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Paper 1

Infinitesimal method in the
theory of invariants of
algebraic and differential
equations

N.H. IBRAGIMOV [38]

Invited lecture at 1996 Annual Congress of South African Mathematical Society.

1 Preliminaries

1.1 Introduction

Invention of both algebraic and differential invariants can be dated by 1773
when J.L. Lagrange noted the invariance of the discriminant of the general
binary quadratic form under special linear transformations of the variables
(with the determinant 1), and simultaneously P.S. Laplace introduced his
renowned invariants of linear partial differential equations of the second
order.

It took another 70 years before G. Boole in 1841-42 generalized La-
grange’s incidental observation to rational homogeneous functions (of many
variables and of an arbitrary order) with the discovery of so-called covariants
with respect to arbitrary linear transformations. Boole’s success provided
A. Calyley with an incentive to begin in 1845 the systematic development
of a new approach to linear transformations [10]. His general theory of al-
gebraic forms and their invariants became one of the dominating fields of
pure mathematics in the 19th century.

1
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Differential invariants were seriously considered in the 1870’s by J. Cockle
[12], [13], E. Laguerre [72], [73] and G.H. Halphen [24] (see also [20] and the
references therein). Valuable comments on group theoretic background of
differential invariants are to be found in [79].

Regretfully, many of these results are forgotten now and all the direction
seems antiquated. However the recent Lie group analysis of initial value
problems reveals [36] that differential invariants furnish a powerful tool for
tackling complicated problems, e.g. when dealing with Huygens’ principle,
Riemann’s method, etc.

The purpose of this paper is to outline methods from infinitesimal cal-
culus of algebraic and differential invariants and to sketch some new results.

1.2 Algebraic invariants

It is advantageous, for successive calculation of invariants, to write algebraic
and linear ordinary differential equations in a standard form involving the
binomial coefficients.

The standard form of the general algebraic equation of the nth degree
is

1
Pn(a:)EC’ox"—i-nClx"1—1—%021’"2—{—---
G C C, =0 Y
T kT et Gn =0,

An equivalence transformation of (1.1) is an invertible transformation of
x mapping every equation (1.1) of the nth degree into an algebraic equation
of the same degree.

Proposition 1.1. The most general group of equivalence transformations
of the equations (1.1) is provided by the linear-rational transformations

ar +¢
T = 1.2
Ty + oz (12)
subject to the invertibility condition
ab —ed # 0. (1.3)

An invariant of the equations (1.1) is a function F' of the coefficients*
C; unalterable under the equivalence transformations (1.2):

F(CO,Cl,...,Cn):F(ag,ﬁl,...,Cn), (14)

*Boole’s covariants, unlike the invariants, are functions of both the coefficients and
the variables.
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where C; denote the coefficients of the algebraic equation obtained from
(1.1) by the transformations (1.2). In what follows, we will encounter in-
variants of subgroups of equivalence groups, and following Laguerre’s sug-
gestion [73] and in accordance with A. Cayley’s theory of invariants, we
will call them semi-invariants of the equations in question. Furthermore,
certain invariance properties are represented by invariant equations,

H,(Cy,Cy,...,C) =0, v=1,2,..., (1.5)

where the functions H, are not necessarily invariants.

One encounters invariants of algebraic equations, e.g. when one applies
a linear transformation of the variable x to the equation (1.1) so as to annul
the term next to the highest. After this transformation, the remaining
coefficients of the transformed P,(Z) are given as rational functions of C;.
For example, the quadratic equation

PQ(.Z') = 001]2 + Qle + 02 =0 (16)

is transformed to an equation lacking the second term,

Py(z) =2*+ H, =0,
e.g. by the substitution * = Cyx + C. Then H; is the discriminant,
H, = C,Cy — C2. (1.7)

Likewise, one can apply the substitution z = Cyxr 4+ C4 to transform the
cubic equation

Py(z) = Coz® + 3C12° 4+ 3Cyx +C3 =0 (1.8)

to an equation lacking the second term,

Ps3(z) = 2° + 3H,& + Hy = 0,
where the first coefficient H; is again given by (1.7), and the second one is

The functions (1.7), (1.9) are the same for all n > 3. The vanishing of both
H, and H, defines a system of invariant equations (1.5) and provides the
necessary and sufficient condition for the equation (1.8) to have three equal
roots.
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E.W. Tschirnhausen in 1683 applied to the equation (1.1) more general
transformations® to eliminate the terms of the degrees n—1,n—2, etc. (see,
e.g. [4], Chap. XII). It was noticed, however, by G.W. Leibnitz that the
application of Tschirnhausen’s transformation trying to get rid also of the
(n—4)th term requires the solution of equations more complicated than the
original one.

1.3 Invariants of linear differential equations

The standard form of the general linear homogeneous ordinary differential
equation of the nth order with (regular) variable coefficients ¢;(z) is

nin—1
La(y) = y™ + nea(2)y™™ + % o)y + -
n! ' (1.10)
+ m Ck(gj)y(k) R ncn_l(x)y’ i Cn(a:)y —o.

An equivalence transformation of the equations (1.10) is an invertible
transformation of the independent and dependent variables, z and y, pre-
serving the order n of any equation (1.10) as well as its linearity and homo-
geneity.

Proposition 1.2. The most general group of equivalence transformations
of the equations (1.10) is an infinite group composed of linear transforma-
tions of the dependent variable:

y=o(2)s, olz) £0, (1.11)
and invertible changes of the independent variable:
T=¢(z), ¢'(x)#0, (1.12)

where o(x) and ¢(x) are arbitrary n times continuously differentiable func-
tions.

Differential invariants' of equations (1.10) were found in the problem
of practical solution of differential equations by reducing them to equiva-
lent but readily integrable forms ([13], [72], [73], [24]) or by using relations

*They can be reduced to polynomial substitutions z = 2" + 412" 1+ -+ A,, r <n,
with unknown coefficients A; to be determined from the condition that an equation (1.1)
becomes Boy™ + Biy" ' 4+ Boy® 2+ .-+ B, =0 with B; =0,B, =0,... . The inverse
of this substitution is not single-valued and hence Tschirnhausen’s transformations are
not equivalence transformations.

TMore precisely, they are differential invariants of the subgroup (1.11) of the general
equivalence given by (1.11)-(1.12), and they are termed in what follows semi-invariants.
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between solutions of a given equation [86]. For example, the second-order
equations
La(y) = y" + 2¢1(2)y + ca(x)y =0 (1.13)

have one differential semi-invariant,
hi=cy—c2—¢, (1.14)
the third-order equations have two semi-invariants, namely (1.14) and
hy = c3 — 3cica + 268 — . (1.15)

An astonishing similarity of the semi-invariants H, and h, of algebraic
and differential equations, respectively, is deeper than a transparent likeness
of the formulae (1.7), (1.9) and (1.14), (1.15). This similarity inspired pro-
found investigations of the theory of invariants by brilliant mathematicians
of the 19th century (e.g. [12], [13], [72], [73], [24], [86], [25], [20]).

An analog of Tschirnhausen’s transformation for differential equations
(1.10) was also discovered in the 19th century. Namely, J. Cockle [13] (for
n = 3) and E. Laguerre [73] (for the general equation) independently showed
that the two terms of orders next below the highest can be simultaneously
removed in any equation (1.10) by a proper combination of transformations
(1.11) and (1.12). See also [20], p. 403.

Some 100 years prior to the aforementioned historical events P.S. Laplace,
in his fundamental memoir [75] dedicated to integration of linear partial dif-
ferential equations, discovered inter alia two invariants:

h=a¢+ab—c, k=b,+ab—c, (1.16)

for the general hyperbolic second-order equations with two independent
variables,

ugy + a(§,m)ug + b(E, n)uy + c(§n)u = 0. (1.17)

Here, as usual, u¢ etc. denote partial derivatives.

Setting £ = n =z, u(z,z) = y(z), a(x,z) = b(z,z) = c1(x), c(z,x) =
co(x) in (1.17) and (1.16), one obtains the second-order ordinary differential
equation (1.13) and its invariant (1.14):

h=k=cd +c —co=—h.

Proposition 1.3. The most general group of equivalence transformations
of the equations (1.17) is an infinite group composed of linear transforma-
tions of the dependent variable:

U= 0(5777)1)7 O’(f, 77) # 0, (1'18)
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and invertible changes of the independent variables of the form:

E=9¢(8), 1=1vn), (1.19)

where o, ¢, 1 are arbitrary regular functions.

The Laplace invariants (1.16) are invariant only with respect to the
transformations (1.18). Hence h and k are semi-invariants® of Eq. (1.17).
It took almost another 200 years before L.V. Ovsyannikov [90] found two
proper invariants, namely

B _1d|n
h 1= % dedn

(1.20)

that are invariant under the general group of the equivalence transforma-
tions (1.18) - (1.19).

2 Outline of the method via algebraic equa-
tions

2.1 Linear form of equivalence transformations

Equation (1.1) is rewritten, by setting 2 = u/v and multiplying the resulting
equation by v™, in the homogeneous form:

n(n —1)

S G

Qn(u, U) = C(]Un -+ nC’lu”_lv -+
. (2.1)

Then (1.2) reduces to the linear mapping u = au + v, v = bv + Ju.
This simplifies calculations, e.g. makes Proposition 1.1 self-evident. We let
a =e* b= e’ and consider the infinitesimal equivalence transformation

u~u+ (qu+ev), vxv+(Bv+du).

Its inverse, written in the first order of precision with respect to the small
parameters «, 3, ¢, d, has the form:

uru— (au+ev), vmU— (004 0u). (2.2)

*Author’s note to this 2009 edition: 1 learned in 2006 from Louise Petrén’s Thesis
[95] that the quantities (1.16) were earlier known to L. Euler [19]. Therefore one can call
them more accurately the Fuler-Laplace semi-invariants.
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2.2 Quadratic equation
Substitution of (2.2) into the quadratic equation
Qx(u,v) = Cou® + 20 1uv + Cyv® = 0 (2.3)
transforms it to Q(1, V) = Coui? + 2C,uv + Cyv* = 0, where
Co~ Cy —2(aCy + 6C),
C1 ~ Cy — (aCy + BCy +eCh + 6Cy), (2.4)
Cy = Cy —2(BCy + £CY).

Equations (2.4) provide the infinitesimal transformations of the 4-parameter
group G2 with the basic generators

0 0 0 0
X =2C)— — . Xo=0C]— +205—
1=2C0ga FOga s Xe=Cga 2055
0 0 0 0
X3—008—C,1+2018—C2, X4—2O18—C0+C28—Cl-

The invariants F(Cy, Cy,Cy) of G% (see (1.4)) are determined by the
equations X (F) = 0 (s = 1,...,4). The latter have 3 — r, functionally
independent solutions with r, denoting the generic rank of the matrix A
associated with the operators X,:

2C, C; 0

oo 20

A=) o 4o (2.5)
20, Cy 0

Since here r, = 3, there are no invariants. Furthermore, it follows from
r. = 3 that the group G% has no regular invariant equations (1.5) as well,
but it may have singular ones.

According to the Lie group analysis, a singular invariant equation

H(Cy,C1,C5) =0
is found (see, e.g. [36], Chapter 1) by imposing the condition
TCLTL]CA‘ oo <3

on the elements of the matrix (2.5) and then testing the infinitesimal in-
variance criterion X (H) =0, s = 1,...,4. Implementation of this

algorithm shows that there is only one singular invariant equation, namely
H1 = C()CQ — 012 = 0, (26)

where H; is the discriminant (1.7).
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2.3 Cubic equation

Likewise, by substituting (2.2) into the cubic form
Q3(u,v) = Cou® + 3C1u*v + 3Couv® + C3v°,

one arrives at the 4-parameter group G3 generated by

X, = 3005%0 + 2018%1 + 028%2,
X, = 018%1 + 2020%2 + 3038%3,
Xy = 008%1 + 2018%2 + 3023%3’
X, = 3018%0 + 202(% + 038%2,

and at the following associated matrix:

3C, 2C¢7 Cy O
0 O 20, 3Cs
0 Cp 20, 3Cy

3C, 20, Cs5 0

A:

Here again the generic rank r, of A is equal to the number of the transformed
quantities Cj, i.e. 7, = 4. Hence G} has neither invariants nor regular
invariant equations.

But it has singular invariant equations of two types. One of them is
obtained by letting rankA = 3, i.e. detA = 0. It is given by

A= (0003)2 - 600010203 + 40005) - 3(0102)2 + 40?03 = 0, (27)

where A is known as the discriminant of the cubic equation (see [4]).

The second type of singular invariant equations is obtained by letting
rankA = 2, i.e. by annulling the minors of all elements of A, and applying
the invariance test. It follows:

H=CyCy,—C?=0, F=C}C;3—C?=0. (2.8)

Noting that here H = H, and F = Hy + 3C1H; with H; and H, given by
(1.7) and (1.9), one can rewrite (2.8) in the equivalent form H; = 0, Hy = 0.
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3 Application to linear ODEs

I illustrate the method by the third-order ordinary differential equation

Ls(y) = y" + 3c1(2)y” + 3ea(x)y’ + c3(x)y = 0. (3.1)

3.1 Semi-invariants
Let us implement the transformation (1.11) by letting
o(z) =1—en(z)
with a small parameter €. Eq. (3.1) becomes
2"+ 36 (x)2" 4 3é2(2)2 + ¢3(x)z = 0,
where
cL R — e,

Ty = o —e(n' +2e17), (3.2)
t3~c3—e(n” + 3an” + 3can').
Equations (3.2) provide the following group generator prolonged to all deriva-

tives of ¢;(x) :

0 0 0
X — /_ i 2 / . 124 3 Vi 3 / _
. naclJr(n + Cl”)ac2+(’7 +3cn” + 0277)363

0 0
+nlla—dl+(nl//+2cln//+20/1n/)_0,2

, 0
+ (n(w)+3Cl77”/+30277”+3C,177”+30/277,)%+”'
3

Definition 1.1. Semi-invariants of Equation (3.1) are differential invari-
ants of the infinitesimal transformation (3.2). Namely, they are functions

h=h(c,d,d,...)

of the coeflicients ¢ = (c1, 2, ¢3) of Equation (3.1) and their derivatives

d=(d, ), "=(d,d,c),...

of any finite order satisfying the invariance condition
X,(h)=0

for any function 7n(z).
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Lemma 1.1. Equation (3.1) has two independent semi-invariants, namely:

_ 2 _
h=c —c]—c,

3.3
f =c3—3cico + 26 + 2¢1¢) — c. (3:3)
Any semi-invariant is a function of h, f and their derivatives.
Proof. Let h = h(c) and
oh oh oh
Xy(h)=n'—+ (0" +2a1) 5 + (" + 3cn” + 3eanf) =0. (34)

861 802 6_03

Since the function n(z) is arbitrary, there are no relations between its deriva-
tives. Therefore the equation (3.4) splits into the following three equations

obtained by annulling separately the terms with n” 1" and ' :
oh oh oh oh oh oh
— =0, —+3c1— =0, — 4+2¢c;— +3ca— =0.
863 ’ 802 + o0 803 ’ 801 + 0 802 +oe 863

Whence h = const., i.e. there no differential invariants of the order 0.
Likewise, substituting
h = h(c,c)

into the equation
Xn(h) =0

and nullifying the term with () we obtain that

o _,

och
Furthermore, the terms with 0", 7", n' give three linear partial differential
equations for the function h of five variables, ¢y, ¢9, 3, ¢}, ¢,. These equations
have precisely two functionally independent solutions, e.g. (3.3).

It can be easily verified that the equation X, (h) = 0 has precisely four
functionally independent solutions involving ¢, ¢, ¢”. Since h, f together with
their first derivatives h', f' provide four functionally independent solutions
of this type, the lemma is proved for differential invariants of the second
order. The iteration completes the proof.

Remark 1.1. The basic semi-invariants (3.3) can be replaced by hy, hs
given by Eqs. (1.14)-(1.15). Indeed, hy = h and hy = f + K.
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3.2 Invariants

Definition 1.2. Invariants of Equation (3.1) are the semi-invariants J =
J(h, f R, f',...) satisfying the additional invariance condition with respect
to the transformation (1.12).

Let us find J by implementing the infinitesimal transformation (1.12),
T~ x4+ eé(x).

In the notation

the chain rule implies:
Y~ (L+eg)y,
'~ (1+2e€)y" +ey'e”,
y" ~ (14 3e)y" + 3ey”e" + ey'e"”.
Consequently Equation (3.1) becomes
y" + 3c1y" + 3cy + 3y = 0,
where
¢~ + el — ),
Co Ry + 5(%&’" + 18" — 2¢5"), (3.5)
C3 ~ c3 — 3ecs€’.

The corresponding group generator (prolonged to derivatives of ¢(x)) is
written in the space of the semi-invariants (3.3) as follows:

0 2 0 1. 0
X, — (L em / (2 ¢(v) " !
¢ gﬁx (35 2h8 ) oh ( ¢ he™+31¢ )

3 of
_ (gf(m) + th” —f—3h/§/)i . (16(1;) + hfw + h’{” + 3f§” +4f/£/>i
3 o' '3 af
_ (gf(v) + 2hf”/ + 5h,§// + 4h”§,) 9 4.
3 on"

By applying the philosophy of the proof of Lemma 1.1 to the equation
Xe(J) =0

one obtains the following results.
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Theorem 1.1. The third-order differential equation (3.1) has the following
singular invariant equation with respect to the group of general equivalence
transformations (1.11)-(1.12):

A=h'—2f =0. (3.6)

Theorem 1.2. The [east invariant of the equation (3.1), i.e. a solution to
X¢(J) = 0 involving the derivatives of h and f of the lowest order is

oy oo

0=—=|7T|~) —6—+9h 3.7

22 ()\) U (3.7)

where A = b/ —2f. The higher order invariants are obtained from 6 by means
of Lie-Tresse’s invariant differentiation. Any invariant J of an arbitrary
order is a function of the least invariant 6 and its invariant derivatives*.

Example 1.1. Equation (3.1) is equivalent to the equation
y" =0
if and only if the equation (3.6) holds, A = 0 (see [73]).
Example 1.2. Equation (3.1) is equivalent to the equation
Y +y=0

if and only if A # 0 but the invariant (3.7) vanishes, § = 0. This condition
is satisfied, e.g. for the equation

" + y

B
Yo e 1100

with constants k£ and [ not vanishing simultaneously.

4 Invariants of nonlinear ODEs

The infinitesimal method can be used for investigation of invariants of non-
linear differential equations as well. Consider an example due to S. Lie [77].
The set of nonlinear equations cubic in the first derivative,

y' +a(z,y)y'? + bz, y)y ? + c(z,y)y +d(z,y) =0, (4.1)

* Author’s note to this 2009 edition: A discussion of invariants of Equation (3.1) in
the framework of the projective differential geometry can be found in [74], Chapter I,
Section 4. I thank Valentin Lychagin for drawing my attention to the book [74].
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contains all second-order equations obtained from the linear equation (1.13)
by arbitrary changes of the variables,

= f(z,y), y=g(zy). (4.2)

Furthermore, the variety of equations (4.1) with arbitrary coefficients
a(x,y), b(z,y),c(x,y), d(z,y) is invariant under the infinite group G of
transformations (4.2). Consequently, G is the group of equivalence trans-
formations of the equations (4.1).

Theorem 1.3. The system of equations
H = 3a,, — 2b,y, + ¢y — 3ac, — 3ca, + 2bb, + 3da, + 6ad, — be, =0, (4.3)

K = 3d,, — 2¢4y + by — 3ad, — 6da, + 3bd, + 3db, — 2cc, + cb, =0, (4.4)

is invariant under the group G of transformations (4.2) and specifies, among
the nonlinear equations (4.1), all linearizable ones.

5 On Ovsyannikov’s invariants

The calculations presented above can naturally be extended to all algebraic
and linear ordinary differential equations, (1.1) and (1.10). The infinitesimal
method can be used also in the case of partial differential equations. For
example, its application to the linear hyperbolic equation (1.17) shows that
Ovsyannikov’s invariants p and ¢ given by Eqgs. (1.20) provide an essential
part of a basis of invariants as stated in the following theorem®.

Theorem 1.4. A basis of invariants of the hyperbolic equations (1.17) is
provided by the invariants

_ 1 0*In|h|
17y oxdy

k
=, 5.5
p=7 (5.5)
Any other invariant of an arbitrary order is a function of the invariants (5.5)
and their derivatives obtained by the following invariant differentiations:

1 1
D=—D, Dy=—D,. (5.6)
Pe Py

*Author’s note to this 2009 edition: The result formulated below is based on the
calculations revised in 2004 and published in [43].
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6 Invariants of evolutionary equations

The concept of invariants of differential equations can be useful for (linear or
nonlinear) evolutionary equations. For illustration purposes, let’s consider
the Maxwell equations. Their evolutionary part,

Et:VXB7 Bt:—VXE, (6].)

defines a particular Lie-Bécklund group (¢ is a group parameter) with the
infinitesimal generator

Theorem 1.5. The Lie-Bécklund group defined by Egs. (6.1) have the fol-
lowing basis of invariants ([34]):

divE, divB. (6.2)

All other differential invariants of an arbitrary order are functions of the
basic invariants (6.2) and their successive derivatives with respect to the
spatial variables x = (z!, 2%, 23).

