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Groupoid over the base set B is a set G with actions:
(i) source maps:G — B and target map t: G — B
(i) product m:G®? — @G

m(g,h) =: gh,
defined on the set of composable pairs
G? = {(g9,h) € Gx G : s(g) =t(h)},

(iii) iniective identity section ¢ : B — G,
(iv) inverse map ¢ : G — G,
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which satisfy the following conditions:
s(gh) =s(h), t(gh) = t(g), (1)
k(gh) = (kg)h, (2)
e(t(9))g = g = ge(s(9)), (3)

Ug)g =¢(s(g)),  gulg) = e(t(g)), (4)

where g, k,h € G.
Notation: ¢ = B.
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Left support [(z) € L(9MN) (right support r(z) € L(IMN)) of
x € M is the least projection in M, such that

l(x)x ==z (resp. x r(x) = x).

If z € M is selfadjoint, then support s(z)

Polar decomposition for v € I

x = u|zl,

(6)

where u € M is partial isometry and |z| := Va*z € MT. Then

l(x) =s(|z*]) = wu*, r(z)=s(z|) = u"u.
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Let G(p9Mp) - the group of all invertible elements in

W*-subalgebra pip C 9.

We define the set G(91) of partially invertible elements in 9t
GOMm) :={z € M; |z| € G(pMp), where p = s(|z[)}

Remark: G(01) ¢ M.
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The set G(MN) with
© the source and target maps s, t : G(IM) — L(IMN)

@ the product defined as the product in 9 on the set
GEM® = {(z,y) € G(M) x G(M); s(x) = t(y)},

© the identity section € : L(9) < G(IM) as the identity,
Q the inverse map ¢ : G(IM) — G(IM) defined by

o(z) = || ut,

is the groupoid over L().
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The set G(E) of linear isomorphisms ¢, : E,,, = E,, between the
fibres of a vector bundle 7 : E — M has the groupoid structure
over M.

It is called the structural groupoid of the bundle 7 : E — M.
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Let G be a groupoid over B. Representation of G = B on a
vector bundle 7w : E — M is a groupoid morphism of G into the
structural groupoid G(E) of this bundle:

g

Aneta Slizewska Groupoid of partially invertible elements of W *-algebra



Groupoid

W *-algebra

Supports and polar decomposition
Groupoid of partially invertible elements
Groupoid representations

Introduction

One has the bundle 7 : Mp(Mt) — L(MN), where

Mg(N) = {(y,p) €M x L(M): pr(y) =r(y)}

and 7 := pry. The fibre 7=1(p) over p € L(M) is isomorphic to
the right W*-ideal (=91-modul) pMt of M1 generated by p.

For z € G(OM)] the left action

L, :pINt = gIN

is the isomorphism of the right W*-ideals.
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@ The structural groupoid G(Mpg(9N)) of the bundle
T Mp(OM) — L(IMN) of the right W*-ideals is isomorphic to
g(m).
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@ The structural groupoid G(Mpg(9N)) of the bundle
T Mp(OM) — L(IMN) of the right W*-ideals is isomorphic to
g(m).

@ The structural groupoid G(M(9)) of the bundle
7w Mp(ON) — L(OMN) of the left W*-ideals is isomorphic to
g(m).
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@ The structural groupoid G(Mpg(9N)) of the bundle
T Mp(OM) — L(IMN) of the right W*-ideals is isomorphic to
g(m).

@ The structural groupoid G(M(9)) of the bundle
7w Mp(ON) — L(OMN) of the left W*-ideals is isomorphic to
g(m).

© The structural groupoid G(A(D)) of the bundle
m: A(ON) — L(IM) of W*-subalgebras is isomorphic to G(9MN),
where A(N) := {(y,p) € M x L(M) :  y € pMp}.
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We consider the following locally convex topologies, for which hold:
o—topology < s—topology < s"—topology < uniform topology

where for w € M

© o-topology is defined by a family of semi-norms
z]ly = [z, w)

@ s-topology is defined by a family of semi-norms
[z]l, == V(z*z,w); z€M;

© s*-topology is defined by a family of semi-norms

{IFll» -5 = w € M} where ||z, := /(za*,w); = € M.
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For an infinite dimmentional W*-algebra 91 the groupoid G(9M) is
not topological with respect to above topologies of 9t.

