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We define the map α : L+ → L+ as follows

α(x+) :=
∑

0≤i<j
αijxij |i〉 〈j| ,

where
x+ =

∑
0≤i<j

xij |i〉 〈j| ∈ L+.


0 x01 x02 x03 . . .
0 0 x12 x13 . . .
0 0 0 x23 . . .
0 0 0 0 . . .
...

...
...

...
. . .

 7−→


0 α01x01 α02x02 α03x03 . . .
0 0 α12x12 α13x13 . . .
0 0 0 α23x23 . . .
0 0 0 0 . . .
...

...
...

...
. . .

 ,
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Lemma
The map α : L+ → L+ is an endomorphism of the associative
algebra L+

α(x+y+) = α(x+)α(y+),

where x+, y+ ∈ L+, if and only if

αijαjk = αik

for 0 ≤ i < j < k.
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We assume that

αij = aiai+1 . . . aj−1 for i < j.
0x01x02x03. . .
0 0 x12x13. . .
0 0 0 x23. . .
0 0 0 0 . . .
...
...

...
...
. . .

 α7−→


0 a0x01 a0a1x02 a0a1a2x03 . . .
0 0 a1x12 a1a2x13 . . .
0 0 0 a2x23 . . .
0 0 0 0 . . .
...

...
...

...
. . .

 ,
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We define

Aα := {x>+ − α(x+) : x+ ∈ L+}

x =


0 −a0x01 −a0a1x02 −a0a1a2x03 . . .
x01 0 −a1x12 −a1a2x13 . . .
x02 x12 0 −a2x23 . . .
x03 x13 x23 0 . . .
...

...
...

...
. . .

 ,
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Aα is Lie algebra.

The commutator in Aα is given by

[eij , enm] =δmienj − δjneim + δjm

{
−αijeni for n < i
αnmein for i < n

+

+ δin

{
−αnmemj for m < j
αijejm for j < m

,

where
eij := |j〉 〈i| − αij |i〉 〈j| ,

0 ≤ i < j.
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Lie–Poisson space (L+, {·, ·}α)

There is the duality
(Aα)∗ ' L+

defined by
〈x, ρ〉 := Tr(xρ),

for x ∈ Aα, ρ ∈ L+.
One has the Lie–Poisson brackets on C∞(L+) given by

{f, g}α(ρ) =Tr
{
ρ
[
(Df(ρ))> − α (Df(ρ)) ,

(Dg(ρ))> − α (Dg(ρ))
]}

,

for f, g ∈ C∞(L+).
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Lie group for this Lie algebra is GAα = expAα.

Example
If the infinite product aiai+1 . . . converges to a non-zero
number αi∞ for i ∈ N ∪ {0}, then

GAα =
{
g : gηαg> = ηα

}
,

where

ηα :=
∞∑
i=0

αi∞|i〉〈i| =


a0a1a2 . . . 0 0 . . .

0 a1a2 . . . 0 . . .
0 0 a2 . . . . . .
...

...
...

. . .

 .
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Bi-Hamiltonian structure

We have the bi-Hamiltonian structure on the manifold M if
1. (M, {·, ·}1) and (M, {·, ·}2) are Poisson spaces;
2. a pencil of Poisson brackets

{·, ·}ε := {·, ·}1 − ε{·, ·}2

is also a Poisson bracket.
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Lemma
Let α : L+ → L+ , β : L+ → L+ be algebra endomorphisms. Then
the following conditions are equivalent:
(i)

p{., .}α + (1− p){., .}β = {., .}pα+(1−p)β

for p ∈ [0, 1];
(ii)

(αij − βij) (αjn − βjn) = 0

for 0 ≤ i < j < n;
(iii)

(ai . . . aj−1 − bi . . . bj−1) (aj − bj) = 0

for 0 ≤ i < j.