Theorem 1.5 guaranties the solvability of initial value problems for the
over-determined system of generalized Maxwell equations consisting of (6.1)
and of additional differential equations of the form

div E = 4mp(x), divB = g(x), (6.3)

where g(z) = 0 corresponds to Maxwell’s equations. Theorem 4.1 states
that the additional equations (6.3) are satisfied identically provided that an
initial data,

E|_, = Eo(x), B|,_,= Bo(x), (6.4)

satisfies the constraints (6.3)

div Eg = 4mp(x), div By = g(x). (6.5)

Acknowledgments. I acknowledge the financial support from the Founda-
tion for Research Development, Pretoria, South Africa. Thanks are due to
my colleagues from the University of Witwatersrand, Fazal Mahomed (De-
partment of Computational and Applied Mathematics) and James Ridley
(Department of Mathematics) for valuable discussions.



Paper 2

Group analysis of a tumour
growth model

TALK AT MOGRAN-9
Moscow, 2002
(See [60], also [61])

Abstract. Recently, several mathematical models appeared in the literature for
describing spread of malignant tumours. These models are given by systems of
nonlinear partial differential equations containing, in general, several unknown
functions of dependent variables. Determination of these unknown functions
(called in Lie group analysis arbitrary elements) is a complicated problem that
challenges researchers.

We consider a system of nonlinear partial differential equations suggested
by A.J. Perumpanani et al. [94] for modelling malignant tumours spread into
neighbouring tissue in the absence of cell diffusion. The authors of the model
discussed its biological significance by using travelling wave solutions as well as
numerical and power series methods. J.M. Stewart, P. Broadbridge and J.M.
Goard [101] investigated group invariant solutions in a particular case of this
model. They also generalised the model by adding diffusive terms.

In the present work, we consider the original model of A.J. Perumpanani et al.
and find the equivalence Lie algebra of this model. Using some of the equivalence
generators, we find additional symmetries and invariant solutions.

1 Formulation of the problem
In healthy tissue, balance is preserved between cellular reproduction and cell
death. A change of DNA caused by genetic, chemical or other environmental

reasons, can give rise to a malignant tumour cell which disrupts this balance

15
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and causes an uncontrolled reproduction of cells followed by infiltration into
neighboring or remote tissues (metastasis).

Perumpanani et al. [94] investigated the problem of invasion of malig-
nant cells into surrounding tissue neglecting cellular diffusion. Motivated by
several important observations in tumour biology (e.g. [3]), they suggested
a mathematical model for invasion by hapotaxis (i.e. directed movement
that occur in response to a fixed substrate) and protease production. The
model studies the averaged one-dimensional spatial dynamics of malignant
cells by ignoring variations in the plane perpendicular to the direction of
invasion. The model is formulated in terms of nonlinear partial differential
equations as the following system:

up = f(u) = (ucy),
G = —Q(Cap)7 (1-1)
pe = h(u,c) — Kp.

Here u, ¢ and p, depend on time ¢ and one space coordinate x and repre-
sent the concentrations of invasive cells, extracellular matrix (e.g. type IV
collagen) and protease, respectively. To describe the dynamics of a specific
biological system, the authors of the model introduced arbitrary elements
f(u), g(c,p) and h(u, c) that are supposed to be increasing functions of the
dependent variables u, ¢, p. For example, the function h(u, ¢) in last equation
of the above system represents the dependence of the protease production
on local concentrations of malignant cells and collagen, while the term —Kp
is based on the assumption that the protease decays linearly, where K is a
positive constant to be determined experimentally via half-life.

Note that we use the common convention to denote by subscripts the
respective differentiations, e.g. u; = du/0t.

By observing that the timescales associated with the protease production
and decay are considerably shorter than for the invading cells, the model
(1.1) can be reduced to the following system of two equations [94], [101]:

u = f(u) = (ues),
¢ = —g(cu), (1.2)

where f(u) and g(c,u) are arbitrary functions satisfying the conditions
f(w) >0, gc,u) >0, gu(c,u)>0.

The main part of the paper [94] is dedicated to discussion of the partic-
ular case f(u) = u(u — 1), corresponding to a logistic production rate, and
g(c,u) = uc®. Another particular case, namely g(c,u) = uh(c), involving
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two arbitrary functions f(u) and h(c) of one variable, is discussed in de-
tail in [101], where the functions f(u) and h(c) are classified according to
symmetries of the corresponding system (1.2).

Our goal is to find and employ the Lie algebra of the generators of the
equivalence transformations for the model (1.2) with arbitrary functions
f(u) and g(c,u). Note that equations (1.2) do not involve explicitly the
independent variables t and z. Consequently, the system (1.2) with arbitrary
functions f(u) and g(c,u) is invariant under the two-parameter group of
translations of ¢ and z. Recall that the Lie algebra of the maximal group
admitted by the system (1.2) is termed the principal Lie algebra for (1.2)
and is denoted Lp. Thus, the algebra Lp contains at least two operators:

(1.3)

2 Equivalence Lie algebra

An equivalence transformation of the equations (1.2) is a change of variables
(t,z,u,c) — (t,T,u,c) taking the system (1.2) into a system of the same
form, generally speaking, with different functions f(#) and g(c,u). The
generators of the continuous group of equivalence transformations have the
form

0 o  ,0 o  ,0
Y =¢5 +£— U +na+uaf+ua (2.1)

where
é-l:g,t(t?x?u?c)? nl:nz(t7x7u76)7 /’Lz:/’LZ(t7$?u7C7f7g)7 Z: 172'

Recall (see [92]) that the operator (2.1) generates the equivalence group if
it is admitted by the extended system (1.2):

— fHugce +uce, =0, ¢ +9g=0,

ft:()v f:c:()y fCZO, thO, gx:() (22>

The infinitesimal invariance test for the system (2.2) requires the follow-
ing prolongation of the operator (2.1):

~ 0 0 0 0 0

_ 1 Y 1 2 Y 2 Y 2 Y

y=Y +<18ut+§28u$ c +<28cz+g228cm
(2.3)

+ wi + w; 0 + wj 0 + w? i—irw 0

Yof, " *of,  tof. n log | og.
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Here the additional coordinates ¢ and w are determined by the prolon-
gation formulae

Dy(n') — UtDt( ) — u.Di(€7),
Dy(n') = uDo(€") — up Do (€2),
Di(n?) — CtDt( ) = caDi(€2),
D, (n*) — Dy (§1) — e Do (€),
(3o = Ugally + Coally + (Ue)* Moy, + 2uaCem, + (C2)* 12
_2thDz(§1) - QCwﬂch(fz) - ctDi(ﬁl) - CwD?c(fz)
and
w% = Et(,ul) _fuﬁt(nl)v W% = ]51(:“1) _fuﬁw(n1>a Wi = DC(NI) _quC(nl)a

= ]-N)t(NZ) - guﬁt(nl) - gcﬁt(n2), W% = Dm(ﬁ‘2) - gqu(nl) - ch$(772)v

respectively, where

D, = 2 + g + 2 D. = 3 + 3 + 2
o "ou T “ae *=9r " "ou " “ae
are the usual total differentiations, whereas
D, = 0 ~ 0 ~ 0 0

a, Dz:_7 Dc:_ cH
ot’ Ox 8c+gﬁg

denote the “new” total differentiations for the extended system (2.2). The
invariance test for the equations (2.1) is written as the following system of
determining equations:

G = p' + el +uals + 0o +uCs, =0, G4 p* =0, (2.4)

wi =0, wy =0, wy; =0, wi =0, w;y = 0. (2.5)
Let us begin with the equations (2.5). Using the first of them,

wi =y — fum} =0,

and invoking that f(u) and hence f, = f’(u) are arbitrary functions, we
obtaind

:u% =0, ntl = 0.
Likewise the remaining equations (2.5) yield:

wy = iy — fumy =0 => pL =0, s =0,
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Wi = Mo + gty — funy =0 = g =0, iy =0, m; =0,
wi=p; — g =0 = pu; =0, 5 =0,
wy=p—gnt=0 = pu2=0, n2=0.

Thus,

pt=ptu, f), pP=pP(uc fg), n'=n'(w), n*=n(u,c). (2.6)

The first equation in (2.4), taking into account (2.6), is written

Di(n') — u;Dy(€') — uz Dy(§2) + 2 [Da(n') — u Do (§') — up Dy (€2)]
_Nl (u, f) + Uy [Uﬂ]ﬁ + ang - CtD:v(£1> - C:ED-T(é-Q)] + Ulcm + UC222 =0.
Solving this equation and determining ps from the second equation (2.4),
we finally get the general solution of the determining equations (2.4)-(2.5)

involving six arbitrary constants K :
£ = Ky + 2Kst, £ = Ky + (K3 + Ks),
nt = Keu, 17 = K4+ 2Ksc, (2.7)
pt=(Ke—2K3)f, @ =2(K; — K3)g.

Thus, the system (1.2) has the six-dimensional equivalence Lie algebra
spanned by the following equivalence generators:

9 B o 0 ) )
AN T VA VAL A Y S L
v YTy Vem g tag  —as— 295, s
) ) ) ) ) ) '
v, =2 Y = r 2 4 202 4292 Yo = u— 4 [
1T e Vmag hkg o tyn . Yesug + g

3 Applications of equivalence Lie algebra

3.1 Projections of equivalence generators

We will use the theorem on projections of equivalence generators (see [48],
Paper 3) in a way similar to that in [66] (see also [67]).

Let us denote by © = (¢,z) and u = (¢, u) the independent and depen-
dent variables, respectively, and by f = (f, g) the arbitrary elements in the
system (1.2). Consider the projection

X = pr(a:,u) (Y)
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of the equivalence generator (2.1) to the space (x,u) of the independent
and dependent variables, and the projection

Z =priy 5(Y)

to the space (u, f) involved in the arbitrary elements:

0 0 0 0
X:pr(w,u)(y)E§1§+§2%+n1%+n2%7 (3.1)
0 5 0 0 0
Z =prupY) =0’ o+ a_+“af+“a (3.2)

The equations (2.7) manifest that the operators X and Z are well defined,

i.e. their coordinates involve only the respective variables, (&, u) and (u, f).

In our specific case the theorem on projections is formulated as follows.
Consider the equivalence generator

Y = KiY1 + KoYy + K3Ys + KyYy + KsYs + KeYs

i.e. the linear combination of the operators (2.8):

0 0 0
K+ 2K50) 2 (Ko — 205) f2- 4 25 — Ky)g-, (3.3)
4 565, 3 of 5 — 13 gag ) .
The projection (3.1) of the operator (3.3),
X = (Ki1+2K t)a + Ko+ (K3+ K5)x]) — 0 + K u£+(K +2K5¢)— 0 (3.4)
1 315, 2 3 )2 o olm 4 5¢) 5, (9
is admitted by equations (1.2) with specific functions
f=F), g=Glcu) (3.5)
if and only if the constants K are chosen so that the projection (3.2),
0 8

ou dc

f

is admitted by the equations (3.5). In particular, X € Lp if and only if the
projection (3.6) vanishes:

dg
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3.2 Principal Lie algebra

The operator equation (3.7) provides a simple way to find the principal Lie
algebra. Indeed, according to (3.6), equation (3.7) is written

0 0 0
Keu— Ky +2K:c)— K —2K3)f— +2(K5 — K3)g— =0
[ 6u8u+< 4+ 5C)ac+( 3)faf+ ( s)gag :
whence
K;=0, K;=0, K;=0 Kg=0,
and hence

Y = K1Y] + KpYs.

Since
X1 =gy (Y1) =Yi, Xo=prg,(Ys) =Y,

we conclude that the operators (1.3) span the principal Lie algebra Lp.

3.3 A case with extended symmetry

Consider, as an example, the following equivalence generator:

0 0
V=Yi+Ys=+ —+f

- (3.8)

of

In this example, the operator Y coincides with its projection pr,, g (Y):

o 9 .0
Z=pranY) =g tug +Io5

The invariance conditions for equations (3.5) are written

Z(f-F =F —ul" =0,
(f=F)| _,  =F-u

oG 8G
Z2(g-Glew)| | =—5 —ug=0

whence

f=ou, g=_Gue™),

where « is an arbitrary constant and GG an arbitrary function of one variable.
The corresponding system (1.2),

u = au — (ucy)z, ¢ =—G(ue™)
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admits, along with X7, X5 given in (1.3), the additional operator

0 0
X3 =Dl (Y) = Je + Y

Letting, e.g.
G(ue ™) = ue™°

we consider the system

up = au — (ucy)z,

(3.9)
o = —ue” °.
3.4 An invariant solution
Let us find invariant solutions using the operator
0 0
X1+ Xz3=—+— —
I TN PR
It has three independent invariants:
x, Yr=c—t, y=ue "
The corresponding invariant solutions have the form
c=t+ P (x), u=-ey(x). (3.10)
It follows
up = e'hy(x),  up =e'Pyla), =1, c=91(x), o =1(2).
(3.11)

Substituting the expressions (3.10) and (3.11) in the first equation (3.9),
one obtains:

e'ty(z) = ae'dhy(x) — 'y ()1 (x) — ey (@)i] (2),

or

(1 — a)ha(x) + i (2)¢5(x) + Pa(x) (x) = 0. (3.12)
The second equation (3.9) implies

1 = _wZ (l’)eidjl (I)

whence
Po(z) = —e1 @), (3.13)
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The equation (3.12), invoking (3.13), is rewritten

@)+ +(1-a)=0

and yields:
fora=1:
Yi(z) = In| As (z + Ayl (3.14)
fora>1:
P(r) =2va—1+1n ‘Az (1 + e2Va*1(A1’x)) ’, (3.15)
fora<1:
Y1 (z) =In |4y cos (V1 —a (A — )], (3.16)

where A, and A, are arbitrary constants.

Finally, substituting (3.14), (3.15) and (3.16) into the equations for ¢
and u (3.10), invoking (3.13), one obtains three different solutions for the
system (3.9):

c(t,x) = t+In|Ay(x+ Ay,
u(t,z) = —e'|Ax(z+ A (a=1); (3.17)

Y

c(t,x) = t+x\/a—1+ln‘A2 (1ie2mwrz>>

u(t,x) _ _et-i-x\/m

Ay (1 ieWm(Al—x)) ‘ (@>1); (3.18)
and

c(t,z) = t+In|Ascos (V1—a(4 —2)),

u(t,z) = —e' [Aycos(VI—a(4 —2))| (a<1), (3.19)

respectively. The solution (3.19) with o < 0 is relevant to the model (3.9).
Namely, the functions

C

f(u) =au, g(c,u) =ue”
satisfy the conditions for the model (1.2):

flu) =au>0, gc,u)=—-ue*>0, gulc,u)=e*>0.
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Invariants for generalised
Burgers equations
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(See also [63])

Abstract. Using the group of equivalence transformations and the infinitesimal
method, we calculate invariants of a family of generalised Burgers equations which
has applications in acoustic phenomena and furthermore has been used to model
turbulence and certain steady state viscous flows.

1 Introduction
Here, we calculate invariants of the family of generalised Burgers equations
ur + uty + f(t)uge =0, (1.1)

where f(t) is an arbitrary function. The calculations are based on the in-
finitesimal method for computing invariants of families of differential equa-
tions by using equivalence groups (see [38]). The method was employed
first for understanding the group theoretic nature of the well-known Laplace
inwvariants for the linear hyperbolic partial differential equation with two in-
dependent varibles and then to derive the Laplace type invariants for the
parabolic equations [41]. The method was also applied to families of non-
linear equations.

If f(t) is a constant then Equation (1.1) becomes the well known Burgers
equation. The Burgers equation, among other applications, is used to model
the formation and decay of non-planar shock waves, where the variable x

25
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is a coordinate moving with the wave at the speed of the sound, and the
dependent variable u represents the velocity fluctuations. The coefficient of
Uz, in the equation is approximated by a constant, but is actually a function
of the time, and hence there is merit in studying Equation (1.1) (see the
survey [81] and the recent paper [18]).

The equivalence group of the family of equations (1.1) with an arbitrary
function f(t) is a certain representation in the (¢, x, u) space of the projective
group on the (¢,z) plane. We show that the invariant of Equations (5.1)
is a third-order differential invariant of the projective group and that this
invariant is the Schwarzian which has remarkable properties. In the last
section we consider a more general class of Burgers type equations.

2 Equivalence group

The main goal of the present paper is to derive the invariants for Equation
(1.1) using the group of equivalence transformations found in [71].

2.1 Equivalence transformations
The equivalence group of Equation (1.1) contains the linear transformation

T = C3C5T + clcgt + co,

I 2
t= C5t+047 (21)
_ C3
U= —u-+c

Cs

and the projective transformation
_ C3CgL — C1
T=—5—+c,
cit — ¢4

1
it —cy’

|
I

Cy —

_ C3Cyq
u = czc(ut —x) + —u+ ¢y,
Ce

where ¢y, ..., cg are constants such that

037&07 65%07 06%0'

Under both transformations (2.1) and (2.2) the coefficient f(t) of Equation
(1.1) is mapped to

J(0) = &f (), (2.3)
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2.2 Generators of the equivalence group

Denoting the infinitesimal generators of the equivalence group by

Y =Tt a0 g+ Xt g+ Ultaa) o bt gz (24)
one obtains from (2.2) and (2.3) the following six basic generators:
0 0 g 0 0 0 0
Vi=— Vo= YVi—mt— 4 YV, =9 g L
e T T e ot "o “ou
8 0 0 0 0
Vs = — +2 =t"— + at— —ut)—- (2.
> T +ff gr T gy Tl Tty (29

3 Invariants

3.1 Calculation of invariants

Invariants J (¢, x, u, f) of the equivalence group are determined by equations
Vi =0, k=1,....6. (3.6)

Substituting here the operators (2.5), one readily obtains that
Jo=Jy=J,=J; =0.

Thus, there are no invariants other than J = constant the latter being a
trivial invariant.
Hence, we have to consider first-order differential invariants, i.e. invari-
ants of the form
df

‘](t7x7y7f7f,)7 f:%

These are defined by the equations
yWJ=o,

where Yk(l) denote the prolongation of Y} to f’. These equations also lead
to the trivial invariant J = const. Likewise, using the second prolongation
of the generators (2.5) and solving the corresponding equations

Y®r=0
we conclude that the second-order differential invariants

J<t7l.7u7 f7 f/?f”>
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are are also trivial.
Therefore we search for third-order differential invariants

J(t,l‘,u,f, f‘/7 fl/,f/l/>

which are given by

Yy®r=0, k=1,...,6 (3.7)
where
y® — g_ v = g y® gx +%
v® = th +x% u% —2f gf, 4f”8f” - 6f'”8‘;,,,,
v = g +ua— +2f TR +2f”£w +2f"'£c,,,
v :t2%+xt%+(9&—ut)%— tfaﬁ—f/ (3.8)
R R R

The first three equations of (3.7) give
Jo=J,=J,=0.

Hence, the invariant is of the form J(f, f', f”, f) and the remaining equa-
tions in (3.7) become

o0J oJ
+ 2 " + 3 " — O7
f 8][’/ f f// f f///
o0J oJ ., 0J m 0J
f 8f f af/ f f// f 8f/// ( )
oJ oJ
2 " / " " — )
Equations (3.9) provide the solution
. f2 " 3 fHQ
= _f’3 (f 27 ) (3.10)

The expression in the brackets is known as the Schwarzian. It has remark-
able properties due to its invariance under the projective group (see, e.g.
[39], Section 1.2.3, Exercise 4).



3: GENERALISED BURGERS EQUATIONS (2002) 29

3.2 Invariant differentiation

One can construct a sequence of higher-order differential invariants using
the invariant differentiation (with respect to t),

D = \D,,

associated with the generators (2.5). Here

0 0
1 n
+f f—i—f 8f’+f (‘9f”
is the total differentiation and the coefficient
= Xf 1L ")

is defined by the following equations (see, e.g. [39], Section 8.3.5):
YN =AD(T), k=1,...,6 (3.11)

The solution of Equations (3.11) is

NNy
f”b{f% (ff —3f ﬂ

with an arbitrary function ¢. We set ¢ = 1 and therefore

i
and obtain the sequence of invariants J, = A\D;J,_1, i.e.
f

Jn f,Dtnla 712172,...,

where Jy = J given by Equation (3.10).

4 Extension to equation u;+uu,+ f(x,t)uz, =0

One can verify that (2.1) and (2.2) provide equivalence transformations for
the generalised Burgers equation of the form

up 4wy + f(z, )y, = 0.
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It turns out that non-trivial invariants exist when we apply the second
prolongation of the generators (2.5) which are read as follows:

@_9 vo_9 vo_
}/1 - 8t Y a ) }/3 fmaf fxtaftt fmmafm
0
v =v, -2
4 ftaft fwafx fttaftt 3ftmaft$ fgjxafmx
2 _ v
Y YVS 2ft aft 3fx fg: fttaftt ftxafm f:ca; afxz
6
(2f + At fu + 22 frz) =—— 0 — (Btfie + T fox + fo) = 0 —2tf, 9
t tt tx aftt tx T T afm mxafx$

The solution of the six equations
Y®Jr=0, k=1,...,6,
provides the following two invariants:

I

T 9 e
ffa:a:’ xx( ftfxft;c ft f:vac f:cftt)-

J1 =



Paper 4

Alternative proof of Lie’s
linearization theorem

PREPRINT OF THE PAPER [50]

Abstract. S. Lie found the general form of all second-order ordinary differ-
ential equations transformable to the linear equation by a change of variables.
He showed that the linearizable equations are at most cubic in the first-order
derivative and described a procedure for constructing linearizing transformations.
Using a projective geometric reasoning, Lie found an over-determined system of
four auxiliary equations for two variables and proved that the compatibility of
these auxiliary equations furnishes a necessary and sufficient condition for lin-
earization. This result is known as Lie’s linearization theorem. We present here
an alternative proof of Lie’s theorem using techniques of Riemannian geometry.