Example: Let p € L(OM) and z,, € G(M) as
1
:):n:p—l-g(l—p), n € N.

Then
s(zn) =t(zn) =1 and s(p) =t(p) =p.

The uniform limit  lim,_,,, x, = p, so the source and target
maps are not continuous.
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L(9) as a BANACH MANIFOLD
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For p € L(OM) let us define the set
II,:={ge L) : M=¢Me (1—pM}

then ¢ A (1 —p) =0, qgvV(1—-p)=1
and g=z—y €¢Mae(1—pN.
Define the maps

op : 11, = ¢Mp, op 11, = (1 —p)Mp

by
op(@) ==z, () =y.

The map ¢, is the bijection of II, onto the Banach space
(1 —p)Mp.
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In order to find the transitions maps
-1,
SOp o (pp, : g0p/ (Hp N Hp/) — (pp(Hp N Hp/)

in the case IT, NI,y # 0, let us take for ¢ € II, NI, the following
splittings

M=gMd(1—p)M=pMo(1—pM (8)
M=gMae(1-p)M=pMa (1-—p)M.

The splittings (9) lead to the corresponding decompositions of p
and p/
p=x—y p=a+b 9)
p=a -y l-p=c+d
where z € ¢Mp, y € (1 —p)Mp, 2/ € ¢gMY’, v € (1 —p)MY/,
a€pMp, be (1—p)Mp, ce€pM(1—p) and
de (1—-p)MQ1—p).
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Combining equations from (10) we obtain

g =u(a’) +y/1(a') (10)
q = (a+cy)u(z) + (b+ dy)u(z). (11)
Comparing (11) and (12) we find that
u(2') = (a+ cy)u(z) (12)
yi(a') = (b + dy)u(a). (13)

After substitution (13) into (14) and noting that t(a + cy) < p’ we
finally get the formula

y' = (e 0, )y) = (b+dy)ila+ cy).
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Theor
The family of maps

(p, p) p € L(IM)

defines a smooth atlas on a £(9). This atlas is modeled by the
family of Banach spaces (1 — p)Dip, for p € L(IM).

Fact: If p’ € Op then (1 —p)Mip = (1 —p')Mp'.
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For projections p,p € L(9N) we define the set
Qpp =t~ (I5) N's™'(IL,)
and a map
Vpp : Qpp — (1= p)IMp & pIp & (1 — p)Mp
in the following way
Uip(x) = (p5(t(x)), L(op(t(x)))zop(s(x)), wp(s(x))) ,

where p = 0,(q) — ¢p(q) € @M S (1 —p)M.
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The family of maps

(Qﬁpa wﬁp) D,pE ,C(S)ﬁ)

defines a smooth atlas on the groupoid G(M1). The complex
Banach manifold structure of G(91) has type &, where & is the set
of Banach spaces

(1—p)Mp @ pMp & (1 — p)Mp

indexed by the pair of equivalent projections of L(01).
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The groupoid U (9M) is the set of fixed points of the automorphism
J 1 G(M) — G(M) defined by

J(z) :== o(z).
Expressing J : Q5, — €15, in the coordinates
Upp(x) = (§,2,y) € (1—p)Mp @ ipM'p @ (1 — p)Mp
we find that
(vmo T o) G.2y) =
= (3, Uonler ) oaley @z )opley W) ol (), ) |
where z € G(M)E C pMp. Since J2(z) = x for z € U(IM) one has
(DJ(@)? = 1
for DJ(z) : ToG(M) — ToG(M).
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Thus one obtains a splitting of the tangent space
T2G(M) = T, G(M) & T, G(IM) (14)

defined by the Banach space projections

Po(z) =+

5 (1£DJ(). (15)

The Frechét derivative Di(z) of the inversion map
L:GOME 2 20— u(2) € Q(Qﬁ)g at the point z is given by

Du(z) bz = —u(z) Az 1(z),

where Az € pDip.
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The groupoid U(1) of partial isometries has a natural structure of
the real Banach manifold of the type &, where the family & consist
of the real Banach spaces

(1 —p)Mp ® pM"p @ (1 — p)Mp

parameterized by the pairs (p,p) € L(I) x L(IM) of equivalent
projections.

The groupoid G(9M) is the complexification of U/ ().
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THANK YOU
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