in the following way:

Nj No
A L1 + )\2L2 = Z )\131,’D’ + Z )\232,‘D’ =
j=—00 j=—00
max<Nq,No> '
> (Mani+dea)D A, A € C.
j=—o00

The structure of Lie algebra on a linear space ¢ (1) is defined by
the commutator [-,-]: { x ( = (, [Lq, L] = L1Ly — LoL4, where
the composition of micro-differential operators Ly and L, is
induced by general Leibniz rule:
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D”f:— () Dpr-i, (2)

neZ feAcc, f0). g—e c ¢, D"D™ = pmpn = prtm,
n

n n(n—-1)...(n=j+1)
! :

n,me Z, where (7) =1, ( ) =
Formula (2) defines the composition of the operator D" € ¢ and

the operator of multiplication by function f € /k\ C (in
contradistinction to the denotation DK{f} := % cA kel
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Consider a microdifferential Lax operator:

o0
L:=WDW™"'=D+> UD (3)
i=1
which is parametrized by the infinite number of dynamic
variablesU; = Uj(ty, b, B3, ...), i € N, which depend on an
arbitrary (finite) number of independent variables t; := X, b, t3,
... All dynamic variables U; can be expressed in terms of
functional coefficients of formal dressing Zakharov-Shabat
operator:

(o)
W=1+> wD”, (4)
i=1
The inverse of formal operator W has the form:

Wl=1+) aD”. (5)
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In scalar case, Kadomtsev -Petviashvili hierarchy is a commuting
family of evolution Lax equations for the operator L (3)

ajly = [B,, L] == BiL — LB, (6)

where a; € C, i € N, the operator B; := (L'), is a differential
part of the ji-th power of microdifferential symbol L.
By symbol Lt we will denote the following operator:

oo
Ly = (WDW_1)ti = Z(Uj)l‘iD_j' (7)
j=1
Formally transposed and conjugated operators L™, L* have the
form:
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o0
[":=-D+> (-1YDIU, L :=1T". (8)
j=1
Zakharov-Shabat equations are consequences of the
commutativity of two arbitrary flows in (6) with i = mand i = n
Linty = Lyt =

= [anatn_Bn, Oématm—Bm] - amBntm—aantn+[Bn, Bm] - 0 (9)
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Consider a symmetry reduction of the KP-hierarchy, which is a
generalization of the Gelfand-Dickey k-reduction:

(L)- = (L")<0 = aMoD'r" =

X
— / A, b by, JMor (S, b, bs,..) - ds, (10

where Mat;/(C) > My is a constant matrix, and functions
a=(91,--,9q), r=(r,...,n) are fixed solutions of the following
system of differential equations:

anQt, = Ba{q},
n 11
{ apty, = —BR{r}, (11)

where n € N.
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Reduced flows (6), (10), (11) admit Lax representation
[Li, Mp] =0, Lk = Bk +qMoD~'t", My = apdy, — By (12)

Equation (12) is equivalent to the (1 4 1)-dimensional integrable
systems for functional coefficients U; , i = 1,k — 1 and functions

q,r:

{ Uftn = an[U17 U27 ceey Uk717q7r]7 (13)

q:, = Bn[Uiaqa r]{q}7 I, = _B;[Uiaqa r]{r}7

where i = 1,k — 1, Pj, and B, are differential polynomials with
respect to dynamic variables that are indicated in square
brackets.
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(2+1)-dimensional generalizations of Lax representations (12)
have the form:

[Lk, Mn] = 0, (14)
where Lg is (2+41)-dimensional integro-differential operator:

Lk = ady — By —qMoD ¢, (15)

and M, in (14) is evolutional differential operator of n-th order
with respect to spatial variable X:

n
My = andy, — > vD! (16)
j=1
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Consider examples of equations (12)-(13) and their
generalizations (14)-(16) for some k and n:

l.L.k=1,n=2:

Li=D+ QMoD_1q*,M2 = 042812 - D? - 2qMouq*,

where ap € IR, M§ = M.

Equation [Ly, Mo] = 0 is equivalent to nonlinear Schrodinger
equation (NLS):

20z, = qxx + 2(qMoq*) q. (17)
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Now let us consider spatially two-dimesional generalizations of
the operators Ly, Ms:

Ly = 0, — aMoD~'q",
2 (18)
M, = Ozgatz — 1D —2¢ 5y,
where ap € iR, St = Si(X,y, k) = Si(x, ¥, b).ci €R
Lax equation [Ly, Mo] = 0 is equivalent to Davey-Stewartson
system DS-III:

{ az(y, = C1Oxx — 2¢151q
Sty = (AMoq")x

System (19) is spatially two-dimensional /-component
generalization of NLS.