1 Introduction

S. Lie, in his general theory of integration of ordinary differential equa-
tions admitting a group of transformations, proved inter alia ([77], §1) that
if a non-linear equation of second order y” = f(z,y,y’) is transformable
to a linear equation by a change of variables x,y, its integration requires
only quadratures and solution of a linear third-order ordinary differential
equation.

As a first step, Lie showed that the linearizable second-order equations
are at most cubic in the first derivative, i.e. belong to the family of equations
of the form

Y+ Fy(z,y)y * + Fa(x,9)y > + Fi(x,9)y + F(z,y) = 0. (1.1)

31
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Furthermore, he found that the following over-determined system of four
equations is compatible for linearizable equations (see [77], §1, equations

(3)-(4)):

ow 16F1 28F2

T B ) o el Rt

Ox = 53 0y + 3 0z’

0 OF.

e _ —w? + Fyw + Fyz + = — F\Fj,

dy ox (1.2)
0z 5 OF ’
e = Z —FU)—F12+—+FF2,

ox dy

02 18F2 28F1

hdofR FE, - —2-2, 2771

dy 2wt s 3 Oz + 30y’

and used this system as a basis for construction of linearizing transforma-
tions. One can verify that the compatibility conditions of the system (1.2)
are provided by the following equations:

3(F3)aw — 2(Fa)ay + (F1)yy = 3(F1F3), — 3(FF3)y — (F3). — 3F3F, + Fa(FY),,

3Fyy - Q(Fl)xy + (FZ)M = 3(FF3)90 - 3(FF2)y + <F12)y + 3F(F3)a: - F1<F2)xa

where the subscripts x and y denote differentiations in x and y, respectively.

Finally, he demonstrated in [77], Note 1 (see also p. 423 in [80], vol. 5)
the linearization test stating that Equation (1.1) is linearizable if and only
if the over-determined system (1.2) is compatible. Lie’s linearization test is
indeed simple and convenient in practice. Consider the following examples
(see also [39], Section 12.3).

Example 1. The equation
'+ F(z,y) =0

has the form (1.1) with F3 = F; = F} = 0. The compatibility of the system
(1.2) requires that F,, = 0. Hence, the equation y” + F'(z,y) = 0 cannot be
linearized unless it is already linear.

Example 2. The equations

/,

1
y (v +y?) =0

/ [ —

x
and

" 1 ! 13
yi+ (Y +yt) =0

also have the form (1.1). Their coefficients are F3 = F; = —1/x, F, = F =0
and Fy = F} = 1/x, F, = F = 0, respectively. The linearization test shows
that the first equation is linearizable, whereas the second one is not.
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2 QOutline of Lie’s approach

2.1 Derivation of Equation (1.1)

Recall that any linear equation of the second order
y" +a(x)y +b(x)y =0

can be reduced, by a change of variables, to the simplest form

d*u
— =0. 2.3
e (2.3)
Therefore all linearizable equations
y' = f(2,9,9)

are obtained from Equation (2.3) by an arbitrary change of variables
t=o(x,y), u=vP(xy) (2.4)
In the new variables x and y defined by (2.4), Equation (2.3) is written
y' +AY P+ (B+2w)y?+ (P+22)y +Q =0, (2.5)
where (see, e.g. [39], Section 12.3)

A= d)ywyy — wygbyy B = ¢x¢yy — ¢x¢yy

B qbzqvby - gbydja: ’ B %% - Qby@bx ’
_ ¢ywmz - wy(bmz _ %iﬁm - w;r¢:m:
F= %% - ¢y¢x ’ Q %% - ¢y¢x 7 (26)
w = ¢ywxy - wy(bmy 5 = ¢xwxy - w:p(bacy .
(bxwy - %% , (ﬁxwy - (ﬁywm
Equation (2.5) takes the form (1.1) upon denoting
A= Fs(z,y), B+2w=Fy(z,vy), @7

P+2z=F(z,y), Q=F(z,vy).

Thus, any linearizable equation has the form (1.1) with the coefficients
Fs(z,y), Fy(z,y), Fi(z,y), Fi(z,y) defined by (2.7) and (2.6).
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Consider now an arbitrary equation of the form (1.1). According to the
above calculations, it is linearizable if and only if the equations (2.7) hold,
i.e. if the system

Oytyy — Lydyy = F3(z,y) (¢athy — dytha),
Gathyy = Vabyy + 2(0yUay — Vyay) = Fo(x,y) (datby — dytha),
Oyze — Vybuo + 2Py — Vaduy) = F1(2,y) (9uthy — dytba),
Goloz — Yadar = F(2,y) (9athy — dytha),

with given coefficients Fs(z,y),..., F(z,y) and two unknown functions, ¢
and 1, is compatible. We summarize.

(2.8)

Proposition 4.1. Equation (1.1) is linearizable if and only if its coefficients
Fs(x,y), Fy(z,y), Fi(z,y) and F(z,y) are such that the over-determined
system (2.8) is compatible. Provided that the system (2.8) is compatible, its
integration furnishes a transformation (2.4) of the corresponding equation
(1.1) to the linear equation (2.3).

2.2 Necessity of compatibility of the system (1.2)

Thus, one has primarily to find compatibility conditions for the over-determined
system of nonlinear equations (2.8). Lie’s crucial observation is that the

combinations
A, B+2w, P+2z, Q

of the quantities (2.6) are differential invariants of the general projective
transformation

— Lo+ Mo+ Ny E_L1¢+M1¢+Nl
LYy+M¢p+ N '’ LYo+M¢p+ N

of ¢ and v, where L, M, ..., My, Ny are arbitrary constants. Using this ob-
servation, he found four relations connecting the six quantities (2.6) and
their first-order derivatives with respect to x and y. Then, eliminating
A, B, P, by means of equations (2.7), he arrived at the equations (1.2)
thus proving that compatibility of equations (1.2) is necessary for equation
(1.1) to be linearizable.

(2.9)

2.3 Sufficiency of compatibility of the system (1.2)

To prove that compatibility of equations (1.2) is sufficient for linearization,
Lie used the following reasoning. The projective invariance hints that equa-
tions (1.2) can be linearized by introducing the homogeneous projective
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coordinates

w z
w=—, Z=—-
v v

Furthermore, Lie noticed that the resulting linear system belongs to a spe-
cial type of linear systems that can be reduced, by his general theory, to
a linear third-order ordinary differential equation, provided that the coeffi-
cients F3, Fy, Fi, F' of equation (1.1) satisfy the compatibility conditions of
the system (1.2). Thus, the quantities w and z can be found by solving a
linear third-order ordinary differential equation.

Lie’s further observation is that equations (1.2) hold when one replaces

B7w7 Q?Z by

SRk v TR v e 1

= e Y Ty
as well as by

chk e N e e 4

SRR T T e

Therefore, one can find the quantities w; and z;, as well as wy and 25, by
solving the previous linear third-order ordinary differential equation. In
consequence, one obtains

%:Z—Zl, @:wl_w7
¢ ¢
ﬁ:Z—ZQ ﬂ:wg—w.
¢ B

The quadrature provides the solution of the nonlinear system (2.8), and
hence completes the determination of a linearizing transformation (2.4).

3 Alternative approach

We formulate now Lie’s linearization test as follows and provide its alterna-
tive proof.
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Theorem 4.1. A necessary and sufficient condition that the equation
'+ Fa(z.y)y* + Fa(z, )y * + Fi(z,y)y' + F(z,y) =0 (3.10)
be linearizable is that its coefficients F3, Fy, I, F satisfy the equations
3(F3)ze — 2(F2)ay + (F1)yy = 3(F1F3). — 3(F'F3)y

- (Fg)x_3F3Fy+F2<Fl)ya
(3.11)
3Fyy - Q(Fl)a:y + (F2)mr = 3(FF3)90 - 3(FF2)y

+ (F7)y + 3F(F3), — Fi(F3),.

Proof. Necessity. Equations (3.11) provide necessary conditions for lin-
earizable equations (3.10). Indeed, Equations (3.11) are satisfied for the
linear equation y” = 0. Furthermore, the changes of variables (2.4) are
equivalence transformations for the set of all equations of the form (3.10).
In other words, the equations (3.10) are merely permuted among themselves
by any change of variables (2.4). It can be shown (see, e.g. [40]) that the
system of equations (3.11) is invariant under the equivalence transforma-
tions (2.4). It follows from the invariance that Equations (3.11) hold for all
equations (3.10) obtained from y” = 0 by the changes of variables (2.4).

Sufficiency. Let us prove that Equations (3.11) provide sufficient condi-
tions for Equation (3.10) to be linearizable. We consider plane curves given
in a parametric form:

T = x(t>a Y= y(t)v (312)
set y(t) = u(z(t)), v’ = du/dz and represent Equation (3.10) in the form

u’ + Fau'? + Fou'? + Fiu' + F = 0. (3.13)
Then, denoting
dx dy
A — )= = 3.14
we have:
y=ux, j=u'i*+uE W =iij-y7,
and

i [u" + F3(z,y)u'® + Fo(z,y)u' > + Fi(z, y)u' + F(z,y)]

= [j + ay® + iy + Fi?] — g [i — (Fy9* + Bay + 637)] ,

where
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Hence, Equation (3.13) becomes

@[+ ay® +yiy + Fi*] — g [& — (F39* 4 Biy +64°)] =0.  (3.16)

Upon rewriting Equation (3.10), or (3.13) in the form (3.16), we consider

its projection onto the (x,y) plane. Namely, we split Equation (3.16) into

the system

& — Fyy® — piy — 642 =0,

3.17
i+ o + yiy + Fi? =0 (3:17)

and obtain the geodesic flow:
P4ThaR et =0, i=1,2, (3.18)

where 2! = z,2? = y. Comparison of Equations (3.17) and (3.18) shows
that the Christoffel symbols have the form

1
F%l = _57 FiQ = F%l = _5@ F%Q = —F3,
(3.19)
F%:F, Ff2 = F%l = 357 1%2:04‘

Equation (2.3) describes the straight lines on the (z,y) plane. Hence, to
prove the theorem, it suffices to show that Equations (3.11) guarantee that
the curves (3.12) can be straighten out. In other words, we have to show
that if Equations (3.11) are satisfied, we can annul the Christoffel symbols
(3.19) by a change of the variables = and y. It is possible if the Riemann
tensor

R = ory, _ O
LW oxk
associated with the Christoffel symbols (3.19) vanishes.

It is manifest from (3.20) that

+ L — TP (3.20)

ij - mk

Réjk = —R

ikj-
Therefore we calculate only

Rlnz =0, Rl212 =0, [=1,2,
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and obtain:
ort ort
Rh, = S22 - 1+ BT, ~ TATh,
ort or!
— a;? — 8;1 + P%2F51 - F%IF%Z
1 1
ort ord
R, = 2 - S5+ gL, - TRTh,
ors orl
— 52 - G2+ THTh + T, — ThTh — Thr,
1 1 1 1
= —(F)o+ =B, +0F —~afB—-3+=~F,
(Fs) +2@f+ 3 2@6 4ﬁ~+273
or? or?
Rhy = 52 - 0 Tpr, - T,
8F%2 8Ffl 1 +2 2 12 1 12 2 12
" or dy + Tl + Tl = Ty = T 15
1 1 1 1
o2 oIz
R, = %2 - T8 L Tpr, - T,
o2 or2
= 8;2 — 8;1 + Fégri - F%lri

1 1
=, — =7, — FFy+ - 87.
Qg 2’73/ 3+467
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Thus

1 1
3%12:—5@‘1‘53}—1574‘}75’,

1 1 1 1
R%12: §ﬁy_(F3)z_Zﬁz+5F3+§’}/F3—5015,
R%m:E%—Fy+172—aF+§75_§ﬁF’
2 1 1
The equations
Rij =0 (3.22)

provide four first-order partial differential equations involving eight quanti-
ties F3, Fy, F1, F, o, 3, v and d. Invoking that these quantities are connected

by two conditions (3.15), we substitute
a=FH—-3 d=F—v

in (3.21) and write Equations (3.22),

1 1
—§5z—7y—157+FF3=0,

1 1 1 1
— By — (F)y — =24+ 0F; + —~vFy — — =0,
25;; (£3) 45‘1‘ 3+273 2045

1 1 1 1
cve—F, 4+ = —aF+=~6—=BF=0
57 vtV el +oy 25 ;

1 1
Oéx—§7y—FF3+15”Y:O,

as follows:

1 1
—§5z—7y+(F1)y—157+FF3:0a

1 1 1 1
553/_(Fs)x+152+F1F3—§7F3—§5F2:07
(3.23)

1 1 1 1
o —F A2 _FE 4+ A+ -3F =
27:(: Yy 47 2+27 l+2ﬁ O,

1 1
_ﬂx_§7y+(F2)m_FF3+Zﬁ7:O’
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We solve Equations (3.23) with respect to the derivatives of § and ~ :

1 1 1 2
~fB,=-03~y—FF—=(F —(F3),, 3.24
25 457 3 3(1)y+3(2) (3.24)
1 1 5, 1 1
— By =—=["+ - BFo + s F3 + (Fs), — F1F5, (3.25)
2 4 2 2
1 1 5, 1 1
Ny =- —=BF — =~y +F,+ FF,, 3.26
1 1 1 2
§7y:_1ﬁ7+FF3_§(F2)$+§( l)y7 (327)
denote
wzé 2:1
2’ 2

and arrive at Lie’s equations (1.2) compatibility of which is guaranteed by
Equations (3.11). This completes the proof.

Remark 4.1. Another way to obtain (3.16) is to consider the first equation

(3.12) as a change of the independent variable. Using the notation (3.14),
we have: )
yo_dvdt

de dt dv 1’

,,:d_y’@:i Q lzi (25 — y)
VU "t de e \i) - YTV
Therefore

y//+F3y13+F2y/2+Fly/+F
= e (a‘cy—yx—l—F3y3 +F2xy2+Fla:2y+Fm3) ,
and Eq. (3.10) can be written in the form (3.16) with the notation (3.15).

Remark 4.2. The crucial moment of the alternative approach presented
in Section 3 is that we transform the cubic polynomial in y" of Equation
(3.10) into quadratic forms in &,y of the system of equations (3.16). This
allows us to tackle the linearization problem in terms of the Riemannian
geometry.
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Equivalence groups and
invariants of linear and
nonlinear equations

REVISED SURVEY [42]

Abstract. Recently I developed a systematic method for determining invariants
of families of equations. The method is based on the infinitesimal approach and
is applicable to algebraic and differential equations possessing finite or infinite
equivalence groups. Moreover, it does not depend on the assumption of linearity
of equations. The method was applied to variety of ordinary and partial differ-
ential equations. The present paper is aimed at discussing the main principles of
the method and its applications with emphasis on the use of infinite Lie groups.

1 Introduction

The concept of invariants of differential equations is commonly in the case
of linear second-order ordinary differential equations

y" 4 2¢1(x)y + ca(z)y = 0.
Namely, the linear substitution (an equivalence transformation)
g=o(x)y

maps our equation again in a linear second-order equation and does not
change the value of the the quantity

_ 2 /
J=cy—c]—cj.

41
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Knowledge of the invariant is useful in integration of differential equations.
For instance, the equation

1
oy + xy + (x2 — Z)y =0

has the invariant J = 1. The invariant J of the equation
J'+5=0

has the same value, J =1 Tn consequence, the first equation can be re-
duced to the second one by an equivalence transformation and hence readily
integrated.

Mathematicians came across invariant quantities for families of equa-
tions in the very beginning of the theory of partial differential equations.
The first partial differential equation, the wave equation u,, = 0 for vi-
brating strings, was formulated and solved by d’Alembert in 1747. Two
invariant quantities, h and k, for linear hyperbolic equations were found in
1769/1770 by Euler [19], then in 1773 by Laplace [75]. These fundamental
invariant quantities are known today as the Laplace tnvariants.

We owe to Leonard Euler the first significant results in integration theory
of general hyperbolic equations with two independent variables x, ¥ :

Uy + a(z, y)uy + b(x, y)u, + c(z,y)u = 0. (1.1)

In his ”Integral calculus” [19], Euler introduced what is known as the
Laplace invariants, h and k. Namely, he generalized d’Alembert’s solution
and showed that Eq. (1.1) is factorable, and hence integrable by solving
two first-order ordinary differential equations, if and only if its coefficients
a, b, c obey one of the following equations:

h=a,+ab—c=0, (1.2)

or

k=b,+ab—c=0. (1.3)
If h =0, Eq. (1.1) is factorable in the form

(8% + b) (g—z + au) = 0. (1.4)

v =1u, +au (1.5)

Then setting
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we rewrite Eq. (1.4) as a first-order equation v, + bv = 0 and integrate to
obtain: .
v = B(y)e  vewde, (1.6)

Now substitute (1.6) in (1.5), integrate the resulting non-homogeneous lin-
ear equation
uy + au = B(y)e | @y (1.7)

with respect to y and obtain the following general solution to Eq. (1.1):
u= [A(l’) + /B(y)ef “dy’bdxdy] e Jady (1.8)

with two arbitrary functions A(x) and B(y).
Likewise, if £ = 0, Eq. (1.1) is factorable in the form

<§7H0<g%+m>:0. (1.9)

In 1773, Laplace [75] developed a more general method than that of Eu-
ler. In Laplace’s method, known also as the cascade method, the quantities
h,k play the central part. Laplace introduced two non-point equivalence
transformations. Laplace’s first transformation has the form

v = uy, + au, (1.10)
and the second transformation has the form
w = u, + bu. (1.11)

Laplace’s transformations allow one to solve some equations when both
Laplace invariants are different from zero. Thus, let us we assume that
h # 0,k # 0 and consider the the transformation (1.10). It maps Eq. (1.1)
to the equation

Vgy + @10 + b1y +c1v =0 (1.12)

with the following coefficients:

~ Oln|n|
oy '

Oln |h|
dy

a; =a bp=0b, co=c+b,—a,—b (1.13)

The formulae (1.2) give the following Laplace invariants for Eq. (1.12):

0*1n |h|

:2——
hi=2h k=55 5

— h. (1.14)
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Likewise, one can utilize the second transformation (1.11) and arrive to
a linear equation for w with the Laplace invariants

0% 1n |k|

ho =k, ko=2k—h—
2 ) 2 8:1:(33/

(1.15)

If hy = 0, one can solve Eq. (1.12) using Euler’s method described above.
Then it remains to substitute the solution v = wv(z,y) in (1.10) and to
integrate the non-homogeneous first-order linear equation (1.10) for u. If
hi # 0 but ky = 0, we find in a similar way the function w = w(x,y) and
solve the non-homogeneous first-order linear equation (1.11) for w. If hy # 0
and ks # 0, one can iterate the Laplace transformations by applying the
transformations (1.10) and (1.11) to equations for v and w, etc. This is the
essence of the cascade method.

In the 1890s, Darboux discovered the invariance of h and k and called
them the Laplace invariants. He also simplified and improved Laplace’s
method, and the method became widely known due to Darboux’s excellent
presentation (see [17], Book IV, Chapters 2-9). Since the quantities h and
k are invariant only under a subgroup of the equivalence group rather than
the entire equivalence group, I proposed [38]* to call h and k the semi-
invariants in accordance with Cayley’s theory of algebraic invariants [10]
(see also [73]). Two proper invariants, p and ¢ (see further Section 8) were
found only in 1960 by Ovsyannikov[90]. Note, that Laplace’s semi-invariants
and Ovsyannikov’s invariants were discovered by accident. The question on
existence of other invariants remained open. Thus, the problem arose on
determination of all invariants for Eqs. (1.1). I called it Laplace’s problem.
The problem was solved recently in [43].

Louise Petrén, in her PhD thesis [95] defended at Lund University in
1911, extended Laplace’s method and the Laplace invariants to higher-order
equations. She also gave a good historical exposition which I used in the
present paper, in particular, concerning Euler’s priority in discovering the
semi-invariants h, k. Unfortunately, her profound results remain unknown
until now.

Semi-invariants for linear ordinary differential equations were intensely
discussed in the 1870-1880’s by J. Cockle [12], [13], E. Laguerre [72], [73],
J.C. Malet [86], G.H. Halphen [24], R. Harley [25], and A.R. Forsyth [20].
The restriction to linear equations was essential in their approach. They
used calculations following directly from the definition of invariants. These
calculations would be extremely lengthy in the case of nonlinear equations.
Indeed, when Roger Liouville [82], [83] investigated the invariants for the

* Author’s mote to this 2009 edition: Paper 1 in this volume.
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following class of nonlinear ordinary differential equations:
y'+ Fy(z,9)y'° + Fa(r,9)y'? + Fi(z, )y + F(z,y) = 0,

introduced by Lie [77], the direct method led to 70 pages of calculations.