Alina Dobrogowska Bi-Hamiltinian structure related to deformed so(n)



Example

α {a1, a2, . . . , ak−1, ak, ak+1, . . .}
β  {a1, a2, . . . , ak−1, bk, ak+1, . . .}

Example

α {a1, a2, a3, 0, a5, a6, a7, 0, . . .}
β  {b1, a2, a3, 0, b5, a6, a7, 0, . . .}
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Magri chain on L+

Lemma
Let h0, h1, . . . , be a sequence of functions on M satisfying
recursion relation

{· , hp+1}1 = {· , hp}2, p = 0, 1, . . .

then
{hp, hq}1 = {hp, hq}2 = 0 p, q = 0, 1, . . .
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Let Ikε be a family of Casimirs for Poisson bracket {·, ·}ε indexed by
k ∈ N

{ ·, Ikε }ε = { ·, Ikε }1 − ε{ ·, Ikε }2 = 0.

Expanding Ikε as a series with respect to the parameter ε

Ikε =
∞∑
n=0

hk,nε
n

one obtains
{ ·, hk,0}1 = 0

and
{· , hk,l+1}1 = {· , hk,l}2.

Thus the functions hk,l are in involution

{hk,n, hl,m}1 = 0 = {hk,n, hl,m}2.

The sequence {hk,l}l∈N∪{0} is called a Magri chain.
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In order to obtain a system of integrals in involution by Magri’s
method we need
(i) pencil of Poisson brackets

{., .}α+εβ = {., .}α + ε{., .}β,

(ii) the Casimir Iε
{Iε, · }α+εβ = 0
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Casimirs for (L+, {., .}α)

The functions

Ikα(ρ+) = Tr

(
α0∞ρ

2
+ − ρ+ηαρ

>
+δα − ηαρ>+δαρ+ + ηα

(
ρ>+

)2
δα

)k
are Casimirs for (L+, {., .}α).

ηα =
∞∑
i=0

αi∞|i〉〈i| =


a0a1a2 . . . 0 0 . . .

0 a1a2 . . . 0 . . .
0 0 a2 . . . . . .
...

...
...

. . .

 ,

δα =
∞∑
i=0

α0i|i〉〈i| =


1 0 0 . . .
0 a0 0 . . .
0 0 a0a1 . . .
...

...
...

. . .

 .
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Example
If α0∞ 6= 0, then the endomophism α : L+ −→ L+ is given by

α(x+) = ηαx+η
−1
α for x+ ∈ A+.

where ηα =
∑∞

i=0 αi∞|i〉〈i|. The functions

Ikα(ρ+) = Tr
(
ρ+ − ηαρ>+η−1

α

)2k
, k ∈ N,

are Casimirs for (L+, {., .}α).
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Casimirs for (L+, {., .}α+εβ)

Substituting α+ εβ in place of α we obtain Casimirs for
(L+, {., .}α+εβ):

Ikε (ρ+) =Tr
(
(1 + ε) (α0∞ + εβ0∞) ρ2

+−
− ρ+ (ηα + εηβ) ρ>+ (δα + εδβ)−
− (ηα + εηβ) ρ>+ (δα + εδβ) ρ+ +

+ (ηα + εηβ)
(
ρ>+

)2
(δα + εδβ)

)k
.
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Expanding Ikε (ρ+) as a series with respect to the parameter ε

Ikε (ρ+) =
2k∑
n=0

hk,n(ρ+)εn

we obtain the system of integrals in involution

{hk,n, hl,m}α = 0 = {hk,n, hl,m}β k, l, n,m ∈ N ∪ {0}.
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We obtain the following hierarchy of Hamilton equations

∂ρij
∂tk,m

=
j−1∑
n=i+1

(
αnjρin

∂hk,m
∂ρnj

− αin
∂hk,m
∂ρin

ρnj

)
+

+
i−1∑
n=0

(
ρnj

∂hk,m
∂ρni

− αin
∂hk,m
∂ρnj

ρni

)
+

+
∞∑

n=j+1

(
αijρjn

∂hk,m
∂ρin

−
∂hk,m
∂ρjn

ρin

)
,

where ρ+ =
∑

0≤i<j ρij |i〉〈j|, m ≤ 2k, k ∈ N.
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Example (5× 5)– bi–Hamiltonian structure on L+ and the
related integrable systems

In this case:

a0 = 0,
a1 = a,

a2 = a3 = 1,

and

ηα =


0 0 0 0 0
0 a 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 =
(

0 0
0 ηa

)
,
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The Lie algebra Aα = Ea(1, 3)
0 0 0 0 0
x01 0 −ax12 −ax13 −ax14

x02 x12 0 −x23 −x24

x03 x13 x23 0 −x34

x04 x14 x24 x34 0

 =
(

0 0
y X

)
,

where y ∈ R4 and X ∈Mat4×4(R) satisfies

Xηa + ηaXᵀ = 0.