(19)
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2. k=2,n=2:

L, = D? +2u + qMoD71q*, My = Otgatz - D?— 2u,

where M§ = —Mog, U= U, az € iR.

Operator equation [Lp, Mo] = 0 is equivalent to Yajima-Oikawa
system:

aquQ = qXX + 2Uq7 20
{a2uf2 = (qMoq"),- (20)
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(2+41)-dimensional generalization of the operators Ly, M> have a
form:
Lo = idy — D? — 2u — qMoD~'q",
M2 = agatz — D2 — 2U,
where ap € IR, Mg = -Mgj, u=u.

Equation [Lp, Mo] = 0 can be represented in the following way:

{ o, = in + (qMoq*)x

21
2y, = Oxx + 2U4. 21

System (21) is /-component spatially two-dimensional
generalization of the Yajima-Oikawa system.



Symmetry reductions of the KP—hierarchy

Symmetry reductions of the KP-hierarchy

3.k=2,n=3:

L, = D? + 2u+ gqMoD~'q,

Ms = a30;, — D® — 3uD — 3(ux + qMoq*),
where Mg = — S,U:U,OQER.

Equation [Lp, M3] = 0 is equivalent to the system:

{ a3y = Quo + 3UAx + 3Uxd + 3qMoqq, (22)
gl = ¥Use + Uy + 3 (GxMog* — qMoqy), -
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Spatially two-dimensional generalizations of Ly, and M3 have the
form:

Ly = i9y — D? — 2u — qMoD~'q",
Ms = ag0y, — D® — 3uD — 3 (ux + iD~"{u,} + qMoq*) ,
(23)
wher az € R, My = —Mo, u = 0. Equation [Lp, M3] = 0 is
equivalent to the system:

a3l = Quxx + 3UCx + 3 (ux + D~ {uy} + aMoq*) q,
[OégUts - %Uxxx — 3uuy + % (aMody — adxMoq*), +
—%i(qMoq*)y]X = —3uyy.
(24)
Equations (24) generalize Mel'nikov system.
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References
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In other cases we will obtain:
4. Vector generalization of the modified Korteweg-de Vries
equation (k =1,n=3):

a3qs = Qxxx +3 (qMoq*) qx+3 (qx./\/loq*) q, Mé = M. (25)

5. Generalization of the Boussinesq equation (k = 3,n = 2):

{ Sagutzfz = (_UXX - 6U2 + 4(qM0q*))XX7 MS = MO7 (26)
a2qf2 - qXX - 2Uq = Oa
6. Vector generalization of the Drinfeld-Sokolov system
(k=3,n=3):
{ aslly, = oo + 300 + 3Uxd, 4 =8, M =Mo, o)
agly = (AMoq")x,
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In this section we will consider the construction of exact
solutions of the integrable systems from the KP-hierarchy. For
this reason we will use invariant transformations for linear
integro-differential operators from the previous section. Consider
the integro-differential operator:

n
L:=ad—Y uD' +qMeD 'r", a ¢ IRUR  (28)
i=0

with (N x N)-matrix coefficients u; = uj(x, t); A, A and My are
(K x K) and (/ x I)-matrices correspondingly; q, r are

(N x I)-matrices. Assume that (N x K)-matrix functions ¢, 9
satisfy linear problems: L{p} = oA, L™{1)} = A



Exact solutions of some nonlinear models from the F

Define the binary Darboux-type transformation (BT) as

1
W=i-p(C+D{wTp}) D'y’ (29)
The following theorem holds:

Theorem 1

Let functions f and g be (N x 1)-solutions of the linear systems
L{f} = A, L{g} = gX.

Then, functions F = W{f}, G= W~17{g} satisfy equations
L{F} = F), [-""{G} = G)

with the operator
n .
L=ad =Y D' +§MoD'#" +oMD W', (30)
i=0

where M= CA—ATC, d = ¢ (C + D*1{¢T(p})_1
— (C+D"{Tp}) 0T, 4= W{q}, = W {r}.
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Consider two possible realizations of the integration operator
D" in BT (29):

X X
wo—t-¢(ct [ wousds) [ vT(e)ds. =)
—00 +oo
under assumption that the components of (N x K)-matrix
functions ¢ and v decrease rapidly at both infinities. A
composition of operators (W*)~" and W~ gives Fredholm

operator:

“+oo
Sp = (W)~ W_:/+QDC_1/ 0T(s) - ds.  (33)
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Assume that integral part in L is equal to zero. Using the
equalities L{p} = oA, L™{¢p} = )\ we obtain that the
commutator of Sg and L has the form:

+o0 .
(L S = cpC_1M/ C 4T (s)-ds, M= CA—ATC

Using W™, W~ as the dressing operators for L we obtain that:
Ly = WHL(W*)=" = (L) + dM [*_WT(s) - ds,
[o=W-LW) ' = (I5); + dM fm wT(s)-ds,  (34)

L)+ = (Lo)+

~
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If we put A = A = 0 and consider the differential operator L
(Mg = 0), then using transformations W* or W~ we obtain
the differential operator L. In this case, [L, Sg] = 0. Thus, we
obtain dressing due to Zakharov-Shabat.