In his review paper [79], Chapter I, §1.11, Lie noticed: “I refer to the
remarkable works of Laguerre (1879) and Halphen (1882) on transforma-
tions of ordinary linear differential equations. These investigations in fact
deal with the infinite group of transformations =’ = f(z),y" = g(x)y which
is mentioned by neither of the authors. I think that Laguerre and Halphen
did not know my theory.” Lie himself did not have time to develop this idea.
Lie’s remark provided me with an incentive to begin in 1996 the systematic
development of a new approach to calculation of invariants by using the
infinitesimal technique, that was lacking in old methods. The method was
developed in [38] ( (see also [39], Chapter 10) and subsequently applied to
numerous linear and nonlinear equations. These applications showed that
the method is effective for determining invariants for equations with finite
or infinite equivalence groups.

The present paper is a practical guide for calculation of invariants for
families of linear and nonlinear differential equations with special emphasis
on the use of infinite equivalence Lie algebras.

2 Two methods for calculating equivalence
groups

Equivalence transformations play the central part in the theory of invariants
discussed in the present paper. The set of all equivalence transformations
of a given family of equations forms a group called the equivalence group
and denoted by £. The continuous group of equivalence transformations is
a subgroup of £ and is denoted by &..

In this section, we discuss the notation and illustrate two main meth-
ods for calculation of equivalence transformations for families of equations.
The first method consists in the direct search for the equivalence transforma-
tions and, theoretically, allows one to calculate the most general equivalence
group &. The direct method was used by Lie [78] (see also [93]) for calcula-
tion of the equivalence transformations and group classification of a family
of second-order ordinary differential equations. Lie’s result is discussed in
Section 2.1. The direct method is further discussed in Section 3.2 for the
nonlinear filtration equations.

However, the direct method leads, in general, to considerable computa-
tional difficulties. One will have the similar situation if one will calculate
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symmetry groups by using Lie’s infinitesimal method and by the direct
method.

Therefore, I employ mostly the second method suggested by Ovsyan-
nikov [92] for determining generators of continuous equivalence groups &..
The central part in this method is played by what I call here a secondary
prolongation. This concept leads to a modification of Lie’s infinitesimal
method. After simple introductory examples given in Section 2.2 and Sec-
tion 2.4, I describe in detail the essence of the method in Section 3.1 and
Section 4.1.

In what follows, the Lie algebra of the continuous equivalence group &,
is called the equivalence algebra and is denoted by Lg.

2.1 Equivalence transformations for y”’ = F(x,y)

Following Lie (see [78], §2, p. 440-446), I discus here the equivalence trans-
formations for the following family of second-order ordinary differential
equations:

y' = Fla,y). (2.1)

Definition 5.1. An equivalence transformation of the family of the equa-
tions (2.1) is a changes of variables

z=p(y), 7=y (2.2)
carrying every equation of the form (2.1) into an equation of the same form:
y' = F(z,7). (2.3)

The function F may be, in general, different from the original function F.
The equations (2.1) and (2.3) are said to be equivalent.

In this simple example, one can readily find the equivalence transforma-
tions by the direct method. Namely, the change of variables (2.2) implies
the equations

- /
g'zd_?{:¢x+y¢y (2.4)
Az o, + Yoy
and
o+ YOy Oue+ 20 uy + Y 20y + Y0y
o Uy + yl¢y Vo + 2yl¢xy + y/ 2¢yy + y"%
y" = (2.5)

(o + y’@y)g
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for the change of the first and second derivatives, respectively (see [78], p.
440, or [39], Section 12.3.1). Now we substitute (2.5) in Eq. (2.3) and have:

o+ YOy Pax+ 20 Qay + Y 20y + Flz,y)0y
Wy + ylﬂ)y Vg + QwaIy + y/ 277Z}yy + F($a y)wy

Since F(z,y) and F(z,y) do not depend on 3/, the latter equation splits
into four equations obtained by equating to zero the coefficients for ¢, y2, 3/
and the term without y'. Collecting the coefficients for y’3, 42,3y and taking
into account that F(x,y), and hence F(z, ) are arbitrary functions, we get:

(¢ +y'0y)°F(z,7) =

Py = 07 prwyy - O: 2(10:v¢xy - %%x = 0.
The first equation of this system yields

¥ = 90(33)7
where (z) is and arbitrary function obeying the non-degeneracy condition

¢'(x) # 0. The latter condition reduces the second equation 1, = 0, and
hence

v =alz)y+B(x), a(z)#0.
Finally, the third equation becomes

/ /!

whence
a(r) = A/|¢/(7)], A= const.

The remaining term, that does not contain y', provides the following ex-
pression for the right-hand side F* of Eq. (2.3):

" 3 1\ 2 /! /Al
[ " 3(¢") ] ”+ g B
200)57  A(e)2IT (@) (@)?

Collecting together the above expressions for ¢,1) and F, we formulate
the result.

— A

Theorem 5.1. The equivalence group & for the equations (2.1) is an infi-
nite group given by the transformations

T=o(x), y=AVe(@)y+B(x), (2.6)

o A n 3 11\ 2 /! IN/)
7 oAl (w)] ﬁ/2_ﬁ<lp3,
(¥)?  (¥)

R e e >0
where ¢(x) is an arbitrary function such that ¢'(z) = 0, and A # 0 is an
arbitrary constant. In order to obtain the function F(Z,7y), it suffices to
express z,y via Z,y from the equations (2.6) and substitute in (2.7).
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2.2 Infinitesimal method illustrated by y” = F(z,y)

Let us find the continuous group &, of equivalence transformations by means
of the infinitesimal method. Since the right-hand side of Eq. (2.1) may
change under equivalence transformations, we treat F' as a new variable
and, adding to (2.2) an arbitrary transformation of F, consider the extended
transformation:

z=o¢(z,y), y=1uv(xy), F=>o(yF). (2.8)

Consequently, we look for the generator of the continuous equivalence group
written in the extended space of variables (z,y, F') as follows:

0 0

Here y is a differential function with one independent variable x, whereas F’
is a differential function with two independent variables x,y. Accordingly,
the prolongation of Y to y” is given by the usual prolongation procedure,
namely:

where

CQ = Nax + (27796y - fxw)yl + (nyy - 2§xy)y/2 - gyy 3/3 + (77y - 2596 - 3£y y/)y”-

The infinitesimal invariance test of Eq. (2.1) has the form

G2 = K.

y"'=F o

Substituting here the expression for ¢, we have:

Nex + (2771y - g:}c:}:)yl + (nyy - 2§:ch)y/2 - Eyy y/3
+(ny — 260 — 38, Y ) F = p(w,y, F), (2.9)

where F' is a variable, not a function F(x,y). Hence, Eq. (2.9) should be
satisfied identically in the independent variables x, vy, 3’, and F. Accordingly,
we split Eq. (2.9) into four equations by annulling the terms with different
powers of y/. Since p(z,y, F') does not depend on ¢, we obtain the following
equations:

y/3 : Syy = 07 (2.10)
Y2 nyy — 28y =0, (2.11)
fl// : 277xy - fsz - BgyF == O, (212)
W) =y = 26)F + o (2.13)
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Invoking that & and 1 do not depend upon F, we split Eq. (2.12) into two
equations:

fy = 07 277961/ - £m: = 0.

The first equation yields £ = £(z). Then the second equation is written
21, = &' (x), whence upon integration:

n= [% () + C}y + B(x).

Now the equations (2.10)-(2.12) are manifestly satisfied, and the remaining
equation (2.13) yields:

= [C — ;5’(33)} F+ %f’”(az)y + 3"(x), C = const.

Thus, the general solution of equations (2.10)-(2.13) has the form

E=t(@), n= 56 +Cly+p@),
3 ! 1 1" /!
p=|C=3E@|F+35" @y + ") (2.14)

We summarize.

Theorem 5.2. The continuous equivalence group &, for Egs. (2.1) is an
infinite group. The corresponding equivalence algebra L¢ is spanned by the
operators

0 0 0 0
Y():ya—quFﬁ, Yﬂzﬁ(ﬂﬁ)a—y +5”(x)6—F’
0 0 3 0
Ye=g)y + 5 €@y + 5760 - E@F| g (215)

Remark 5.1. Equations (2.13) can be obtained from Theorem 5.1 by let-
ting A > 0, setting p(z) = = + a&(x) with a small parameter a, and writing
Egs. (2.6)-(2.7) in the first order of precision with respect to a. Hence,
the transformations of the continuous equivalence group &£, have the form
(2.6)-(2.7), where A > 0. Thus, the continuous equivalence group &, differs
from the general equivalence group & given by Theorem 5.1 only by the
restriction A > 0.
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2.3 Equivalence group for linear ODEs

In theory of invariants, it is advantageous to write linear homogeneous or-
dinary differential equations of the nth order in a standard form involving
the binomial coefficients:

n(n —1)
2!

where ¢; = ¢;(x) are arbitrary variable coefficients, and y' = dy/dx, etc.
An equivalence transformation of the equations (2.16) is an invertible

transformation (2.2) of the independent variable z and the dependent vari-

ables y preserving the order n of any equation (2.16) and its linearity and
homogeneity. Recall the well-known classical result.

Ln(y) = y™ +neym Y + ey "V e,y ey =0, (2.16)

Theorem 5.3. The set of all equivalence transformations of the equations
(2.16) is an infinite group composed of the linear transformation of the
dependent variable:

z=w, y=o¢(@)y (2.17)
where ¢(x) # 0, and an arbitrary change of the independent variable:
= f(x), y=uy, (2.18)

where f'(x) # 0.

In calculation of invariants of linear equations, we will use in Section
7 the infinitesimal form of the extension (cf. (2.8)) of each transformation
(2.17) and (2.18) to the coefficients of Eq. (2.16).

Let us find the extension of the infinitesimal transformation (2.17) for
the equation (2.16) of the second order,

La(y) =y" + 2c1(2)y’ + ca(w)y = 0, (2.19)
and for the equation of the third order,
Ls(y) = y" + 3c1(2)y" + 3ea(x)y’ + e3(x)y = 0. (2.20)

We implement the infinitesimal transformation (2.17) by letting

¢(x) =1 —en(z) (2.21)

with a small parameter €. Then

y~(1—en)y,

y=(1—eny —en'y,

y'=(1—en)g" =20y +n"7).

yl// ~ (1 _ 677)@/// _ E(gn/g//+3n//g/+n/// 7).
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Substituting these expressions in Eq. (2.19), dividing by (1—¢en) and noting
that /(1 — en) = ¢, one obtains:

Ly(y) = 5"+ 2[cy —en] " + [co — (" + 2e1) 7.

Hence, the infinitesimal equivalence transformation (2.17) maps Eq. (2.19)
into an equivalent equation:

y" +261(x)y" + eax) y = 0, (2.22)

where
Cl~cCc— 577/, Co & Cy — 5(’[’]” + 26177/). (223)

Egs. (2.23), together with the equation y =~ (1 — en)y, provide the fol-
lowing generator of the equivalence transformation (2.17) extended to the
coefficients of the second-order equation (2.19):

0

)
=5, T gt (n" + 2e1n

Y,
g 301

)8—62- (2.24)

Likewise, the third-order equation (2.20) is transformed into an equiva-
lent equation

y" 4+ 3e1(x)y" + 3cx(z) §' +e3(x)y =0, (2.25)
where

G~ —en,
Ty~ g —e(n' +2e17)), (2.26)
t3~c3—e(n” +3an” + 3can').

Egs. (2.26), together with the equation y ~ (1 — en)y, provide the fol-
lowing generator of the equivalence transformation (2.17) extended to the
coefficients of the third-order equation (2.20):

0 0 0 0
Y, + 77’8—01 + (0" +2am) 57—+ (0" + 3an” + 3ean) 5— - (2.27)

B 778_3/ 802 603

Let us find the extension of the infinitesimal transformation (2.18) for
the third-order equation (2.20). We take the infinitesimal transformation
(2.20),

T~ x+e€(r)
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and have:

Yy~ (1+ef)y’,
Y %(1+-%f) "+ey'e”,
y ( +3€£ )yl/l+3€g//§//+€g/£///.

Consequently Eq. (2.20) becomes
g" +30y" + 307" + 0y =0,

where
1
El ~ C1 + 5(5” — le,), EQ ~ Cy + €<§€/H + le” — 2025’), Eg ~ C3 — 36635/.

The corresponding group generator is

0 0 0
Xﬁzf%‘i‘(f”_clfl)a_cl‘i‘( 5///+ 6//_2625)__3635_. (2'28)

C3

2.4 A system of linear ODEs

Let us calculate the continuous equivalence group &, for the following system
of linear second-order ordinary differential equations:

2+ V() x=0, y'=V(t)y=0. (2.29)

An equivalence transformation of the system (2.29) is a change of variables
tx,y

t_: a(t7 x? y? a)? j = ﬁ(t7x7 y? a)7 g = ’y(t7 x? y? a) (2'30)
mapping the system (2.29) into a system of the same form,

d’z — 2y —
SAVDHT=0, S -V([H7=0,

where the function V(f) can, in general, be different from the original func-
tion V(). Accordingly, we write the equivalence transformation (2.31) and
the system (2.29) in the following extended forms:

t_: a(t’ x? y)’ j = /B(t7 x’ y)7 g = fY(ta x? y)? V = ‘Ij(t’ x? y’ V)’ (2‘31)

and
2" +2V =0, ¢y —-yV=0 V,=0 V,=0, (2.32)
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respectively. Here, x and y are, as before, the differential variables with the
independent variable ¢, whereas V' is a new differential variable with three
independent variables ¢,z and y. Consequently, the infinitesimal generator
of a one-parameter group of equivalence transformations is written in the
form

0 0
+ n(t7x7y)_ + ,u(t,x,y, V)—

2.
oy ov (2:33)

+&(t 2, y) 5 J

Y:T(t,:c,y)a pe

ot

The extension of the operator (2.33) to all quantities involved in Eqs. (2.32)
has the form (see [92], [1] and [67]):

~ 0 0 0 0 0 0 0 0
Y = T——i—g —|—77a +HW+C28 ”+628 II+W18V +w28v . (234)

The condition that Y is a generator of an equivalence group is equivalent
to the statement that Y satisfies the infinitesimal invariance test for the
extended system (2.32). This gives the following determining equations:

1 2
:0
CQ (2'32)+§L +xp ) CQ

-V —yp=0, (2.35)
(2.32)

=0, (2.36)

w1 == 0, 0%5) ‘
(2.32) (2.32)

where (], (3 are given by the usual prolongation procedure. Namely,

(o = Du(G1) — 2" Dy(7), 3 = Du(¢}) — " D7), (2.37)
where
(= Di(&) —2'Dy(1) = & + /& +y'&y — /(1 + 270 +y'Ty), (2:38)
G=Din)—yDi(r)=m+an. +yn, —y(n+a'm+yn).
The coefficients w; and wy are determined by
wi = Da(p) = VaDs(€) = Vy Da(n) = ViDa (). 2.39)
wy = Dy(p) = VaDy(§) = Vy,Dy(n) — ViDy (7).
We used here the notation
0 , 0 0 0 0
D _ 1 /I_
et e T e, Y e tY sy,
for the usual total differentiation with respect to ¢, while
~ 0 0 ~ 0 0
D,=—+V,—, D,=—+V,— 2.40
oz "oy v T oy T var (240)
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denote the “new” total differentiations for the extended system (2.32).
The restriction to Eqs. (2.32) means, in particular, that we set V, =
V, = 0. Then the expressions (2.40) and (2.39) take the form:

~ 0
DI = W1 = Mg — ‘/;57—33’

or’
~ 0
Dy:a—y, Wy = [ty — ViTy.

Let us solve the determining equations. We begin with the equations
(2.36):
w1 = pge — Vi =0, wy =py, — Vi, =0.

Since V' and hence V; are arbitrary functions, the above equations yield:
Tm:()’ Mm:(), 7-:[/:07 'uy:[)_

Thus, the operator (2.33) reduces to the form

(2.41)

0 0 0 0

ot ox Jy

Let us turn now to the remaining determining equations (2.35). We
apply to the operator (2.41) the prolongation formulae (2.37) and substitute
the resulting expression for ¢} in the first equation (2.35) to obtain:

Stt "’ (2€tz - 7_//)1,/ + 2€tyy/ + gxx x/Q + 2€xy a:’y’

2 B , B (2.42)
+Ey” + (Y€ — &y + 227" + )V +ap = 0.

We collect here the like terms and annul the coefficients of different powers
of 2" and 1. The coefficients for 22, 'y, y?, and ¥/ yield:

ézm = 07 gmy = 0; gyy = 07 gty = 07
whence
E=a(t)r+ Ay + k(t), A = const.

Furthermore, annulling the coefficient 2§, — 7" = 0 for 2’ we have 2d/(t) =
7"(t), and hence

a(t) = %T/(t) + Ch.

Thus,
¢ = (17'@) +K1>m+Ay+k(t). (2.43)
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Now Eq. (2.42) becomes
gTW(t) FE(t) + 24y + k() + 227 (1)]V + 2 = 0, (2.44)
Likewise, the second equation (2.35) yields
n= GT’(t) + K2)y + Bz + (1) (2.45)

and

%T”’(t) +1"(t) — 2Bz + U(t) + 2yr'(1)]V — yp = 0. (2.46)

Since V is regarded as an arbitrary variable, and p does not depend
upon z and y, Eq. (2.44) yields A =0, k() = 0 and

1
= —57”’(75) — 27 (t)V. (2.47)
Likewise, Eq. (2.46) yields B =0, [(t) = 0 and
1
= 57”’(t) —27'(t)V. (2.48)

Eqgs. (2.47) and (2.48) yield that 7”(t) = 0, pu = —27'(¢)V. Summing up,
we obtain :
T(t) = Cg + C4t + C5t2,

£ - (Cl —+ C5t)l‘,
n= (02 + C5t>y7
p=—2(Cy + 2C5t)V.

(2.49)

We summarize.

Theorem 5.4. The equivalence algebra Lg for the system (2.29) is a five-
dimensional Lie algebra spanned by

0 0 0 0
9,

) o o0 0
YVi=—=—, Ys=t'— — =gV —=.
1= g BTty tlgs tlyg —AtVes

(2.50)

Note that the operator Y5 generates the one-parameter group of trans-
formations

t _ T _ Y = 4
e T iea ¥ V=(-a)'V.  (25)

t= ,
1—at
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3 Equivalence group for filtration equation

In this section, we discuss both methods for calculation of equivalence trans-
formations for partial differential equations by considering the nonlinear
filtration equation

vy = h(vg) Vg (3.1)

Equation (3.1) is used in mechanics as a mathematical model in studying
shear currents of nonlinear viscoplastic media, processes of filtration of non-
Newtonian fluids, as well as for describing the propagation of oscillations
of temperature and salinity to depths in oceans (see, e.g. [1], Chapter 2,
and the references therein). The function h(v,) is known as a filtration
coefficient. In general, the filtration coefficient is not fixed, and we consider
the family of equations of the form (3.1) with an arbitrary function h(v,).

Definition 5.2. An equivalence transformation of the family of equations
of the form (3.1) is a changes of variables

T=p(t,x,v), t=19tz,v), =5t x,0v) (3.2)

carrying every equation of the form (3.1) with any filtration coefficient h(v,)
into an equation of the same form:

>

The function h representing a new filtration coefficient h(v;) may be, in
general, different from the original function h.

3.1 Secondary prolongation and infinitesimal method

Equation (3.1) provides a good example for introducing the concept of a
secondary prolongation and illustrating the infinitesimal method for calcu-
lating the continuous equivalence group &..