We obtain for:
a = 1 – Euclidean algebra,
a = −1 – Poincaré algebra,
a = 0 – Galilean algebra.
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Lie group g ∈ Ea(1, 3)

g =
(

1 0
τ Λ

)
,

where τ ∈ R4 and Λ ∈Mat4×4(C) satisfies

ΛηaΛᵀ = ηa.

The pencil of metric tensors

ds2a = ηaµνdx
µdxν := a(dx0)2 + (dx1)2 + (dx2)2 + (dx3)2

on the four-dimensional affine space E1,3
a with coordinates xµ,

µ = 0, 1, 2, 3.
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We have ρ ∈ L+

ρ =


0 P0 P1 P2 P3

0 0 L1 L2 L3

0 0 0 J3 −J2

0 0 0 0 J1

0 0 0 0 0

 ,

where P = (Pµ) the four-momentum and M = (Mµν) relativistic
angular momentum

M0,k = −Mk,0 := Lk, Mkl := εklnJn.
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We find that Lie–Poisson bracket {·, ·}α of f, g ∈ C∞ (L+) is
expressed as follows

{f, g}α(ρ) := Tr (ρ[Df(ρ), Dg(ρ)]) =

= aP0

(
∂f

∂ ~P
· ∂g
∂~L
− ∂f

∂~L
· ∂g
∂ ~P

)
+

+ ~J ·
(
a

(
∂f

∂~L
× ∂g

∂~L

)
+
∂f

∂ ~J
× ∂g

∂ ~J

)
+

+
∂g

∂P0

~P · ∂f
∂~L
− ∂f

∂P0

~P · ∂g
∂~L

+

+~P ·
(
∂f

∂ ~P
× ∂g

∂ ~J
+
∂f

∂ ~J
× ∂g

∂ ~P

)
+

+~L ·
(
∂f

∂~L
× ∂g

∂ ~J
+
∂f

∂ ~J
× ∂g

∂~L

)
.
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Note that one has the following two invariants (Casimir functions)
of the coadjoint representation

c1 = ηaµνP
µP ν = aP 2

0 + ~P · ~P ,

c2 = ηaµνW
µW ν = a

(
~P · ~J

)2
+
(
aP0

~J + ~L× ~P
)2
,

where the Pauli–Lubanski (spin) four–vector W = (Wµ)

W 0 = − ~J · ~P ,
~W = aP0

~J + ~L× ~P ,

while
ηaµνP

µW ν = 0.
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The coadjoint representation of Ea(1, 3) on the dual space of L+

has the form
Ad∗g(P,M) =

(
(ηa)−1ΛηaP,

Λ
(
π+ (M)− ηaπ+

(
M>

)
(ηa)−1

)
Λ−1 + τP>Λ−1 − ΛηaPτ>(ηa)−1

)
,

Ad∗g(W ) = (ηa)−1ΛηaW,

where we represent ρ ∈ L+ by the four-momentum P = (Pµ) and
the angular momentum.

M0,k = −Mk,0 := Lk, Mkl := εklnJn.
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We note also that for a, b the Poisson brackets {·, ·}a and {·, ·}b
define bi–Hamiltonian structure on L+, i.e. their linear combination
{·, ·}a + ε{·, ·}b, ε ∈ R, is also a Poisson bracket on L+.
Thus we obtain that Casimirs of {·, ·}b:

h1 = bP 2
0 + ~P · ~P ,

h2 = b
(
~P · ~J

)2
+
(
bP0

~J + ~L× ~P
)2

are the integrals of motion being in involution with respect to the
Poisson bracket {·, ·}a.
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Hamiltonian equations associated with the Hamiltonian

h =
1
2

(ch1 + dh2) =

=
c

2

(
bP 2

0 + ~P · ~P
)

+
d

2

(
b
(
~P · ~J

)2
+
(
bP0

~J + ~L× ~P
)2
)