References
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nonlinear equations of mathematical physics by the method
of the inverse scattering problem. I, Funct. Anal. Appl.,
8(3), 226-235, 1974.
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Now we will consider realizations of integral transformation W
(29) and construction of the solutions for integrable systems
from the KP-hierarchy. At first we will consider the scalar NLS

ig: = Qux + 211/912q, 1 = £1, (35)

and its vector generalization — Manakov system (/ components):

I

s=1
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Proposition 1

Let function ¢ := (¢1,...,¢k) be a fixed solution of the system:
{ Px = oh, (37)
It = Oxx,
where A € Maty «k(C).
Let f:=(f,...,f;) be an arbitrary solution of the problem

Then functions F := f — ¢(C + Q[, ¢]) ™' Q[p, 1],

& = p(C+Q[p,¢])"", where

Q[p, ¢] = f((xf,’f,(),) prpdx + i(pyp — ¢ px)at,

Q[p, f] = f((x“) oHfdx + i(@if — p*f)dt, C = C* € Matxx(C)

. 0.7t0)
satisfy equations:
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iFi = Fyx + 20MP*F, (39)
i = Oy + 2OMD*D, (40)
where M = CA 4+ A*C — (¢*¢)(Xp, ty)
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Using proposition 1, we can obtain K-soliton solution of NLS
(= 1) of the following structure:

A T
det [ 22

9= T det(ny)
where @; = 7; eV X+ t, A €C, j=1, 1,K; 1 is a row-vector
(K-components) consisting of 1,
1 K
Ap = ( (Pjps + 1))
>‘S )‘ e J,5=1

Animation 1 describes the behavior of 3-soliton solution (|q| and
Re(q) ) with Ay =154/, Ao =1+ 2/, \3 = 2.5+ 3.5/ and
n=enr=e"03=¢e.
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We can also use Proposition 1 for obtaining other kinds of
solutions (e.g. bound states) for NLS and constructing solutions
of vector generalization of NLS.

Animation 2 describes the behavior of NLS solution, consisting
of 1 bound state and 1 soliton.

Animation 3 represents the absolute value of the solution

(M =2-38i, do=1+2i, v = €' ~, = e'%) for 2-component
NLS generalization of the form:

() = (@) +2 (1ar2 ~ @) g, j= 1.2 (41)
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Similar types of solutions for other integrable systems of the
KP-hierarchy can also be constructed. In particular, one of
bound-state solutions of the Yajima-Oikawa system

iq, = Qxx +2Uq. 49
{ ity, = (1/q1?); (42

in case 1 = —i is presented on animation 4 (A = 3 + i,y = €°).
Animation 5 describes the behavior of 2-soliton solution of
Drinfeld-Sokolov system:

Qt, = Quxx + 3UQx + %Ux(% 43
{ U, = (qZ)X_ (43)
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Chen-Lee-Liu equations

Consider the generalizations of operators Ly, Mo (18):

Ly = ay - qMOD_1q*’
My = ady, — ¢1D? — 02(9,5 +2¢1S1 +20qMoD 10, q",  (44)

where ¢y, € R, ap € iR, q = q(x, ¥, t) and

Si = Si(x,y,t) = S{(x,y,t) are matrix functions with
dimensions N x [ and N x N respectively; Mg = Mg is a
constant (/ x /)-dimensional matrix.

Lax equation [Ly, Mb] = 0 is equivalent to the system:

{ a2y, = C1Qxx + C2Qyy — 201519 — 202 M Sy,

45
Sty = (AMoQ")x. Sox — (a°q)y. (45)
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In scalar case (N =1,/ =1), by taking S=¢1S; + &Sy,
= Mg =1, we obtain the following differential consequence
from (45):

{ a2Qh, = C1Qxx + C2Qyy — 254,
SX}’ =G |q|)2(x + C2|C7|}2/y'

If ¢y = —co = ¢ € R we obtain Davey-Stewartson system (DS-I)
from (46).

(46)
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Consider the following pair of operators:
L1 = 82 - qu_1Q7

My = a8y, —cD2,+c02;+2¢S; —2cqD; ' §z—2cqD; 'qds, (47)

where ao, C € iR;
g and Sy are (N x N)-matrices, Z = X + jy. Lax equation
[L1, Mo] = 0 is equivalent to the system:

{ azQly, = —icOy — 2¢S1q +2cqSy,
Six +iS1y = (dq)x — i(qq)y-
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In scalar case (N = 1) we obtain the following differential
consequence from system (48):

a2qy, = —icqxy — 4icSq, (49)
Sux + Syy = —4(ql%,-

System (49) is Davey-Stewartson system (DS-II).