In order to find the continuous group &, of equivalence transformations
(3.2), we search for the generators of the group &, :

19
ot

0 0 0
2 .
+ & 5’x+77 +u8h (3.4)

Y=< ov

The generator Y defines the group &, of equivalence transformations

T=p(t,z,v), t=¢(tx,v), v=30(tx,v), h=F({t x00,0,h)
(3.5)
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for the family of equations (3.1) if and only if Y obeys the condition of
invariance of the following system:

U = hvgy, he=0, hy=0, hy=0, hy =0. (3.6)

In order to write the infinitesimal invariance test for the system (3.6), we
should extend the action of the operator (3.4) to all variables involved in
(3.6), i.e. take

0 0 0 0 0 0 0
Y Y+C1—+C2 +C223UM+W13h +W28h —|—w38h +w4(9hvt

First, we extend Y to the derivatives of vy, v, and v,, by treating v as a
differential variable depending on (¢, x), as we do in Eq. (3.1). The unknown
coordinates !, €2 and 7 of the operator (3.4) are sought as functions of the
variables t, z,v. Accordingly, we use the usual total differentiations in the
space (t,z,v) :

0 0 0 0
Di=D, = — — — —
1=b=5 +Utav +vttavt _'_Utxan,
0 0 0 0
Dy=D, = 8 +Uxa "’Utzat‘i‘vmmavx

and calculate the coordinates (1, (y and (22 by the usual prolongation for-
mulae:

G = Di(n) — uDy(€') — v.Di(€7), (3.7)
G2 = Da(Ca) — v D(E") — vz D2(E7). (3.8)

Then we pass to the extended space (t, z, v, vy, v,) and consider h as a dif-
ferential variable depending on the independent variables (¢, x, v, vy, v, ). The
crucial step of the secondary prolongation is that we consider the coordinate
p of the equivalence operator (3.4) as a function of ¢, z, v, vy, v, h and in-
troduce the new total differentiations in the extended space t, x,v, vy, vy, b :

0 0 0 0 0 0
D,=D,= at—i‘htah‘thtah +htmahw+htva—hy+htvtaTvta
~ =~ 9, 0 0 9, 0 0
D2=Dx—%‘i‘hx%‘f’hxta—ht+hma—hm+hma—m+hxvt%7
~ ~ 0 0 0 0 0 0
Dy =D, = 9 + hv% + hvta—ht + hwﬁ—hx + hwa—hv + hvutaTvt, (3.9)
Do=Dy =2 4 n, 2 O b2 4 e 2 =2

on h Vt a1 TVt VU VeVt g
© = o, Mgy T Mgy, T e gy dhy Dl
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Then we use the result of the usual prolongation (3.8), specifically the ex-
pression for (5, and calculate the coordinates w; by the following new pro-
longation formulae:

w; = 52(,“/) —htﬁi(fl) —hxﬁi(fQ) —hv[)i(ﬁ) —hutﬁi(Cl) _hvzﬁi(CZ)- (3-10)

The infinitesimal invariance test for the system (3.6) has the form

(Cl — hQa — /wm>

=0 3.11
0e O (3.11)

wi|(3.6) =0, i=1,...,4. (3.12)

Taking into account the equations (3.6) and invoking that p does not depend
on the derivatives hy,...,h,,, we reduce the differentiations (3.9) to the
following partial derivatives:

~ 0 ~ 2
N oz’

This simplifies the prolongation formulae (3.10). Since the functions &, 7, ¢
do not depend on h, the equations (3.12) become

~ 0 ~ 0
Ds=75., Dy=7-

o 0 o 0
ot = ot 8x_hv””633 =9,
o ICa o d(a

= By, 22 =0, o — By, =0,
ov o) 0 avt * a'Ut 0

Since h and h,, are algebraically independent, the above equations split
into the following two systems:

ol o ol ol
=0 5.=0 5, =0 5-=0 (3.13)
and
= plve, h),
9 G G 9Ca (3.14)
E:O’%:O’%:O’ﬁ—vt:o'
Equations (3.13) yield
= pi(vg, h). (3.15)

Substituting the the expression (o = 1, +v,1y — V€L — 0:€L —v0,EE — 0,62 —
v2€2 (see (3.8)) in (3.14), equating to zero separately the coefficients for
different powers in v, and v;, and integrating the resulting equations, we
obtain:

¢ =¢t), € =A(t)r+Cro+As(t), n=As(t)o+Cox+Ay(t), (3.16)
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where A;(t) are arbitrary functions and C; = const. Substitution of the
expressions (3.15) and (3.16) into (3.11) yields the following general solution
to the determining equations (3.11)-(3.12):

fl = Clt—l-CQ, 52 = C3I+C4U+C5, (317)
7]206I+C7U+08. n = (2041)954-203—0— 1>h
Substituting (3.17) in (3.4), one arrives at the following theorem.

Theorem 5.5. The equivalence algebra Lg for the filtration equations (3.1)
is an 8-dimensional Lie algebra spanned by

0 0 0 0 0
leaa 3/2:%7 YE%:%, n:ta—h%y (3-18)
0 0 0 0 0 0
Y}):I‘%+2h%, %:U%+2vxh%, Y}:I’%, }%:U%

The operators (3.18) generate an eight-parameter group. The transfor-
mations of this group are obtained by solving the Lie equations for each of
the basic generators (3.18) and taking the composition of the resulting one-
parameter groups. Note that since the operator Yy involves the derivative
v, we should use its first prolongation, namely, extend its action to v, and
write as follows:

0 0 0
Yo = v=— — v:— + 2u,h—
0 U@x Uz v, +e Oh
Then, denoting by ag the parameter of the one-parameter group with the
generator Yy, we have the following Lie equations:
dt vz dv dvg ., dh
-5 — Y, - =1, - — Y -V =V >
da6 dCLﬁ d&ﬁ da6

— — 2753 B
da6 v

The integration, using the initial conditions
t|a6:0 - ta j‘|a(5:0 =2, /Ij|a6:0 =, f}i‘ ag=0 — (% h|a6:0 - h

yields:

v —
— T  h=(1 2)2 h.
1+G6Um7 ( +0J6'U)

t=t, T=x+vas, V=0, Uz

Whence, ignoring the transformation formula for v,, one obtains the equiv-
alence transformation of the form (3.5). For all other operators (3.18), the
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integration of the Lie equations is straightforward. We have:

YVi: t=t+a, T=2 v=v, h=h

Yo: t=t, T=x+ay, U=v, h=h

Ys: t=t xT=x, vV=v+as, h=Dh

Yy: t=ast, T=2z, D=v, h=-—h, a4>0;
Ay

Taking the composition of these transformations and setting
a=ay, Pi=as, Po=uas, [Bs=asaras, Bs=(1+ asar)as,
Y = aiay, Yo = agas +azas, 3 = (a3 + azasar + azagay)as,
we arrive at the following result.

Theorem 5.6. The continuous group &. of equivalence transformations
(3.5) for the family of filtration equations (3.1) has the following form:

t=at+v, T=/pa+ B0+,
h

U= 03t + B +73, h=(01+ Pova)’ o (3.19)
where «, # and 7 are constant coefficients obeying the conditions
a >0, ﬂl > 0, 54 > O, 6154 — ﬁQﬁg > 0. (320)

Note that the last inequality in (3.20) follows from the equation (15, —
B2f3 = asas.
3.2 Direct search for equivalence group &£

Let us outline the direct method. We look for the general equivalence
transformations in the form (3.2):

T=p(t,x,v), t=9v(tz,v), =5 x,v).
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Under this change of variables, the differentiation operators Dy, D, are
transformed according to the formulas

Dy = Di(¢)Dz + Di(¥) Dy, Dy = Dy(9) Dz + Dy () Dy,
the use of which leads to the following expression for vz :

__ Dy(®@)Dy(V) — Dy(P) Do (¥)

T D(9)Di(¥) — D) Da()

It follows from the definition of equivalence transformations that the right-
hand side of the latter equation should depend only on v, so its derivatives
with respect to ¢, z, v, v; are equal to zero. This condition leads to a system
of equations on the functions ¢, 1), ® whose solution has the form

o = A1(t)(Biz + Bav) + As(t),
¥ =9(1), (3.21)
D = Ay (t)(B37 + Bav) + As(t),

where 0104 — 233 # 0,7/ (t) # 0, A1 (1) # 0.
One can further specify the functions A;(t) and (t) by substituting
(3.21) in Eqgs. (3.2)-(3.3) and prove the following statement.

Theorem 5.7. The general equivalence group £ of filtration equations (3.1)
has the form (3.19):

t=at+v, =[x+ Pov+ 2,
h

v=0Bsx+ B+, h= (61 + 52%)2 o

with arbitrary coefficients «, (3;,7;, obeying only the the non-degeneracy
condition (cf. the conditions (3.20)):

B1Bs — B233 # 0. (3.22)

Remark 5.2. Theorems 5.6 and 5.7 show that the general equivalence
group & can be obtained from the continuous equivalence group &, merely
by completing the latter by the reflections t — —t and * — —x.

3.3 Two equations related to filtration equation

If we differentiate both sides of the filtration equation (3.1) with respect to
x and set
U= v, (3.23)
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we get the nonlinear heat equation
up = [h(u)uy). (3.24)

The equivalence algebra Lg¢ for Eq. (3.24) is a 6-dimensional Lie algebra
spanned by following generators (cf. (3.18)):

0 0 0 0
0 0 0 0
Yomagot2han, Ys=go Ye=ugo:

Calculating the transformations of the continuous equivalence group &€, gen-
erated by (3.25) and adding the reflections

t— —t, r— —x, w— —w,
we arrive at the well-known equivalence group & for Equation (3.24):

t=at+v, I=/pr+"7,

.2 (3.26)
2~L2(51U+52, h:&h7
(%

where o101 # 0.

Furthermore, by setting
V= w, (3.27)
and integrating the filtration equation (3.1) with respect to x we get the
equation
wy = H (wy) (3.28)
The equivalence algebra Lg¢ for Eq. (3.28) is a 9-dimensional Lie algebra
spanned by

0 0 0 0 0 0

hEae P Tae BTaw e e BT e
(3.29)

o 9 0 0 B, , 0
Yo=to Tog Yo va, Tl YsTrg, Yo=Tg.c

Calculating the transformations of the continuous equivalence group &€, gen-
erated by (3.29) and adding the reflections t — —t,2 — —z,w — —w, we
arrive at the following complete equivalence group £ for Equation (3.28):

t=at+v, T=/Ma+%,

- ; ) (3.30)
w—51w+52$ +53$+54t+55, H—aH+54,

where o316, # 0.



5: EQUIVALENCE GROUPS AND INVARIANTS (2004) 63

4 Equivalence groups for nonlinear wave equa-
tions

4.1 Equations vy = f(@,y)Vzz + g(x,vz)

Consider the family of nonlinear wave equations (see [67])

Uy = f(2,0) 000 + g(,0;) (4.1)

with two arbitrary functions f(z,v,) and g(z,v,).
Let us denote f = f!, g = f? and seek the operator of the equivalence
group &, in the form

o L0 0 9
y = ¢! 2 _ k_—_ . 4.2
Sor T Ty TH g (42)

We write Eq. (4.1) as the system
tt_flvx:(:_fQZ()a ftk:fqlf: 1];:() (43>

The additional equations fF = f* = k = 0 indicate that the arbitrary
function f, g do not depend on t, v, vy.

In these calculations v and f* are considered as differential variables: v
on the space (¢,7) and f* on the extended space (¢, z,v,vs,v,). The coordi-
nates £, €2, n of the operator (4.2) are sought as functions of ¢, z, v while the
coordinates, p* are sought as functions of t, z, v, vy, vy, f1, f2. The invariance
conditions of the system (4.3) are written

(’Utt flog, — f2) =0 (4.4)
Y(fH)=Y(fH=Y(fi)=0 (k=1,2), (4.5)

where Y is the prolongation of the operator (4.2) to the quantities involved
in Egs. (4.3). Namely,

0 0 0 0 O 0 0
Y Y"‘Cl—"‘CQ "‘Cll U +<2281) +w 1aft +w oafk+ 018

The coefficients ( are given by the usual prolongation formulae:

Dy(n) — v Dy(€Y) — v Di(€2),

= Du(n) — veDx(€') — v Da(€7),
Cn = Di(C1) — vuDi(§ ) — Vi Dy (€ ),
Coo = Do(C2) — Vta x(fl) Uz D (52)
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whereas the coefficients w are obtained by applying the secondary prolon-
gation procedure (see Section 3.1) to the differential variables f* with the
independent variables (t,x, v, vy, v,). Namely,

wi = Dy(u*) = fFDU(EY) = FEDU(E) = FEDi(n) — fE Dy(C1) — [ Di(G2), (4.6)
where Dt has the form

0 0

0,0
Di= 5+ 1e g

and inn view of Eqgs. (4.3) reduces to

D, = —.
Y

Furthermore, we obtain wl and wf, by replacing in Eq. (4.6) the operator
Dy successively by the operators

.9 9
TR
and 9 5
p, =0 0
w = gy T ug

and noting that in view of Eqs. (4.3) we have

Finally, we have:
el T I (CY

wo = tty — & — fi. (G, (4.7)
wor = ty, — Fo, (C2)u-
The invariance conditions (4.5) have the form

WwF=wlf=wk =0, k=12 (4.8)

Substituting the expressions (4.7) and noting that Egs. (4.8) hold for arbi-
trary values of f! and f?, we obtain

pp=pr=pk =0, &=¢=0,

(C2)e = (C2)v = (G2)vy = 0.
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Integration yields:
g=¢t), &=
n=cov+ F(z)+ H(t), (4.9)
Wt =i (v, ).
Now we write the invariance condition (4.4):
Ci1 — Mlvm - f1C22 - ,u2 =0,
take into account Egs. (4.9) and obtain:
(€9 ve +{[Cr = 2(&" )11 = u! = [Cr = 2() 1 }ue
H[C) — 2]+ H = fUF" + flog (€)' — = 0.
Since v, vy, v, and v,, are independent variables, it follows:
=0t +Cy, & =p(),
n = Cw + F(x) + Cyt* + Cst, (4.10)
ph=2(0" = G f,
12 = (Cy —2C5)g + 2Cy + (¢"v, — F")f,

where C4,Cy, Cs,Cy, C5 are arbitrary constants, and ¢(x) and F(x) arbi-
trary functions. Thus, we have the following result.

Theorem 5.8. The family of nonlinear wave equations (4.1) has an infinite
equivalence group &.. The corresponding Lie algebra L¢ is spanned by the
generators

n::pa%, nzt%+x%+2v%,
Yﬁzt%—Zf%—Qg(%, n:t2%+2(%, (4.11)
Y, = 90(56)% + 290’(x)f% + w”(x)vxfa% :
YF:F(Q;)%—F”(Q:) a%'

Remark 5.3. The general equivalence group £ contains, along with the
continuous subgroup &, also three independent reflections:

t— —t, (4.12)
T -z, (4.13)
vV =, g —g. (4.14)
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4.2 Equations uy — Uz, = f(u, u, uy)

Similar calculations for the nonlinear wave equations of the form

Ut = Ugw = [, u,ue)  (f #0). (4.15)
provide the infinite-dimensional equivalence algebra Lg¢ spanned by ([104])
ﬁ:t%-l—x%—Qf(,%,
Y, = pla) g IS + 00 =]

where ¢ = ¢(x) is an arbitrary function.

5 Equivalence groups for evolution equations

5.1 Generalised Burgers equation

The generalised Burgers equation
U + uty + f(t)uge =0, (5.1)

has applications in acoustic phenomena. It has been also used to model tur-
bulence and certain steady state viscous flows. The group £ of equivalence
transformations for Eqgs. (5.1) was calculated in [71] (see also [63]) by the
direct method. The group £ comprises the linear transformation:

_ c
T=c3csx +cicit + ey, t=cit 4y, U= Bute (5.2)
Cs

and the projective transformation:

_ 36T — 1 _ 1 _ C3Cy
T=———+0C, t=c5— , U= c3cglut —x)+ —u+cy, (5.3
it — ¢y 2 Y Rt—c a6l ) Ce v (53)
where ¢, ..., c¢g are constants such that c3 # 0,¢5 # 0, and ¢ # 0. Under

these transformations, the coefficient f(t) of the Eq. (5.1) is mapped to

f=af. (5.4)
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It is manifest from Eqs. (5.2) and (5.3) that the continuous equivalence
group &, is generated by the six-dimensional equivalence algebra L¢ spanned

by

0 0 0 0 0 0 0
Y1—E,Y2—%,st—%+%,n—2ta+$%—uaa
) ) ) ) ) ) (5:5)
o T I — 42 7 e o .
}/})—xax+uau+2faf, Ys tat+xtax+(a: ut)au

5.2 Equations u; = Uy, + g(x, u, uy)

We showed in [65] that this equation has the infinite continuous equivalence
group £ with Lie algebra L¢ is spanned by the operators

0 0 0 0 0
Yl—aj }/2—%, %_2t§+x8—x_298—g’
; , (5.6)
— . _ 2 - .

5.3 Equations u; = f(x,u)uz: + g(x, u, uy)

In [64], we considered the equivalence group and calculated the invariants
for the family of evolution equations of the form

u = f(z,u)uge + gz, u,uy). (5.7)

A number of particular cases of this class of equations have been used to
model physical problems. Such examples are the well-known nonlinear dif-
fusion equation

w = [D(u)ugl,,
and its modifications, e.g. equations of the form
u = [g(z)D(w)us]e — K (u)u,

up = (u") e + g(x)u™ + f(x)u’uy,.

The generalised Burgers equation (5.1) is also a particular case of Eq. (5.7).
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The class of equations (5.7) has an infinite continuous equivalence group
&. with the infinite-dimensional Lie algebra Le spanned by the operators

0 0 0 0
3/1257 YQ:ta_fW_gﬁ_g’
9 e 0 0
Y¢_¢(I)%+2¢f0_f+¢fuz0g’
Vi = 000, 0) o + [hug — (a2 + 2ty + )] -
P ) ou u uu Uy zu Uz TT ag

5.4 Equations u; = f(x,u, uz) Uz, + g(x, u, uy)

We showed in [65] that this equation has the infinite continuous equivalence
group £ with Lie algebra L¢ is spanned by the following operators:

0 0 0 0
3/1257 Yz:ta—fw—ga—g,
0 0
0
0 ) B

5.5 A model from tumour biology

The system of equations

u = f(u) = (ues),
¢ = —g(cu), (5.9)

where f(u) and g(c, u) are, in general, arbitrary functions, are used in math-
ematical biology for describing spread of malignant tumour.

The equivalence transformations for Eqgs. (5.9) are calculated in [61]. It
is shown that the system (5.9) has the six-dimensional equivalence algebra
spanned by the following generators:

0 0 0 0 0 0

B o o _ 0 o .0
LAY VLA LA A A o
g D mag Tlg 20, Yesug A+l

(5.10)
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6 Examples from nonlinear acoustics

The equation

0 (0u du

— | = —u=|=- = const # 0

875(895 “at) Bu, = const #

is used in nonlinear acoustics for describing several physical phenomena.
The following two generalizations of this model and t heir equivalence groups
were given in [59] in accordance with our principle of a priori use of sym-
metries. The first generalized model has the form

% {% _ P(u)%} = F(z,u). (6.1)

Its equivalence algebra L¢ is a seven-dimensional Lie algebra spanned by

0 0 0 0 0 0
N=g T BT Ml Pap
0 0 0 0 0 8 8

The second generalized model has the form

9 [% @] — F(z,u). (6.3)

Its equivalence algebra is infinite-dimensional and comprises the operators

0 0 0 0
Y= o) - o) g Yo vlo)y — ¥0)Qg — Vo) o
Ygz)\(x)%, }@:t%—l—u%—l—Q%, Y},:ug—kFaiF (6.4)

7 Invariants of linear ODEs

Here, the method of calculation of invariants will be illustrated by the third-
order equation (see Section 2.3)

y" 4+ 3c1(x)y" + 3ca(x)y + e3(x)y = 0. (7.1)
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Definition 5.3. A function
h = h(z,y,c,d, " ...) (7.2)

of the variables x, y and of the coefficients ¢ = (cy, co, ¢3) together with their
derivatives ¢/, ¢”’,... of a finite order is called an invariant of the family
of linear equations (7.1) if h is a differential invariant for the equivalence
transformations (2.17)-(2.18)*. We call h a semi-invariant if it is invariant
only under the subgroup comprising the linear transformation (2.17)f. The

order of the invariant is the highest order of derivatives ¢/, ¢”,... involved

in h.

Remark 5.4. The independent variable x is manifestly semi-invariant. There-
fore, we can ignore it in calculating semi-invariants.

Theorem 5.9. Equation (7.1) has two independent semi-invariants of the
first order:

hi=cy—ci — ¢, (7.3)
hy = c3 — 3c1¢o + 265 + 2¢1¢; — cy. (7.4)
Any semi-invariant is a function of x,y and hy, he, b}, h5, .. ..

Proof. Firs we check that there are no semi-invariants of the order 0, i.e.
of the form
h = h(y,c1,c,c3).

We write the invariance test Y, (h) = 0 for the equivalence generator (2.28):

oh oh oh oh
77_+77/—+ (77//+20177/)_+ (77/”+30177H+30277,)

5 " 50 o, 90, = (7.5)

Since the function n(z) is arbitrary, and hence there are no relations between
its derivatives, Eq. (7.5) splits into four equations obtained by annulling
separately the terms with n, 7", n” and n’ :

Oh _, Oh _, Oh ., Oh _  Oh oh oh

— = — =0, —+3 =0, — +2¢;— +3co— =0.
oy " Ocy ’ +oa " 0 * Cl@cg + 62803

*It means that h is invariant under the equivalence group prolonged to the derivatives
d, ...

fOne can consider other semi-invariants by taking, instead of (2.17), any subgroups
of the general equivalence group. Note, that the classical papers [12], [72], [73], [86],
[24], [25], [20] mentioned in Introduction deal exclusively with invariants of the subgroup

(2.17).
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It follows that h = const., i.e. there are no differential invariants of the
order 0.
Now we take the first prolongation of Y and solve the equation

oh  ,0h , - Oh » , ~Oh  , 0h
- - 2 - 3 3 - -
"ay +77<961 + [n" + cm}ac2 + [+ 3" + czn}acg +n o

oh ~ oh
+[n/// + 20177// + 20/177/] a_/ + [n(w) + 30177/// + 30277” + 3011,,7// + 30/277/} W -0
c 3
by letting
h = h(y,c1,ca,c3, ¢, Ch, ).