=

=
1
2

(b− a)
(
cP 2

0 + d(b− a)P 2
0
~J2 − d

a
~W 2 + 2dP0

~W · ~J
)
,

where c, d ∈ R are as follows
dP0

dt
={P0, h}a = 0,

d ~J

dt
={ ~J, h}a = 0,

d ~P

dt
={~P , h}a = (b− a)dP0

(
~P ×

(
~P × ~L

)
+ bP0

~J × ~P
)
,

d~L

dt
={~L, h}a = (b− a)

(
cP0

~P + bdP0
~J2 ~P + dP0

~L×
(
~P × ~L

)
+

+d~P 2 ~J × ~L− d
(
~P · ~L

)
~J × ~P + bdP 2

0
~J × ~L

)
.
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In order to solve these equations it suffices to possess four
functionally independent integrals of motion being in involution with
respect to {·, ·}a. We choose h1, h2, ~J2 and J3 as these integrals.

Using the variables (~P , ~W ) we rewrite in the form

d~P

dt
=(b− a)dP0

(
−~P × ~W + (b− a)P0

~J × ~P
)
,

d ~W

dt
=(b− a)d

((
~P · ~J

)
~P × ~W + bP 2

0
~J × ~W + aP0

(
~P · ~J

)
~J × ~P

)
.
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Now let us introduce new variables

y := ~J · ~W,

z := ~J ·
(
~P × ~W

)
.

We find that these variables and W0 = − ~J · ~P satisfy the following
equations

dW0

dt
=(b− a)dP0z,

dy

dt
=− (b− a)dW0z,

dz

dt
=− (b− a)dW0

(
c2P0 + c1aP0

~J · ~J − c1y
)
,
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which can be integrated in quadratures:

t+ t0 =
∫

dW0

(b− a)d

√
−c1
4 W 4

0 + c1(h2−c2−(b2−a2)P 2
0
~J 2)

2(b−a) W 2
0 + β

,

y(t) = − 1
2P0

W 2
0 (t) +

h2 − c2
2P0(b− a)

− b− a
2

P0
~J 2,

z(t) =
1
P0

√
−c1

4
W 4

0 (t) +
c1(h2 − c2 − (b2 − a2)P 2

0
~J 2)

2(b− a)
W 2

0 (t) + β.
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Without loss of generality we can assume ~J = (0, 0, J) and obtain

P3 = − 1
J
W0,

W3 =
1
J

(
− 1

2P0
W 2

0 +
h2 − c2

2P0(b− a)
− b− a

2
P0J

2

)
,

P 2
1 + P 2

2 = c1 − aP 2
0 −

1
J2
W 2

0 ,

W 2
1 +W 2

2 = c2 − aW 2
0 −

1
J2

(
− 1

2P0
W 2

0 +
h2 − c2

2P0(b− a)
− b− a

2
P0J

2

)2

.
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After passing to polar coordinates

P1 =
√
P 2

1 + P 2
2 cosϕ, P2 =

√
P 2

1 + P 2
2 sinϕ,

W1 =
√
W 2

1 +W 2
2 cosψ, W2 =

√
W 2

1 +W 2
2 sinψ

we get

dϕ

dt
= (b− a)d2P0

(
bP0J +

y − aP0J
2

J
− W 2

0 (y + aP0J
2)

W 2
0 − c1J2 + aJ2P 2

0

)
,

dψ

dt
= (b− a)dP0

(
bP0J +

y2 − a2P 2
0 J

4

JP0(c2J2 − aJ2W 2
0 − y2)

− 1
P0J

W 2
0

)
.
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We find that the solutions ~W (t), ~P (t) are expressed by
first–coordinate of the spin four–vector W0(t) which is an elliptic
function of t.
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The case of relativistic particle with spin

The twistor space T is C4 equipped with in the Hermitian form Φ
of the signature (+ +−−)

Φ = i


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 .
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The Grassmannian G(2,T) =: M of the two–dimensional subspaces
z ⊂ T of the twistor space T ←→ the Mincowski space M1,3,
which in our notation corresponds to E1,3

a , with a = −1.