Integro-differential Lax representations for Davey-Stewartson and
Chen-Lee-Liu equations

References

o Athorne C., Fordy A.P., Integrable equations in
(241)-dimensions associated with symmetric and
homogeneous spaces, J. Math. Phys. 28 (1987) 2018-2024

e Sydorenko Yu.M. Binary transformations and (2 +

1)-dimensional integrable systems // Ukr. Math. journ. —
2002. — V. 54, Nell. — p. 1859-1884.




Integro-differential Lax representations for Davey-Stewartson and
Chen-Lee-Liu equations

Consider the following pair of operators:
Ly =dy —qMoD ¢ D, (50)
My = 00y, — ¢1D? — 0205 +2¢1 S1D+2¢,qMoD ™' 9, ¢ D, (51)
where = q(x,y, k), r =r(x,y,b) and Sy = S1(x,y, b) are
matrix functions with dimensions (N x M) and (N x N)

respectively; Mg is a constant (M x M)-dimensional matrix.
Equation [Ly, Mo] = 0 is equivalent to the following system:

a2qt, — C1Oxx — C2Qyy + 201 519x — 22 Mo Sa+
+2cqMo(r'q)y = 0,
a2rg + G4 r)Tx + C2r;y + 201 I’IS1 + ZCQSZMOI‘T — 0’
Siy = (QMor")x + [qMor T, Si], Sox = (1 q)y-

(52)
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a). Under additional conditions ap € IR, ¢1,C € R,

Mo = -Mg, r'=q* S = S; operators Ly (50) and M> (51)
are D-skew-Hermitian (Lj = —DLyD~") and D-Hermitian
(Mj = DMp,D~1). System (52) has a form:

{ azqy, — C1Oxx — Colyy +2C1S10x + 26 Mo Sz = 0,
Sty = (AMod*)x + [aMoq*, Si], Sox = (A" dx)y-

Consider a scalar case of equation (53) (N =1, M = 1) and take
c =0,y =X, u:=Mp. Then we obtain Chen-Lee-Liu equation
(DNLS-II) from (53):

(53)

a2Qy, — C1Gux + 2011|q2qx = 0. (54)
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b). We will put Mor' (x,y, ) = v, where v is

(M x N)-dimensional constant matrix. After the change U := qu
system (52) takes the form:

(55)

Siy = ux + [u, Sq].

System (55) is (2+1)-dimensional matrix generalization of
Burgers equation. It can be generalized onto (n+ 1)-dimensional
case:

95; (56)

ool = AU — ZSVU
8X1 _8X/+[U 81] I: n

where S = (Sy,...S,), A= 18X27 (%v-‘-vaix,,)'
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Proposition
Let T :=T(x,y, k) be (N x N))-matrix function that satisfies
equation:

agTy, = C1 Tux + CaTyy (57)

Then (N x N)-matrix functions

u=-T71'T, S =-TT, (58)
satisfy system (55).
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Remark

It can be checked that functions u, S; defined by formula (58)
satisfy another version of (2+1)-dimensional generalization of
matrix Burgers equation:

{ QoUt, — CiUxx — ColUyy + 2¢1S1uy + 2C2UUy =0, (59)

a2S1t, — C1Sixx — C2S1yy +2¢151S1x + 2¢2uSy, =0




It is also constructed the integro-differential representation for
the equation:

a3t + C1Qxxx — C2Qyyy — 3C114Gx / ql5dy+

3couqy / g5 dx + 3cz1q / (Qay)ydx — 3ciuq / (gxq)xdy = 0.
(60)
where ag, u, €1, Co € R, which can be reduced to the mKdV
equation:
a3qt; + Qxxx — 6Mq2qx =0. (61)



Lax integro-differential representation was also constructed for
the following system:

3Gt +C1 Grxx — C2Qyyy —3C1 Vi Gxx — 3C1 VaQx +-311C2qy D~ {Gax }y+
+3c1gD ' {Gqyy }y — 3c212gD ™ {|qI?qax}y = O,
V1y = M(|q‘2)X7

Vay = 1(qx@)x — 2pv1(1q%)x, (62)

where az, €1,C2 € R, p € IR, vi = V', V3 + V5 = Vyy, which
reduces to the higher Chen-Lee-Liu equation (¢y =1, ¢ = 0):

a3qs + Qo — 311G12axx — 31 a2 + 312 ql* gy = 0.
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