Again, the term with 7 yields that h does nod depend upon y, whereas
the term with (™) yields Oh/0cy = 0. The terms with ', 1", 1’ give three
linear partial differential equations for the function h = h(cy, ¢, c3, ¢, ).
These equations have precisely two functionally independent solutions given
in (7.3) - (7.4).

We have to continue by taking the second prolongation of Y, and consid-
ering the second-order semi-invariants, i.e. letting h = h(c, ', ¢”). However,
one can verify that the equation Y; (h) = 0, where Y, is the twice-prolonged
operator, has precisely four functionally independent solutions. Since h;
and hy together with their first derivatives provide four functionally inde-
pendent solutions of this type, the theorem is proved for semi-invariants of
the second order. The iteration completes the proof.

Remark 5.5. The semi-invariants for third-order equations were calcu-
lated by Laguerre (see [73]). He found the first-order semi-invariant (7.3)

and a second-order one, hy = c3 — 3cico + 263 — ¢/, instead of (7.3). They
are equivalent, namely, ho = hy + h].

Let us turn now to the proper invariants. The infinitesimal transforma-
tion (2.18),
T~ +ef(x),

implies the following infinitesimal transformations of derivatives:
v~ (1+e€)7,
y// ~ (1 + 266’)@” +€g/§//7
y/// ~ (1 + 3€§/>y/ll + Sgy//é-ll + <<;_\g/é-llll
Consequently Eq. (7.1) becomes

7" + 367" + 36y +¢37 =0,
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where
G~ +e(l —af),

1
Eg ~ Cy + 5(55/// + 015// - 2028)7

C3 R C3 — 3€C3£/.

The corresponding group generator, extended to the first derivatives of ¢y, o
is

0 " / 0 1 " " / 0 o / 0
Y% N 5% + (5 B le ) 801 + (35 + 015 2025 ) 862 3035 803
0 1., 0
mo_ //_2//_ = (i) " //1_2 n__qtery Yo
(€ —ag - 24€) 5+ (56 + i€ + che" — 208" — 3c¢) 5

We rewrite it in terms of the semi-invariants (7.3)- (7.4) and after prolon-
gation obtain:

Y= g(% - Ef +2mg 8ih1 - [15(“’) + I+ 3ht| 9

3 Ohs
2 0 2 0
| 2 i) " Y | 2 ) " 1 ¢l 1"t
[35 HpY: +3h15}ah,1 [35 2" 4 R +4h1§]ah,{
1 (v) " I " Iy 0
— [3E0 + g+ g+ 3o+ amE ] (7.6)
2

The following results were obtained in [38] (see also [39], Section 10.2)
by applying to the operator (7.6) the approach used in the proof of Theorem
2.9.

Theorem 5.10. Eq. (7.1) has a singular invariant equation with respect
to the group of general equivalence transformations, namely, the equation

h — 2hy = 0, (7.7)
where hy and hy are the semi-invariants (7.3) and (7.4), respectively.

Theorem 5.11. The least invariant of equation (7.1), i.e. an invariant
involving the derivatives of h; and hs of the lowest order is

L[\ N
0==|7(5) — 65 +27h
LX) oo,

, (7.8)
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where

A=K, — 2h,. (7.9)

The higher-order invariants are obtained from 6 by means of invariant dif-
ferentiation, and any invariant of an arbitrary order is a function of # and
its invariant derivatives.

Corollary 5.1. Eq. (7.1) is equivalent to the equation
y/// — 0

if and only if A = 0, i.e. the invariant equation (7.7) holds (see [73]).

Corollary 5.2. The necessary and sufficient condition for Eq. (7.1) to be
equivalent to

y//l+y:O

is that A # 0 and that 8 = 0. For example, the equation
y" +clz)y =0

is equivalent to

only in the case

c(x) = (kz +1)7°,

where the constants k£ and [ do not vanish simultaneously.

8 Invariants of hyperbolic second-order lin-
ear PDEs

In this section and sections 9, 10 we will discuss the invariants for all three
types of equations, hyperbolic, elliptic and parabolic, with two independent
variables. The calculations are based on my recent works [41], [43] and
illustrate the application of our method to partial differential equations
with infinite equivalence groups.
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8.1 Equivalence transformations

Consider the general hyperbolic equation written in the characteristic vari-
ables z,y, i.e. in the following standard form:

Ugy + alx, y)u,y + b(z, y)u, + c(z,y)u = 0. (8.1)

Recall that an equivalence transformation of equations (8.1) is defined
as an invertible transformation

T = f(z,y,u), ¥=g(z,y,u), uw=h(z,y,u) (8.2)

such that the equation (8.1) with any coefficients a, b, ¢ remains linear and
homogeneous but the transformed equation can have, in general, new coef-
ficients @, b, . Two equations of the form (8.1) are are said to be equivalent
if they can be connected by a properly chosen equivalence transformation.
Proceeding as in Sections 3.1 and 4.1, we prove the following result.

Theorem 5.12. The equivalence algebra L¢ for Egs. (8.1) comprises the
operators

el e ? 0 L0 a0 0
Y—é*(l‘)ax+n(y)ay+0(x7y)uau+u P (8.3)

where &(x),n(y),o(x,y) are arbitrary functions, and ' are given by
Ml = _<0y + C”?’)a
= —(0z+0¢), (8.4)
P = —(0gy +ao, +bo, +cn +c&).

The operator (8.3)
transformations (8.
dent variable:

nerates the continuous infinite group &, of equivalence

ge
2) composed of the linear transformation of the depen-

and invertible changes of the independent variables of the form:

where ¢(x,y), f(x) and ¢(y) are arbitrary functions such that f'(x) #
0,9'(y) # 0.

Remark 5.6. The general group £ of equivalence transformations (8.2) for
the family of hyperbolic equations (8.1) consists of the continuous group &.
augmented by the interchange of the variables,

1=y, Y == (8.7)
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Hence, the group £ contains, along with (8.6), the change of variables

r=ry), y=s(x) (8.8)

obtained by taking the composition of (8.6) and (8.7).

8.2 Semi-invariants

In what follows, we will use only the continuous equivalence group of trans-
formations (8.5)-(8.5) written in the form:

U= Qp(x>y) v, go(x,y) # 0, (89)

f:f@,’), y:g(y)> (810)

where v = v(Z, ) is a new dependent variable.

Definition 5.4. A function
J=J(z,y,a,b,¢c,a,,a,y,...) (8.11)

is called an invariant of the family of hyperbolic equations (8.1) if it is a
differential invariant for the equivalence group (8.5)-(8.5). We call J a semi-
invariant if it is invariant only under the linear transformation (8.9) of the
dependent variable.

Let us find all semi-invariants. The apparent semi-invariants x and y are
not considered in further calculations. One can proceed by using directly the
operator (8.3) by letting & = = 0, but one does not need to remember the
expressions (8.4) for the coefficients p. Indeed, we consider the infinitesimal
transformation (8.9) by letting

plr,y) = 1+eo(z,y),
where ¢ is a small parameter. Thus, we have:
u[l+eo(z,y)v. (8.12)

The transformation of derivatives is written, in the first order of precision
in €, as follows:

uy = (1+ceo)v, +eo,v, uy = (1+c0)v, +eoyv,

Uzy R (14 €0) gy + €04V, + 0,0, + €04,V. (8.13)
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Therefore,
Ugy + aUy + buy + cu = (1 4 €0)vyy + €0y, + €00, + €04yv

+(1 + e0)av, + coav + (1 + eo)bv, + coybv(l + eo)cv,

whence the infinitesimal transformation of the equation (8.1):
Ugy + (a +e0y) vy + (b+ €0y) vy + [c + (04y + a0, + boy)| v = 0.

Thus, the coefficients of the equation (8.1) undergo the infinitesimal trans-
formations

a~a+eo,, bxb+eo,, C=c+e(oy+ao, +boy,), (8.14)

that provide the generator (cf. 8.3))

0 0 0
Z:ay%—i-ax%—l— (ny—l—aax—i-bay)%- (8.15)

Let us first consider the functions (8.11) of the form J = J(a, b, ¢). Then
the infinitesimal invariant test Z(J) = 0 is written:

0J + 0J + < +ao, +0b ) 0J 0
Oy—+ 00— o 0y +bo, | — = 0.
Y Oa b Y Y) dc
Since the function o(x,y) is arbitrary, the latter equation splits into the
following three equations obtained by annulling separately the terms with

Oy, 05 and oy, :
9y 0 00
oc ob oa
Thus, there are no invariants J(a, b, ¢) other than J = const.
Therefore, one should consider, as the next step, the semi-invariants
involving first-order derivatives of the coefficients a, b, ¢, i.e. the (8.11) of

the form

0,

J = J(a, b> C, Qg, Ay, bxa bya Cyg, cy)'
Accordingly, we take the first prolongation of the generator (8.15):

0 0 0 0 0 0 0
7 = O'y%—i—(fx%—F <ny—|-a0'x+b0'y> &%—Uzy%%—ayy%—{—amﬁ%—azy%
x Yy x )

0 0
+ (Omxy+a0zx+axUx+b0-xy+b$o-y) 80 + (nyy+a0xy+ay0$+b0'yy+by0'y> 86 ’
T Y

The equation Z(J) = 0, upon equating to zero at first the terms with
Oy, Ozyy and then with o,,,0,,, yields 0J/0c, = 0,0J/0c, = 0 and
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0J/0b, = 0,0J/0a, = 0, respectively. Hence, J = J(a,b,c,a,,b,). Now
the terms with oy, 0, and o, provide the following system of three equa-
tions:

o or on o ar or oo
dc ~ Oda, Ob, ' 0b de ' Oa de

One can readily solve the last two equations of this system to obtain J =
J(A, ag, by), where A = ab — c. Then the first equation of the system yields:

oJ oJ 0J

— — =——=0.
day b, O
The latter equation has two functionally independent solutions, e.g.
Ji=a,—-b, Jh=a,+A=a,+ab—c. (8.16)

Denoting h = Jo and & = J; — Jy, one obtains two independent semi-
invariants of the equation (8.1), namely, the Laplace invariants:

h=a,+ab—c, k=b,+ab—c. (8.17)

One can verify, by considering the higher-order prolongations, that the
semi-invariants involving higher-order derivatives of a, b, ¢ are obtained merely
by differentiating the Laplace invariants (8.17). Namely, we have the fol-
lowing theorem.

Theorem 5.13. The general semi-invariant for Eqgs. (8.1) has the following
form:

J = J(@,y, h k. b, by, oy kys P, hays By, Ko, Ky Ky - ). (8.18)

Proof. Let us consider the second-order semi-invariants. The differentia-
tions of the Laplace invariants with respect to x and y provide four second-
order semi-invariants hy, h,, kg, and h,. On the other hand, the general form
of second-order semi-invariants involves nine additional variables, namely,

Az, Qpy, Qyy, bxza ba:y7 byya Cxzy Cay, Cyy-

However, the invariance condition with respect to the second prolongation
of the generator (8.15) brings five additional equations due to the five deriva-
tives of o(x,y), namely (see the first prolongation of the generator (8.15))

Ozzay, Ozxyy, Oxyyy» Ogxa, Oyyy-

These additional equations reduce by five the number of the additional
variables involved in second-order semi-invariants. In consequence, we have
precisely four independent second-order semi-invariants, namely h, hy, kg,
and h,. The similar reasoning for the higher-order prolongations of the gen-
erator (8.15) completes the proof.



78 N.H. IBRAGIMOV SELECTED WORKS, VOL. IV

8.3 Laplace’s problem. Calculation of invariants

Laplace’s problem: Find all invariants for the family of the hyperbolic equa-
tions (8.1).

Here we will discuss the solution of Laplace’s problem given in [43]. An
arbitrary invariant of equation (8.1) is obtained by subjecting the general
semi-invariant (8.18) to the invariance test under the changes (8.10) of the
independent variables.

The infinitesimal transformation (8.10) of the variable x has the form

T~ x+ef(x) (8.19)
and yields:
Uy = (14 &€\ uz, uy =uy, Uy ~ (1+e)uzy,

where ¢ = d&(x)/dx. Hence, equation (8.1) undergoes the infinitesimal
transformation

(1 + 55,)/&@7 + a(l + ESI)Uj + bUg +cu = 0,
and can be written, in the first order of precision in ¢, in the form (8.1):
Uzg + auz + (b — e&'b)uy + (¢ — e€'c)u = 0.

It provides the infinitesimal transformation of the coefficients of equation
(8.1):
a~a, b~b—elh, ex~c—cellc (8.20)

The infinitesimal transformations (8.19) and (8.20) define the generator (cf.
8.3))
0 0 0

The prolongation of the generator (8.21) to a, and b, has the form

a o) 0 0 9,
X = —5(95)% +¢&'(x) [b% + o + axa—ax + bya—by}

and furnishes the following action on Laplace’s invariants:

X = —f(x)% +€(x) [h a% +k %] : (8.22)
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Now we will look for the invariants (8.18) involving the derivatives of h
and k up to second order. Therefore, we apply the usual prolongation pro-
cedure and obtain the following second-order prolongation of the operator
(8.22):

X =z )g+€h3+£k£+(5”h +2¢'hy) 0 + (&"k + 2¢'k,) 0

ox ok Oh, Ok,

+¢&'h 0 +¢&k +(&"h +3¢"h, +3¢'h )i+(£”h +2&'Nhy,) 0
van, 5" ak, o O ) g v ) By
By (€ 3E e 3E ) m 4 (€K 426 K)o €k
W oh,, w08 e ) g Ay A R S N

Since the function £(x) is arbitrary, its derivatives &'(z),£"(z), " (z) can
be treated as new arbitrary functions. Consequently, singling out in the
above operator the terms with different derivatives of £(x), one obtains the
following independent generators:

0 0 0

Xe = o Xem = haTm +k ETE (8.23)
ngzhaathka%Jrzh ai hyai + 2k, ézm+l<:ya%y+3hmﬁ£m
Xguzha%er 62 ai? +hya§zy+3kza]?m+kya]iy~

Likewise, the infinitesimal transformation (8.10) of the variable v,

y~y+eny) (8.24)
provides the following generator:

Y = a0 b+ b (5.25)
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Its second prolongation gives rise to the following independent generators:

) o0
V=2, Yp=h K 8.26
oy T By, Ok (8:26)
o 9 0 9 9 9 )
9 ) ) ) )
+ 2y G+ By g K g 2y B
o 0 ) ) ) 9

Yy = h k h Shy 2 4k 2 4 3k, O
" T ok, T o, T an, T ok, T o,

It follows from the the invariance condition under the translations, i.e.
from the equations X¢(J) = 0 and Y, (J) = 0, that J in (8.18) does not
depend upon z and y. It is also evident from (8.26), that the equations

h=0, k=0 (8.27)

are invariant under the operators (8.26). In what follows, we assume that the
Laplace invariants do not vanish simultaneously, e.g. h # 0. The equation
XeJ =0 for J = J(h, k) gives one of Ovsyannikov’s invariants [90], namely

k

= —- 8.28
p=7 (8.28)
One can readily verify by inspection that p satisfies the invariance test
for all operators (8.23) and (8.26). Moreover, the equations Xen(J) = 0

and Y~ (J) = 0 show that hgy, hyy, ks, and ky, can appear only in the
combinations

r = kyz — P haa, s = kyy — phy,. (8.29)

Thus, the general form (8.18) for the second-order invariants is reduced
to

J(h,p, hay by, Koy Ky By, Ky, 7, 8). (8.30)
One has to subject the function (8.30) to the invariance test
Xe(J)=0, Xe(J)=0, Y,(J)=0, Y,(J)=0, (8.31)

where the operators X, Xen, Yoy

w, and Y,» are rewritten in terms of the
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variables involved in (8.30) and have the form:

0 0 9 9 0
Xo= 2 von, 2,2 von, Loy,
¢ on T o, TR, T o T M o

0 9 o 0
oh <9
S R I MR P

9 9 9 9
h h k
o, TP ok o, T ok,

0 ) ) 0 0
Vi = gy ha o 2hy e ke g+ 20

0 o 0 .0
W Gy T R G T e

0 0 0 0 0
YT]”_ haT—f'ph@ky"_hx ahxy—i_km aijy—i_?)(ky_phy)%

+2h

0
+ 3<kx - phx)a )
(8.32)

+2h

The operators (8.32) obey the commutator relations
[Xe, Xer] = —Xer, [Xen Yyl =0, [Xe,Yip] =0,

[X5”7Y771] == 07 [Xg//’Yn//] == 07 [YT],7}/77”] = —Yn//’
and hence span a four-dimensional Lie algebra.
According to the above table of commutators, it is advantageous to begin

the solutions of the system (8.31) with the equations (see [39], Section 4.5.3)

0.7 o7 oJ 0.7 0.7

Xen(J) = 9 o, 2 2 3k, —ph

o) = g T Ph g g Ry g 4 3k —phe) 50 =0,
0.7 o7  oJ 0.7 0.7

Yo = b2l epn 2l o, 2L 0L s, — phy) 2t =0,

)= b P gt he G ke g 43k — o) o =0

Integration of the characteristic system for the first equation:

dh, dk, dhy, dk,  dr
h ph hy, ky, 3(ks —phy)

yields that J involves the variables h, p, hy, k,, s and the following combina-
tions:

A= ky — phy, T =hhgy — hyhy, v=phksy —kik,, w=hr—3\h,.

Then the second equation reduces to the form

oJ oJ oJ
Y S 1) TR A ey}
n'’ (J) ah _I_ aky 3( Y p y) 83 0
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Integration of this equation shows that J = J(h,p, \, u, 7, v,w, p), where

A =k, — phy, u=k,— ph,, ™= hhg, — hyh,,
y y y y (8.33)
v = phkyy — kyky, w=hr —3\h,, p=hs—3uh,.
We solve the equation (X¢—Y,/)(J) = 0 written in the variables h, p, \, u, 7, v, w, p :

oJ oJ oJ oJ

Xe =Y )(J)=A——p— +2w— —2p— =0
and see that J = J(h,p,m,7,v,n, N), where
w
m= Apu, n=uwnp, N:ﬁ- (8.34)

To complete integration of the system (8.31) we solve the equation X¢ (J) =

0:
o0J oJ oJ oJ oJ
XolJ) = higp, +3m5, +3vg, +3ma +6ng, =0

and obtain the following six independent second-order invariants:

k T v w n m
= — == — == — N = — M = — [ = — .
p h Y q]. h3 Y Q h3 Y )\2 Y hG Y h3 Y (8 35)
provided that h # 0 and X # 0. Note, that each of the equations
A=k, —ph, =0, p=k,—ph,=0 (8.36)

is invariant. We exclude this case, as well as (8.27), in our calculations.
Let us rewrite the invariants (8.35) in terms of Laplace’s semi-invariants
h and k, and Ovsyannikov’s invariant p = k/h. Using the equations

hk, —khyg hk, —kh
kx_phxz—:hpr7 ky_phyEM:h’pya
h h
we have:
)\:kw_phx:hpxa N:ky_phy:hpyv
"= kyw — P haw = APuz + 2hePe, w = h*pey — hhups, (8.37)
§ = kyy — phyy = hpyy +2hypy, p= h2pyy — hhyp,
Using these equations, one can easily see that
T h hzh 1 0%In|h
G=—=—— Y=~ il (8.38)

h3 k2 3 — h 0xdy
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and that Q = p3 qo, where ¢y is an invariant (since p* is an invariant) defined
by

1 0%In |k|
= — . 8.39
©= 0x0y (8.:39)
Furthermore, we can replace the invariant
w Pz b
M= = (-) (—y) 8.40
hS h/z\h/y (8.40)
by the invariant
p
H = R (8.41)

using the equations (8.34)-(8.37) and noting that M = NHI?. Indeed,

wp wp wp
NH = = = .
Ny hAp2p2  RST?

Invoking the definitions (8.33)-(8.35) and the equations (8.37), we have:

A2 (kx - phx)Q ka: - phx pi hpx Pz h x
Likewise, we rewrite the invariant (8.41) in the form
h 1
H:%:P%y__y:_@l@), (8.43)
W py hpy  py h1/y
Finally, we have
A v
[= 28 Pely (8.44)

W h
Collecting together the invariants (8.28), (8.38), (8.39), (8.42), (8.43)
and (8.44), we ultimately arrive at the following complete set of invariants
of the second order for equation (8.1):

i’ 1 8°1n |h| 1 01n |k
_ N et i | - -1 8.45
D h7 q1 h axay ) g2 k 89583/ ) ( )
N=— 2=l g9, ‘—y [="PePy 8.46
Dy OF S py Oy sl h (8.46)

Besides, we have four individually invariant equations (8.27) and (8.36):

h=0, k=0, ky—phy=0, k,—ph,=0. (8.47)
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8.4 Invariant differentiation and a basis of invariants.
Solution of Laplace’s problem

Let us find the invariant differentiations converting any invariant of equation
(8.1) into invariants of the same equation. Recall that given any group with
generators
X, = € u) o+ 0 ()
o T gt T gy
where x = (z!,...,2") are n independent variables, there exist n invariant
differentiations of the form (see [92], Chapter 7, or [39], Section 8.3.5)

D = f'D; (8.48)
where the coefficients f*(x,u, ug), u), . ..) are defined by the equations
X,(f) = D€, i=1,...,n. (8.49)

In our case, the generators X, are replaced by the operators (8.22),
(8.25). Let us write the invariant differential operator (8.48) in the form

D=fD,+gD,. (8.50)
The equations (8.49) for the coefficients become:

X(f) = fD.(&(x)) + g Dy(&(x) = =€ (x) f, X(g) =0;
Y(g) = [ D.(n(y)) + 9 Dy(n(y)) = —1'(y)g, Y(f)=0.