One can enumerate the orbits Mk,l of the action of the conformal
group SU(2, 2) =

{
g ∈ GL(4,C) : g†Φg = Φ

}
on M by signatures

signΦ |z=: (k, l) of the restrictions Φ |z of twistror forms Φ to
subspace z ∈M. The orbit M00 is identified with M1,3.
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The case of massless particle with non-zero helicity

The phase space of such particle is the manifold the positive
defined projective twistors

PT+ :=
{

[v] ∈ CP(3) : v†Φv > 0
}
,

where [v] := Cv is a one–dimensional complex subspace of T
spanded by 0 6= v ∈ T. The SU(2, 2)– invariant symplectic form
ω+
α on PT+ is the Kähler form

ω+
α := iα∂∂ log v†Φv.
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In the subsequent we will use spinor coordinates (η, ξ) ∈ C2 × C2

for the twistor v = (η, ξ) ∈ T defined by the decomposition
T =∞⊕ o

∞ :=
{(

η
0

)
∈ T : η ∈ C2

}
∈M00,

o :=
{(

0
ξ

)
∈ T : ξ ∈ C2

}
∈M00.
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After passing to the homogeneous coordinates ζ1 :=
η1

ξ2
, ζ2 :=

η2

ξ2
,

ζ :=
ξ1
ξ2
, where ξ2 6= 0, we obtain the coordinate representation for

symplectic form:

ω+
α =

−iα
∆2

(
dζ1dζ2dζ

)
∧

 −ζζ −ζζζ1 + ζ2 − ζ2

−ζ −1 ζ1

ζζ1 − ζ2 + ζ2 ζ1 −ζ1ζ1

dζ1dζ2
dζ

 ,

where

∆ = v†Φv = i
(
ζζ1 − ζζ1 + ζ2 − ζ2

)
.
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The momentum map J +
α : (PT+, ω+

α ) −→ su(2, 2)∗ for the
symplectic manifold (PT+, ω+

α ) is the following one

J +
α ([v]) = iα

(
1
4
1− vv†Φ

∆

)
,

and it leads to (in the (ζ1, ζ2, ζ) – coordinate representation) the
formulas for four-momentum and relativistic angular momentum

P0 = − iα
2∆

(ζζ + 1),

P1 = − iα
2∆

(ζ + ζ),

P2 = − α

2∆
(ζ − ζ),

P3 = − iα
2∆

(ζζ − 1),
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L1 =
α

2∆
(ζ2ζ + ζ2ζ + ζ1 + ζ1),

L2 =
iα

2∆
(−ζ2ζ + ζ2ζ + ζ1 − ζ1),

L3 =
α

2∆
(ζ1ζ + ζ1ζ − ζ2 − ζ2),

J1 = − iα
2∆

(ζ2ζ − ζ2ζ + ζ1 − ζ1),

J2 = − α

2∆
(ζ2ζ + ζ2ζ − ζ1 − ζ1),

J3 = − iα
2∆

(ζ1ζ − ζ1ζ − ζ2 + ζ2),

W0 =
iα2

4∆
(ζζ + 1),

W1 = − iα
2

4∆
(ζ + ζ),

W2 = − α
2

4∆
(ζ − ζ), W3 = − iα

2

4∆
(ζζ − 1).
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The momentum map J +
α is a Poisson map from the symplectic

manifold (PT+, ω+
α ) into Lie–Poisson space (L+, {·, ·}α), i.e. for

f, g ∈ C∞(L+) we have

{f, g}a ◦ J +
α = {f ◦ J +

α , g ◦ J +
α }α,+,

where Poisson bracket {·, ·}α,+ is defined by the symplectic form
ω+
α .
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In the coordinates (ζ1, ζ2, ζ) it takes the form

{F,G}α,+ =− ∆
α

(
ζ1

(
∂F

∂ζ2

∂G

∂ζ1
− ∂F

∂ζ1

∂G

∂ζ2

)
− ζ1

(
∂F

∂ζ1

∂G

∂ζ2
− ∂F

∂ζ2

∂G

∂ζ1

)
+

+
(
ζ2 − ζ2

)( ∂F
∂ζ2

∂G

∂ζ2
− ∂F

∂ζ2

∂G

∂ζ2

)
+
∂F

∂ζ

∂G

∂ζ1
− ∂F

∂ζ1

∂G

∂ζ
+

+
∂F

∂ζ

∂G

∂ζ1

− ∂F

∂ζ1

∂G

∂ζ
+ ζ

(
∂F

∂ζ2

∂G

∂ζ
− ∂F

∂ζ

∂G

∂ζ2

)
+

+ζ
(
∂F

∂ζ2

∂G

∂ζ
− ∂F

∂ζ

∂G

∂ζ2

))
,

for F,G ∈ C∞(PT+).
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The four-momentum Pµ([v]) and Pauli–Lubansky vector Wµ([v])
satisfies the relationships