Here f, g are unknown functions of z,y, h, k, hy, hy, kg, ky, Rz, . ... The op-
erators X and Y are prolonged to all derivatives of h, k involved here.

Let us begin with f = f(x,y, h, k) and g = g(z,y, h, k). Then equations
(8.51) give the following equations for f :

of ,r,o0f  ,Of1 of 1, 0f L 0f1
5%—5@%%%]4@;”, na—y—n[h%m%}_o.

(8.51)

Invoking that &, &', n and 1/ are arbitrary functions (cf. the previous section),
we obtain the following four equations:
af _ of ,of _

ax—O, h%+kj%——f,

of of ,of

— =0, h=+k==0

oy 0 o TR T
whence f = 0. Likewise, the equations (8.51) written for g = g(z,y, h, k)

yield ¢ = 0. Thus, there are no invariant differentiations (8.50) with f =
f(z,y,h, k) and g = g(x,y, h, k).
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Therefore, we continue our search by letting
f = f(l’, Y, h7 k?, haca hy7 kma ky)7 g = g(m, Y, h7 k) haca hy7 kma ky)

The first-order prolongations of the generators X and Y furnish the opera-
tors (cf. (8.23) and (8.26))

9 0 9
X: —_— X//: -
€= g e =hgtha 552
o 0 0 0 9 9 |
Xeo= h2 4k yon, 2 1n, 2 von, L 1k, L
o= Iy thgE T2 g T h gy T e G TR g
and
9 o 0
v,— 2, v.-nZL 4L
1= oy T TR e .
o 9 0 0 9 g (59

Vo= bk vh L ron, ko 2k,
" o T aE T, T e, T e, Tk,

respectively. The operators X¢ and X, yield that the functions f, g do not
involve the variables x and y. Furthermore, equations (8.51) split into the
equations

Xe(f)==1 Xe() =0, Yy(f) =0, Yp(f)=0 (8.54)

and

Xe(9) =0, Xen(g) =0, Yy(g)=—g, Yyp(g)=0 (8.55)

for functions f(h, k, hy, hy, ks, ky) and g(h, k, hy, hy, ks, k), respectively. The
equations X¢r(f) = 0,Y,»(f) = 0 and Xev(g) = 0,Y,0(g) = 0 yield that f
and g depend on the following four variables (cf. the previous section):

h, k, XN=ky—phy=hpy, p=~k,—phy=hp,.
We rewrite the operators X and Y, in the variables h, A\, and p = k/h :

0 0 0 0 0 0
X =h—+42\— — Y, =h— — 4+ 24— .
¢ h8h+ )\8)\+#8u’ s h@h+)\8)\+ ,uau, (8.56)

integrate the equations

Xe(f)=—f Yp(f)=0

and
Xe(9) =0, Yy(g)=—g
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for the functions f(h,p, A, u) and g(h, p, \, p), respectively, and obtain:

h h
f=5FwI) g:;G(p,[), (8.57)

where p and [ are the invariants (8.28) and (8.44), respectively:

ko p _Am_ Papy
h’ h? h

p:

Substituting the expressions (8.57) in (8.50), one obtains the invariant dif-
ferentiation ) .
D= Fp.1) L D, + Gp. D)2 D, (5.55)
x Dy
with arbitrary functions F(p,I) and G(p, I).

Remark 5.7. The most general invariant differentiation has the form (8.58)
where F'(p, I) and G(p, I) are replaced by arbitrary functions of higher-order
invariants, e.g. by F(p,I,q1,q2, N,H) and G(p,I,q,q2, N, H), provided
that the corresponding invariants are known. It suffices, however, to let
that F' and G are any constants.

Letting in (8.58) FF = 1, G = 0 and then ' = 0, G = 1, one ob-
tains the following simplest invariant differentiations in directions x and v,
respectively:

1 1
Dy=—D,, Dy=—D,. (8.59)
Pz Py
Now, one can construct higher-order invariants by means of the invariant

differentiations (8.59) and prove the following statement.

Theorem 5.14. A basis of invariants of an arbitrary order for equation
(8.1) is provided by the invariants

k [ Pay _ 1 *In|h| 1Pk

_n — = 8.60
P=% o T Oxdy ' 2= Oxdy (8.60)
or, alternatively, by the invariants
k Da D 1 0 D 1 8%In|h|
P=7 h ' Pz OF Ty 0xdy (8.61)

Proof. The reckoning shows that the operators act as follows:

Dip) =1, i) = (N + 7)1+ plpgs — o).
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Da(p) =1, Doll) = (1 + )1+ plpta — ).

Hence, the invariants (8.61) can be obtained from (8.60) by invariant dif-
ferentiations, and vice versa. Consequently, a basis of all invariants of the
second order (8.45)-(8.46) is provided by (8.60) or by (8.61). Furthermore,
one can show, invoking equations (8.37), that the invariants differentiations
D; and D, of the basic invariants (8.60), or (8.61) provide 6 independent
invariants involving third-order partial derivatives of h and k. On the other
hand, consideration of third-order invariants involves 8 third-order deriva-
tives of of h and k. However, the invariance condition brings two additional
equations due to the fourth-order derivatives €@ (z) and 1) (y), so that
we will have precisely 6 additional invariants, just as given by invariant
differentiations. The same reasoning for higher-order derivatives completes
the proof.

8.5 Alternative representation of invariants

It can be useful to write the invariants of the hyperbolic equations in the
coordinates

z=x+y, t=x-—uy. (8.62)
We have:

_z+t _z—t

- 2 9 ?/— 2 9

Uy = Uy + Uy, Uy = Uy — Uty  Ugy = Uzz — Ut

Then Eq. (8.1) is written in the alternative standard form:
Usy — Uy + A(2, Uy + bz, t)uy + &2, )u = 0, (8.63)

where
b(z,t) = a(x,y) — b(x,y), (8.64)

The equivalence algebra Lg for Eq. (8.63) can be obtained without
solving again the determining equations. Rather we obtain it by rewriting
the generator (8.3) in the alternative coordinates (8.62). Let us consider,
for the sake of brevity, the (x,y,u) part of the operator (8.3) and write it
as follows:

0 0 0
Y: R —_ _ = = ).
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Rewriting it in the new variables (8.62), we have:

~0 0 _ 0

where

E=E4m, T=E-n, T=o0

Now we rewrite the conditions &, = 0, 7, = 0 in terms of £(2,t),7(z,t). We

have . .
£:§(§+ﬁ% n:§(§—?ﬂ

and
1~ - ~ _ 1~ - =~ _
fy:§(£z+77z_ft_77t)7 nx:§<€z_nz+€t_nt)-
Hence, the conditions £, = 0, 7, = 0 become:
EAT—& =T =0, &—TL+&—T=0,

whence

fz = ﬁta ﬁz = gt-
This proves the following theorem.

Theorem 5.15. The equivalence algebra Lg for the family of equations
(8.63) comprises the operators (properly extended to the coefficients a, b, ¢)

= 0 0 - 0

where E (z,t) is an arbitrary function, whereas E (z,t),m(z,t) solve the equa-
tions

&=, 7.=24. (8.66)

The operator (8.65) generates the continuous infinite group &. of equivalence
transformations composed of the linear transformation of the dependent
variable:

u:@/J(Z,t)’U, ¢(9€7y) 7é07

and the following change of the independent variables:

() (), T (55
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The invariants of Eq. (8.63) are readily obtained by applying the trans-
formation (8.62) to the invariants invariants of the previous section. Namely,
we have from (8.64):

a
and hence, invoking (8.62):
1/, _ - - 1,
ax:§<az+at+bz+bt), by:§<az—at—bz+bt>.
The Laplace invariants (8.17) become
1 - - ~ >~ 1 ~9 79 ~
h:§<a2+at+bz+bt>+1<a —b>—C,
k—l(N i 6+5)+1(~2 82) G
= 5 Q, Qy P t 1 a C.

It is convenient to take their linear combinations h + k, h — k and obtain
the following semi-invariants for Eq. (8.62):

8 -1 8 s .
h:&z+bt+§(a2—b2) — 98 k=a b (8.67)
We have ] {
h:i(lﬂ/};), k:§(h—/2), (8.68)
and Ovsyannikov’s invariant p (see (8.60)) is written in the form
k h—k 1—(k/h
po kb bk _1=(/h) (8.69)
h o h+k 1+ (k/h)
It follows that R
k_1-p
ho 1+p

Thus, we get the following Ovsyannikov’s invariant for Eq. (8.63):

p==- (8.70)

S T

Likewise, we can rewrite all invariants (8.45)-(8.46) in the alternative
coordinates and obtain the invariants for Eq. (8.63). For example, the
invariant I from (8.46), is rewritten using (8.68) as follows:

I = pxhpy =7 i . (pz +pt> (pz — pt> == i . (pi — pf)- (8.71)
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Now we get, use the expression (8.68) for p :
kh, — hk, fehy — hk
22— s Pt =4 —=—=—,
(h+ k) (h+k)?
and substitute in (8.71) to obtain the following expression for the invariant
(8.71):

p. = (8.72)

8 T R
— kh, — hk,)* — (kh, — hk;)?|.
il )? — (kb — Bk
Since h+k = (p+ 1)l~€ and p is an invariant (see (8.70)), we can replace h+k

by k and, ignoring the constant coefficient, obtain the following invariant
for Eq. (8.63):

= s TIN (LT T2
I=~ [(khz — RE)? — (khy — hi,) } . (8.73)

Furthermore, we can readily obtain from (8.59) the corresponding in-
variant differentiations for Eq. (8.63). We have:
1 1 1 1
Dlz—Dx:—<Dz+Dt>, DZ:—Dy:—(DZ—Dt>.
Pz Pz Dy Dy

Substituting here the following expressions for p, and p, (see (8.72)):

2 . - -
Pe =Dt Pt = m [k(hz + ht) - h(kz + kt)i|
2 - - -
= Pz — :#khz—h _hkz_k 5
Py =D:—Di (h+k)2[ ( 0) = I t)}
and ignoring the coefficient 2, we obtain:
AV
D= hERT (DZ—FDt),
k(h, + h) — h(k, + kt)
[ AY)
D2:~~ Eh—i_ki)N ~ (Dz—Dt>
k(h, —hy) — h(k, — k)

Since h = pk (see (8.70)), and hence h + k = (1 + p)k, the invariant
differentiations for Eq. (8.63) can be written as follows:

~ k

D == = = (DZ+Dt)7
hz + ht - p(kz + kt)

D, = ) (Dz - Dt>. (8.74)
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9 Invariants of linear elliptic equations

E. Cotton [14] extended the Laplace invariants to the elliptic equations
Una + upg + A, B)us + B(o, B)ug + Ca, flu =0 (9.1)

and obtained the following semi-invariants:
1
H:Aa+Bg+§<A2+B2>—2(J, K=As;—Ba.  (92)

Cotton’s invariants can be derived by considering the linear transforma-
tion (8.9) and proceeding as in Section 8.2. This way was illustrated in [41]
where I also mentioned that Cotton’s invariants (9.2) can be obtained from
the Laplace invariants (8.17) merely by a complex change of the indepen-
dent variables connecting the hyperbolic and elliptic equations. Namely,
the change of variables

a=z+y, [=ily—x) (9.3)

maps the hyperbolic equation (8.1) into the elliptic equation (9.1). We will
rather use the alternative representation of invariants given in Section 8.5.
Then the variables (9.3) and (8.62) are related by

a=z, [=-—it (9.4)

It is manifest that
D,=D,, D;=—iDg (9.5)

and the hyperbolic equation (8.63) becomes the elliptic equation (9.1),
where

A=a, B=-ib, C=¢ (9.6)

Theorem 5.16. The equivalence algebra Lg for the family of the elliptic
equations (9.1) comprises the operators (properly extended to the coeffi-
cients A, B, C)

Y = €0 0) g + € )+ vl )

where v(a, 3) is an arbitrary function, whereas £!(a, 3), £*(a, 3) solve the
Cauchy-Riemann equations

=8, &=-¢. (9.8)
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Proof. We proceed as in Theorem 5.15. Namely, we rewrite the operator
(8.65) in the new variables (9.4) to obtain

0 0 0
Y =g f)gr +8(aB)55 + v fug:,

where
g=¢ E€=—in, v=o.
We have _ N
e=Cu &=-i& M=i&, =i
It follows that the equations (8.66) become the Cauchy-Riemann system
(9.8), thus proving the theorem.

Using (9.5) and (9.6), we readily obtain the Cotton invariants (9.2) from
the semi-invariants (8.67). Namely, they are related as follows:

h=H, k=-iK. (9.9)

Likewise we transform the invariants p (8.70) and I (8.73) for the hyperbolic
equation (8.63) into the following invariants for the elliptic equation (9.1):

K
P = T (9.10)
and .
J=15 (KH, — HK.)* + (KH; — H.K,)?|. (9.11)
We have the relations N
p=—P I=—J (9.12)

It is not difficult to transform in a similar way all basic invariants (8.60)
and (8.61) as well as the individually invariant equations (8.47) and obtain
the invariants and the individually invariant equations, respectively, for the
elliptic equation (9.1).

Furthermore, one can readily obtain from the invariant differentiations
(8.74) the corresponding invariant differentiations for Eq. (9.1). Indeed,
using Egs. (9.5), (9.9) and (9.12), we rewrite the operators (8.74) as follows:

- K
D = . (Do~ iDs).
' (Hy + PKy) +i(H, + PK,) p

- -K
Dy — : (Da+ D),
*7 (Hs+ PKp) —i(Hy + PK,) g
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or
Dy = S [(QsDa — QuDp) — i(QaDa + QsDs)],
Dy = —S [(QsDa — QuDp) +i(QaDa + QsDj)],
where
K
Q.= H,+ PK,, Qg:Hﬁ+PKg, S = m.

Singling out the real and imaginary parts obtained by taking the linear
combinations
R 1/~  ~ N i~ o~
Dy=5(Di-D:), Do=5(Di+Ds),

we arrive at the following invariant differentiations for Equation (9.1):

5 _ K
' (Hs + PKy)? + (H, + PK,)?

[(Hg + PKy)Dy — (Ha + PKQ)Dﬂ} ,

~ K
D, —
? (Hﬂ + PKﬁ)Q + (Hoz + PKa)2

[(Ha + PK) Do + (Hs + PKﬁ)Dﬁ} .

One can rewrite in a similar way the basic invariants (8.60) and (8.61)
as well as the individually invariant equations (8.47). Subjecting these
basic invariants to the invariant differentiations ﬁl and 232, one obtains
all invariants of the elliptic equations.

10 Semi-invariants of parabolic equations
Consider the parabolic equations written in the canonical form:
ur + a(t, x)ug, + b(t, x)u, + c(t, x)u = 0. (10.1)

The group of equivalence transformations of the equations (10.1) is an
infinite group composed of linear transformation of the dependent variable:

u=o(z,y)v, o(x,y)#0, (10.2)

and invertible changes of the independent variables of the form:

T = ¢(t)> Yy = @b(t, [L’), (103)
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where ¢(t),v¥(t, z),o(t,x) are arbitrary functions. Let us verify that (10.2)—
(10.3) are equivalence transformations. The total differentiations

D—é—f— g_i_ i_}_ i_|_
T ot T "o utt@ut umﬁux ’

D —ngungu i+u i+
T ox ou " Ou, Uy

are mapped by (10.3) to the operators D, D, defined by the equations
Dt == Dt(¢)DT + Dt(w)Dya D:(: = D:c(Yﬂ)Dy,
or
D, =¢'(t)D. + Dy, D, =1,D,. (10.4)
Application of (10.4) to (10.2) yields:

/
U = 0PV + OYUy + 00, Uy = 0Py + 040,

Upy = mﬂivyy + (0Vpe + 20,90, )y + 04a0.

Hence, the equation (10.1) is transferred by the transformations (10.2)-
(10.3) to an equation having again the form (10.1):

vy + vy + [ (e + 2720, )a+ b, + 010,
o g (10.5)
T [—t+ﬂa+—$b+c}v:0.
g ag g

Let us find semi-invariants of the equations (10.1), i.e. its invariants
under the transformation (10.2). Substituting the infinitesimal transforma-
tion

ur [14en(z,y)v
into the equation (10.1), or using (10.5) with
o) =t, (t,z)=ur,
one obtains:

Uy 4 AUz + (b + 2ean,) v, + [c + e(ny + ange + bne)]v = 0.

Thus, the coefficients of the equation (10.1) undergo the infinitesimal trans-
formations

a=ua, brb+2ean,, Tmc+e(ny+ a +bn,), (10.6)
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that provide the generator

0 0
X =2an,— 50 (77t + ang, + bnx> — (10.7)

dc
The infinitesimal test X J = 0 for the invariants J(a, b, ¢) is written

0J 0J
2@7733 8() (nt + ANy + bn:;:) % - 07

whence 0J/0c =0, 0.J/0b = 0. Hence, the only independent solution is
J =a. (10.8)

Therefore, we consider the semi-invariants involving the first-order deriva-
tives (first-order differential invariants for the operator (10.7)), i.e. those of
the form

J<a7 g, Ay b, bta bx; C, Ct, Cx)-

The once-extended generator (10.7) is:

X = 2an, 666 (nt+a77m+bnx> 5 +2 <Clntm+atnx> 3(?% (anm+am77x>£

T

0 0
+ (ntt + ATtz + QMo +b7]t$ + btﬁx) 8 (nt.t + AMzax + QMo + bnaw + b$n$> 87 :
Ct T
The equation

XJ =0,

upon equating to zero the terms with Mz, Mewws Miws My Nez, and finally
with 7, yields

oJ 0J oJ oJ 0J oJ
— =0 =0, —=0, —=0, —=0, — =0.
(9ct ’ 8Cx ’ 8[?75 ’ dc ’ (%x ’ ob
It follows that
J = J(a,a,a,). (10.9)

Thus, there are no first-order differential invariants other than the trivial
ones, i.e. J = J(a,ay,a,). Therefore, let us look for the semi-invariants of
the second order (second-order differential invariants) , i.e. those of the
form

J(CL, Aty Qg Aty Qpgy Qg b> bta b:u btt7 btma bxaza C, Ct, Cg; Cyty Cig, Ca:a:)'
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We take the twice-extended generator (10.7) and proceed as above. Then
we first arrive at the equations

o.J d.J o.J

%tt B O’ actx B 0’ acxm B 0’

aJ aJ aJ aJ (10-10)
T R T T

Egs. (10.10) yield that
J == J(a7 Aty Agy Aty Qpgy Agyy b7 bt; b:m b:mm Cz)v

and the equation X'J = 0 reduces to the following system of four equations:

0.J 0.J o]  oJ 0.J 0.J
2 —_— —_—— = _— bt b =
g, 2, =0 gy T a. =Y aabx‘*(aw )abﬂr 0,
oJ  oJ 0.J 0.J
a—ab + at—abt + axabx + (am bz)abm 0 ( 0 )

Solving Egs. (10.11) we arrive at the following result obtained in [41].

Theorem 5.17. The semi-invariants of the second order for the family of
parabolic equations (10.1) have the form

‘]: CI)<K7a7at7ax7att7atx7azz)7 (1012)

where ® is an arbitrary function and

1
K = 3 b2a, + (at + aay, — ai) b+ (aa, —ab)b, — ab; — a*by, +2a*c,. (10.13)
Hence, the quantity K given by (10.13) is the main semi-invariant and
furnishes, together with a, a basis of the second-order semi-invariants.

Remark 5.8. In addition to the semi-invariants (10.12), there is an invari-
ant equation with respect to the equivalence transformations (10.2)—(10.3).
This singular invariant equation is derived in [69] and involves the deriva-
tives of the coefficient a up to fifth-order and the derivatives of K with
respect to x up to second order.

Proceeding as in the case of hyperbolic equations, one can prove the
following theorem stating that the semi-invariants involving higher-order
derivatives of a, b, c are obtained merely by differentiating a and K.

Theorem 5.18. The general semi-invariant for the parabolic equations
(10.1) has the following form:

J = J(tu z,a, Ku A, Qg Kta K:m Aty Atgy Qg Ktt7 Kta:a szu .. ) (1014)
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11 Invariants of nonlinear wave equations

11.1 Equations vy = f(@, V)V + g(x, vy)
In [68], the second-order invariants are obtained for Eqgs. (4.1),
Uit = f(xavx)vxx + g(xavz)~

The following invariants with respect to the infinite equivalence algebra
(4.11) provides a basis of invariants:

_ Ih
(22

y= ff2(292 = f1) = [ fafi2 = 3 (f2) (92 — f1)
falfa (g2 — f1) + f (fi2 — g22)] ’

Ji(fifoz + 2f2g22) +4 g [fo2(g2 — f1) — fag22]

A

v=1 [f2 (92 — f1) + f (fi2 — g22)]?
—(f )2 2[(f1)* + (92)*] + f(fi1 — 2912) + fag1 — 5 f192 _
’ [fa (g2 = f1) + [ (f12 — g22)]?
Here the subscripts denote the respective differentiations:
_of _of
f1—%> fo = o,

Furthermore, the following four individually invariant equations are sin-
gled out:

of
v,

fa(g2 = f1) + [ (fi2 — g22) = 0,

fF2(292 = 1) = ffafra = 3 (f2)? (92 — 1) =0,
FALA(fifo2 + 2f2922) + 4 92 [fo2(92 — f1) — fago2l}

— fH20(f1)% + (92)°] + f(fr = 2012) + fagr — 5 frga} = 0.

f?E 07

11.2 Equations uy — Uy = f(u, ug, uy)

It shown in [105] that Eqs. (4.15),

Ut — Ugy = f(u>uta ux)
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have the following first-order invariant:

2f — (ut — ux)(fw - fuz)
2 f = (w + ua)(fur + fur)’

and two individually invariant equations:

(ue — Ue)(fu, = fus) —2f =0

and
(ue + tz) (fur + fu,) — 2 = 0.