ηaµνP
µ([v])P ν([v]) = 0 and Wµ([v]) =

α

2
Pµ([v]).
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So, one can pull back the solution
(
~P (t), ~L(t)

)
of Hamilton

equations on the symplectic manifold
(
PT+, ω+

α

)
by the map

ζ1 =
L2 − J1 + i(L1 + J2)

2(P3 − P0)
,

ζ2 =
(P1 + iP2)(L2 − J1 + i(L1 − J2))− (P3 − P0)(J3 − iL3)

−2(P3 − P0)2
,

ζ =
P1 − iP2

P0 − P3
.
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So, if P0(t), ~P (t), ~L(t), ~J(t) satisfy equations then
ζ1(t), ζ2(t), ζ(t)) are the solution of Hamilton equations

d

dt
ζ1(t) = {ζ1, h ◦ J +

α }α,+ = − α

4∆
(b− a)(ζζ̄ + 1)

((
c− dα2

4

)
ζ−

− α2

4∆2
d(b− a)

(
−6ζ2ζ̄2ζ2ζ̄ + 4ζ1ζ2ζζ̄ − 4ζ1ζ̄1ζ2ζ̄ + 4ζ1ζ̄2ζζ̄+

+ 3ζ2
1ζζ̄

2 + 2ζ̄1ζ̄2ζ2 + 2ζ̄1ζ2ζ2 − 4ζ2ζ̄2ζ + ζ̄2
1ζ

3 + ζ2
2ζ + ζ̄2

2ζ+

+2ζ2
1 ζ̄ + 2ζ1ζ̄2 + 2ζ1ζ2ζ2ζ̄2 + 2ζ1ζ̄1ζ2ζ̄

))
,

d

dt
ζ(t) = {ζ, h ◦ J +

α }α,+ = − α3

8∆3
d(b− a)2(ζζ̄ + 1)3(ζ2ζ − ζ1),

defined on
(
PT+, ω+

α

)
by the Hamiltonian h ◦ J +

α .
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The case of a massive particle with the spin

In order to describe the phase space of a massive particle with the
spin s 6= 0 let us consider twistor flag space

F := {([v], z) ∈ PT×M : [v] ⊂ z} .

Similarly to the case of Grassmannian M we will enumerate the
orbits Fk,lm of the natural action of SU(2, 2) on F by the
signatures k = sign Φ |[v], lm = sign Φ |z of the restrictions of
twistor form to the flag [v] ⊂ z. We restrict our interest to the
orbit F+,++ consisting of the positive flags.
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One has the following double fibration

F+,++

π2

""FFFFFFFFFFFFFFFFFF

π1

||yy
yy

yy
yy

yy
yy

yy
yy

yy

PT+ M++

of F+,++ over PT+ and M++. We show now that M++ is the
phase space of massive spinless particle and F+,++ is the phase
space of a massive particle with non-zero spin.
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For these reasons let us pass to the coordinate description of M++

and F+,++ consistent with the decomposition T =∞⊕ o. We have

v =
(
Zξ
ξ

)
and z =

{(
Zξ
ξ

)
: ξ ∈ C2

}
for [v] ⊂ z, where Z ∈Mat2×2(C). The flag [v] ⊂ z belongs to
F+,++ iff the "imaginary" part of Z = X + iY , X† = X and
Y † = Y , is positive definite, i.e.

detY > 0 and Tr Y > 0.
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Let us take the product PT+ × PT+ of the one–twistor phase
spaces with the symplectic form

ω12 = π∗1ω
+
α1

+ π∗2ω
+
α2
,

where πi : PT+ × PT+ −→ PT+ is the projection on the i–th
component of the product. The symplectic form ω12 is invariant
with respect to the natural action of SU(2, 2) on PT+ × PT+ and
the momentum map J 1,2 : PT+ × PT+ −→ su(2, 2)∗ for
(PT+ × PT+, ω12) is given by

J 1,2 = J +
α ◦ π1 + J +

α ◦ π2.
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The function s2 : PT× PT −→ R defined by

s2([v1], [v2]) :=
(
α1 − α2

4

)2

+
α1α2

4
|v†1Φv2|2

v†1Φv1v
†
2Φv2

in an invariant of the conformal group SU(2, 2) . The projective
twistors are orthogonal [v1]⊥[v2] with respect to the twistor form Φ
iff

s2([v1], [v2]) :=
(
α1 − α2

4

)2

.
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Any flag [v] ⊂ z one can identify with the pair of twistors
([v1], [v2]) ∈ PT+ × PT+. Namely, one puts
z = span{[v1], [v2]} ∈M and [v] = [v1]. Reducing symplectic form
ω1,2 to the level submanifold of PT+ × PT+ we obtain symplectic
form (Kähler form) ωs,δ on F+,++ which in the coordinates
([ξ], Z) ∈ CP(1)×Mat2×2(C) is given by

ωs,δ = i∂∂ log
[(

det
(
Z − Z†

))s+2δ (
η†
(
Z − Z†

)
η
)4s
]
,

where s := α1−α2
4 and δ := −α1+α2

4 . The symplectic form rewrited
in the variables Pµ, Wµ, Xµ is the Souriau symplectic form.
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The reduced momentum map Js,δ : F+,++ −→ su(2, 2)∗ is of the
form

Js,δ([ξ], Z) =
(
ZP − iδσ0 −ZPZ†

P −PZ† − iδσ0

)
,

where

P = − iα1

ξ†(Z − Z†)ξ
ξξ†− iα2

det(Z − Z†)ξ†(Z − Z†)ξ
(Z̃−Z̃†)ξ̃ξ†(Z̃−Z̃†).

For (2× 2)–matrix calculus it is useful to introduce the following
operation on B ∈Mat2×2(C):

B̃ := σ2B
ᵀσ2.

We define the Pauli–Lubansky four–vector W = Wµσµ in the
following way

MP̃ =: R− iW,

where R† = R and W † = W .
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We obtain
M = ZP − 1

2
Tr(ZP )σ0.

and we also express M in the coordinates ([ξ], Z = X + iY ):

M = − iα1

ξ†(Z − Z†)ξ
Zξξ† +

iα1

2ξ†(Z − Z†)ξ
ξ†Zξσ0−

− iα2

det(Z − Z†)ξ†(Z − Z†)ξ
(Z̃ − Z̃†)ξ̃ξ†(Z̃ − Z̃†)+

+
iα2

2det(Z − Z†)ξ†(Z − Z†)ξ
ξ†(Z − Z†)σ2Zσ2(Z − Z†)ξσ0.
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We find that

W = − iδα1

ξ†(Z − Z†)ξ
ξ̃ξ† − iα1α2

2det(Z − Z†)
(Z − Z†)−

− iδα2

det(Z − Z†)ξ†(Z − Z†)ξ
(Z − Z†)ξξ†(Z − Z†).

and

Tr PW = 0,

detW = −s2 detP,
Tr PY = 2δ.
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Using vector notation for M we find follows

~L = X0
~P + P0

~X − ~Y × ~P ,

~J = Y0
~P + P0

~Y + ~X × ~P ,

Y0 = − 1
detP

(W0 − δP0) ,

~Y = − 1
detP

(
~W + δ ~P

)
,

~X =
1

detP
~J × ~P +

P0

detP
~L− 1

P0 detP

((
~P · ~L

)
+ detPX0

)
~P .
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The formula given above allows us to obtain the time evolution
Y0 = Y0(t), ~Y = ~Y (t) and ~X = ~X(t) described by the
Hamiltonian. For this reason we only need to assume that the
evolution parameter t appearing in the Hamilton equations is the
time related to the space–time coordinate X0 by X0 = ct, where c
is the light velocity. We have

~X = − 1
(mc)2

~J ×
(
~P (t)− P0

W0(t)
~W (t)

)
+

+
(
ct+

1
(a− b)dP0

d

dt
lnW0(t) + (mc)2ξ(t)

) ~P (t)
P0

,

where m is the relativistic particle mass defined by −(mc)2 = c1,
cP0 and ~J are its energy and angular momentum, being integral of
motions in the case under consideration.
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