12 Invariants ofevolution equations

12.1 Generalised Burgers equations

It is shown in [63], that the generalised Burgers equation (5.1):
wp + wtg + f(t)uge =0,

has for its minimal-order invariant a third-order invariant, namely the Schwarzian

APV
o f/3 2 f )
Moreover, it has the following invariant differentiation:
Dt - %Dt

It is restricted to differentiation in ¢ since f depends only on .
The following generalization of the Burgers equation is also considered
in [63]:
w4+ uty + g(t, x) Uy, = 0. (12.1)

It is shown that the generators (5.5) span the equivalence algebra for Eq.
(12.1) as well and have the following invariants:

Ji = f—z Jo = f_2(2ftfzfta:_f2fm_f2ftt)'
ffex’ o ' )
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12.2 Equation u; = Uy, + g(x, u, uy)

The following three third-order invariants for this equation are found in [65]:

L L3 JEYE
1 ]22 ) 2 [S ) 3 124 )

where

I = Guyuguas
Iy = 9ususus T Guus = JuupusUa = Jouus
Is = ¢ Gupueus + 99une — 29Gunpu, e — 299z,
= GuGugus Uz T Guy Guu, Uz + Guy Gouy — Gugus Gz
~ 20utls + Guuua Uy — 20002000, Yo + Grzua (12.2)
Iy = 99u,Jusucue — 299uusus — 29uGusus + 39u, Juu,
= GusJuuguz e ~ JuzJrusus — 4Guu + 2Guuu, e + 200w,
I = 299u,u, — 2UsGuu, — 29eu, — Ga, + 49u-
Furthermore, it is demonstrated in [65] that the equation under consid-
eration has the following six invariant equations:

299uu, — 2UsGuu, — 292u, — giz +49, =0

and
11:(), ]2:0, I3:0, 1420, 15:0

with Iy, ..., I5 defined in (12.2).

12.3 Equation u; = f(x,u)uz: + g(x,u, u,)

This equation has the following two second-order invariants ([64]):

I [l
fgy 2 [g )

Ji

where
I = fuupus — 2 fuu,
Iy = 3ul f2 — 42 f fuu — 8t f fou — 4f fow — 16.f gu + 8Uof Guu, + 8 Gau,
+ 6y fofu + 209 fu — 8Us fuGu, + 3F2 = 8fGu. — 89Gu,u, + 495,
Iy = Y f fuu + Af fou — Buafy — 3fefu — 2fulu, -

Furthermore, it is shown in [64] that the equation under consideration has
the following six invariant equations:

fuzo, IIIO, 12:0, 13:0.
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12.4 Equation u; = f(x,u, Uy )Usr + g(x, u, uy)
Here the second-order invariant is

513
J =3
Z

L = 2fo9:’I.Lx - sziu

2% fu + 31 fup fs

8f299umum - 8urf3guum - 8f3grux - 4fg2fumux + 4uif3fuu
4f2 (Ug fu, +4f) gu + 4f2fuxgx + 592]0330 —6fg(usfu+ fo)fu.
— 3uzf*fe = 2f*(3usfo +10g) fu — 3 f7.

&
I+

+ +

The equations
]1:0, 12:0, 13:0

are invariant under the equivalence group with the generators (5.8).
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Euler’s integration method for
linear hyperbolic equations
and its extension to parabolic
equations

REVISED PAPER [52]

Abstract. The first significant results towards the general integration theory for
hyperbolic equations with two independent variables were obtained by Leonard
Euler. He generalized d’Alembert’s solution to a wide class of linear hyperbolic
equations with two independent variables and introduced the quantities that
were rediscovered by Laplace and known today as the Laplace invariants. In
the present paper, I give an overview of Euler’s method for hyperbolic equations
and then extend Euler’s method to parabolic equations. The new method, based
on the invariant of parabolic equations, allows one to identify all linear parabolic
equations reducible to the heat equation and find their general solution. The
method is illustrated by the Black-Scholes equation for which the general solution
and the solution of an arbitrary Cauchy problem are provided.

1 Introduction

When I studied partial differential equations at university, one of amazing
facts for me was that one could integrate the wave equation

Ut — Ugpy — 0 (1].)
and obtain explicitly its general solution

w=f(z+1)+gle 1),

101
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while the general solution is not given in university texts for two other
ubiquitous equations: the heat equation

Vp — Vg = 0 (1.2)

and the Laplace equation
Uz + Uyy = 0. (1.3)

Later it become clear that this was partially due to a significant dif-
ference between the three classical equations in terms of characteristics.
Namely, the wave equation has two families of real characteristics and can
be written in the characteristic variables ¢ = x+t, n = x—t in the factorable
form:

ugn = DpDeu = 0. (1.4)

Therefore it can be solved by consecutive integration of two first-order linear
ordinary differential equations:

D=0, Deu=nv.

The integration can also be done by writing Eq. (1.1) in the factorized form:

0 0 0 0 _ 0

(6t m) (at * 8:10) “=u
A similar factorization to first-order differential operators is impossible
for the heat and Laplace operators since the heat equation has only one
family of characteristics whereas the Laplace equation has no real charac-
teristics. Of course, one can factorize the Laplace operator by introducing
the complex variable ( = iy, but this trick is just a conversion of the prob-

lem on integration to an equivalent problem on extracting the real part of
the complex solution

u = f(r+iy) + g(z —iy).

Let us consider the hyperbolic equations written, using the characteristic
variables, in the standard form

Usy + (2, Y)us + b(z, y)uy + c(z, y)u = 0. (1.5)

Can we factorize the left-hand side of every equation (1.5), i.e. write it as
the product of two first-order linear differential operators? Leonard Euler
[19] (see also [95], Introduction, and the references therein) showed that,
in general, the answer to this question is negative. Furthermore, he gave
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the necessary and sufficient condition for Eq. (1.5) to be factorable and
formulated the result in terms of the quantities

h=a,+ab—c, k=0b,+ab—c. (1.6)

Namely, he demonstrated that Eq. (1.5) is factorable if and only if at least
one of the quantities (1.6) vanishes. The solution of the factorized equation
(1.5) is obtained by the consecutive integration of two first-order ordinary
differential equations. If h = k = 0, Eq. (1.5) is reducible to the wave
equation (1.4).

Later, the quantities (1.6) were rediscovered by Laplace [75] in connec-
tion with what is called today “Laplace’s cascade method” and became
known in the literature as the Laplace invariants.

In order to understand if Euler’s method strongly requires two families
of characteristics or it can be extended to parabolic equations using only
one family of characteristics, 1 first investigated in [41] the question on
existence of invariants of parabolic equations similar the Laplace invariants.

The present paper (see also [53]) is a continuation of the work [41] and
gives an affirmative answer to the question on possibility of an extension of
Euler’s method to the parabolic equations. First of all, the linear parabolic
equations with two independent variables are transformed to the standard
form

Ut — Uz + at, x)uy + c(t,x)u =0 (1.7)

by an appropriate change of coordinates. Then the condition of reducibility
of Eq. (1.7) to the heat equation (1.2) is obtained in terms of the invariant

K =aa, — agy + a; + 2¢, (1.8)

of Eq. (1.7) found in [41]. Namely, it is shown that Eq. (1.7) can be mapped
to the heat equation (1.2) by an appropriate change of the dependent vari-
able if and only if the invariant (1.8) vanishes, i.e. K = 0.

The method developed here allows one to derive an explicit formula for
the general solution of a wide class of parabolic equations. In particular,
the general solution of the Black-Scholes equation is obtained and used for
the solution of the Cauchy problem.
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2 Euler’s method of integration of hyper-
bolic equations

2.1 Standard form of hyperbolic equations

The general form of the homogeneous linear second-order partial differential
equations with two independent variables, x and y, is

Atyy + 2B ugy + Cuyy +auy +buy +cu =0, (2.1)

where A = A(x,y),...,c = c(x,y) are prescribed functions. The terms with
the second derivatives,

Atgy + 2B uyy + Cuy,y, (2.2)

compose the principal part of Equation (2.1).
The crucial step in studying Eq. (2.1) is the reduction of its principal
part (2.2) to the so-called standard form by a change of variables

§=w(r,y), n=1vvy). (2.3)

Let us obtain the standard forms of the principal parts for Eq. (2.1). The
change of variables (2.3) leads to the following transformation of derivatives:

Uy = PrUg + w:vum Uy = Pylhg + ¢yum

Ugpy = Soiuﬁf + 2§0331/un§17 + ¢§unn + mezuﬁ + ¢wmunv (24>
2 2

Uyy = Pylge + 20y tey + Yytng + @yytie + yyuny,

Ugy = PrPyliee + (%ﬂ/’y + ythe ey + VutyUng + Payie + Yuyy.

Substituting the expressions (2.4) in (2.1) we see that Eq. (2.1) is written
in the new variables as follows:

/Nlugg +2B Ugp + 6“7777 + Qe + buy, 4 éu =0, (2.5)
where
A= Ap? + 2By, + Cy2,
B = Apths + B(pathy + oyths) + Coythy,
C = AY? + 2By,1), + C? (2.6)
AQgy + 2By + Coyy + ap, + by,
Aty + 2Bty + Cthyy + athy, + biby,

™
I

b

™\
I
O
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The principal part of Eq. (2.5) is
gu& +2B Ugy + 6“7777' (2.7)

It is manifest from (2.6) that the principal part (2.7) will have only one term,
2B gy, if we choose for p(x,y) and ¥ (x, y) two functionally independent so-
lutions,

w1 = p(z,y) and wy = ¥ (x,y), of the equation

AW +2Bwewy + Cw. =0 (2.8)

known as the characteristic equation for Eq. (2.1). Recall that for hy-
perbolic equations (2.1) the characteristic equation (2.8) has precisely two
functionally independent solutions.

If w(x,y) is any solution of Eq. (2.1), the curves

w(z,y) = const. (2.9)

are called characteristics of Eq. (2.1). In order to find the characteristics,
we set w
— = (2.10)

Wy

and rewrite the characteristic equation (2.8) in the form
Az, y)N* + 2B(z,y)A + C(z,y) = 0. (2.11)

For hyperbolic equations B?— AC > 0 and the quadratic equation (2.11)
has two distinct real roots, A (x,y) and Ay(z,y) given by

_B+VBT=AC _B- VB —AC
A ) )‘Q(xay) - A ’

Mi(z,y) = (2.12)
Substituting them in (2.10), we see that the characteristic equation (2.8)
splits into two different linear first-order partial differential equations:

Oow Oow Oow Oow
9 Mgy =0 gy ey, =0 (2.13)

The characteristic systems for the equations (2.13) are

dx dy dx dy
oy —0, &4 — 0. 2.14
I Ve B U W 21
Each equation (2.14) has one independent first integral, ¢(z,y) = const. and

Y(z,y) = const. for the first and the second equation (2.14), respectively.
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Accordingly, the functions ¢(x, y) and 1 (z, y) satisfy the first and the second
equation (2.13), respectively:

Op _ 0p _ 0¥ _\ 0¥ _
ox lﬁy_ ox oy

and hence they are functionally independent. Thus, they provide two func-
tionally independent solutions of the characteristic equation (2.11) and
therefore one can take them as the right-hand sides in the change of variables
(2.3). The new variables

fzwl(aj,y), W:W2($>y)a (216)

where wy(z,y) and wy(x,y) are two functionally independent solutions of
the characteristic equation are termed the characteristic variables. Thus,
in the characteristic variables Eq. (2.5) becomes

0, Ao 0, (2.15)

2§u5n + aug + Bun +cu = 0.

Dividing it by 2§, skipping the tilde and denoting ¢ and n by x and v,
respectively, we arrive at the following standard form of the hyperbolic
equations:

Uy + a(z, y)uy + b(x, y)u, + c(z,y)u = 0. (2.17)

2.2 Essence of Euler’s method

We owe to Leonard Euler [19] the first significant results in integration
theory of hyperbolic equations. He generalized d’Alembert’s solution to a
wide class of Egs. (2.17). He introduced the quantities*

h=ay,+ab—c, k=0b,+ab—c (2.18)

and showed that Eq. (2.17) is factorable if and only if at least one of the
quantities h and k vanishes (see [19]; see also [95], Introduction, and the
references therein). The solution of the factorized equation (2.17) is ob-
tained by the consecutive integration of two first-order ordinary differential
equations.

Euler’s method consists in the following. Consider Eq. (2.17) with
h = 0. Then this equation is factorable in the form

CRICR R

*The quantities (2.18) were rediscovered by Laplace [75] in connection with what is
called today “Laplace’s cascade method” and became known in the literature as the
Laplace invariants.
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Setting
v=u,+au (2.20)

one can rewrite Equation (2.19) as a first-order equation
vy +bv =0
and integrate it to obtain:
v =Q(y)e /v, (2.21)

Now we substitute (2.21) in (2.20), integrate the resulting non-homogeneous
linear equation
uy + au = Q(y)e~/ Evd (2.22)

with respect to y and obtain the following general solution of Eq. (2.17)
with A =0

u= [P(a:) + /Q(y)efadybdxdy} e~ Jady, (2.23)

where P(x) and Q(y) are arbitrary functions.
Likewise, if k£ = 0, Eq. (2.17) is factorable in the form

(a% - a) (% + bu) = 0. (2.24)

In this case, we replace the substitution (2.20) by
w = u; + bu (2.25)

Now we repeat the calculations made in the case h = 0 and obtain the
following general solution of Eq. (2.17) with £ =0:

u= [Q(y) + /P(:U)efbdx_“dyd:v e~ Jbdw, (2.26)

2.3 Equivalence transformations

In particular, Euler’'s method allows one to identify those equations (2.17)
that can be reduced to the wave equation by a change of variables, and
hence, solved by d’Alembert’s method. We will single out all such equations
in the next section. Here we discuss the most general form of the changes of
variables preserving the linearity and homogeneity of hyperbolic equations
as well as their standard form (2.17). These changes of variables are termed
equivalence transformations. They are well known and have the form

f:f(.T), g:g(y)7 Uza(m,y)u, (2'27)
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where f'(z) #0, ¢'(y) # 0, and o(x,y) # 0. Here u and v are regarded as
functions of z,y and ,y, respectively. The equations (2.17) related by an
equivalence transformation (2.27) are said to be equivalent.

Let us begin with the restricted equivalence transformations (2.27) by
setting
T =z, y = y and find the equations (2.17) reducible to the wave equa-
tion by the linear transformation of the dependent variable written in the

form
v = ue?®Y), (2.28)

We substitute the expressions
u=v efg(ﬂc,y)7
Uy = (Vp — VOg) e o@y) uy = (vy — voy) e 0@y,
Upy = (Vgy — Vg0 — VyOs — VU 0uy + ¥ 05 0,) €25V

in the left-hand side of Eq. (2.17) and obtain:

Upy + auy +buy + cu

= [vay + (@ = 0y) vz + (b — 02) vy (2.29)

+ (= 0wy + 0z 0y — a0, — boy, + c) v]e oY),

2.4 Reduction to the wave equation

Eq. (2.29) reduces to the wave equation v,, = 0 if and only if the equations
a—p, =0, b—p,=0 (2.30)

and
Ozy — 0z Oy T+ A0z + be —c=0 (231)

hold. Egs. (2.30) provide a system of two equations for one unknown func-
tion o(x,y) of two variables. Recall that a system of equations is called an
over-determined system if it contains more equations than unknown func-
tions to be determined by the system in question. Over-determined systems
have solutions only if they satisfy certain compatibility conditions.

Thus, the system of equations (2.30) is over-determined. Its compatibil-
ity condition is obtained from the equation ¢,, = 0., and has the form

a, = b,. (2.32)
Eq. (2.31), upon using Egs. (2.30) and (2.32), is written

a, +ab—c=0. (2.33)
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In terms of the quantities h and k defined by (2.18) the conditions (2.32)
and (2.33) are written in the following symmetric form:

h=0, k=0. (2.34)

Remark 6.1. The equations (2.34) are invariant under the general equiva-
lence transformation (2.27). In consequence, the change of the independent
variables does not provide new equations reducible to the wave equation.

Summing up the above calculations and taking into account Remark 6.1,
we arrive at the following result.

Theorem 6.1. Eq. (2.17) is equivalent to the wave equation if and only
if Egs. (2.34) are satisfied. Any equation (2.17) with h = k = 0 can be
reduced to the wave equation v,, = 0 by the linear transformation of the

dependent variable:
u=uve @Y (2.35)

without changing the independent variables x and y. The function o in
(2.35) is obtained by solving the following compatible system:

do do

dy

Theorem 6.1 furnishes us with a practical method for solving a wide class
of hyperbolic equations (2.1) by reducing them to the wave equation. In
order to apply this method, one has to rewrite Eq. (2.1) in the standard form
(2.17) by introducing the characteristic variables (2.16). Then one should
calculate the Laplace invariants (2.18). If h = k = 0, one can find o(x,y)
by solving the equations (2.36) and reduce the equation in question to the
wave equation v,, = 0 by the transformation (2.35). Finally, substituting

v=f(z)+g(y)

into (2.35) one will obtain the solution in the characteristic variables:

u=[f(z) +g(y)] e 2. (2.37)
Example 6.1. Let us illustrate the method by the equation (see [47], Sec-
tion 5.3.2) )
Upe Uy Up Uy )
?—?4—3(?—?)— . (238)

Here Eq. (2.8) for the characteristics has the form

-5 -9
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It splits into two equations:
T
T Y T Y
They have the following first integrals:

z? — y2 = const., z? + y2 = const.

Hence, the characteristic variables (2.16) are defined by
E=a22 -9 n=2"+4~ (2.39)
We have (cf. Egs. (2.4)):
Uy = Ug - Ep + Uy - 1y = 20 (ue + uy),
Uy = Ug - §y + upy - 1y = 2y(uy — ug),
Uge = 2(ug + uy) + 42?[(ug + 1y + (ug + up)y]
= 2(ug + uy) + 4% (uge + 2ugy + Uy,

( ) (
= 2(uy — tg) + 4y*[(uy — ue)y — (U, — uge)e]
( ) (

= 2(u, — ug + 4y u55—2u§n+um,)

Therefore, Eq. (2.38) takes the following form:

22 4 ¢ 22— 2
Ugy + Dy Ug — Dy u, = 0.
Invoking Egs. (2.39) and noting that
n? — €2 = 42y, (2.40)

we ultimately arrive at the following standard form (2.17) of Eq. (2.38):
2n 2¢

Ugy + = 0. 241
R 240
The coefficients of Eq. (2.41) are:
21 28
e T opee 70

We substitute them in (2.18) where we replace x and y by £ and 7, respec-
tively. We have
48n

(n? — €2)?

agzbn:
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and see that h = k = 0. Now we solve Eqgs. (2.36):

9o _ 2y 0o _ 2
on  npP—& 0 -
and obtain
o=In(n* - &).

Hence, the substitution (2.35) is written

In(n?—¢2)

= (" — &) u. (2.42)

It maps Eq. (2.41) to the wave equation

UV = ue

Vey = 0. (2.43)

Therefore
v(&,n) = f(§) +g(n),

and (2.41) yields:

_ S +h(n)
u(£77]> - T]Q . 52

Returning to the original variables by using Eqs. (2.39) and denoting F' =
f/4 and H = h/4, we finally obtain the following general solution to Eq.
(2.38):
F(2? —y?) + H(2® + 92
ulary) = TS ), (2.44)

Remark 6.2. We can integrate Eq. (2.38) by rewriting it in a factorized
form in the original variables. Note that the differentiations D,, D, in the
original variables are related with the differentiations D¢, D, in the new
variables (2.3) as follows (see (2.4)):

Da: - ngé" + 77an, Dy = Sny + nyDW’ (245)
whence ] 1
D£ = ﬁ (77me - 77sz) ) Dn = 5 (ngy - éyD:E) (2'46>
with
Q= éacny - éynm-

Applying Eqgs. (2.46) to the change of variables (2.39) we obtain:

1/1 1 1/1 1
DE:Z<—D$——Dy), Dn:Z<—D$+§Dy).

x Y x
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Therefore, Eq. (2.43) written in the form
DeDyy(v) =0

and Eqs. (2.42), (2.40) yield the following factorization of Eq. (2.38):
LyLy(u) =0, (2.47)

where L, Lo are the first-order linear differential operators given by

1 1 1 1
Li=-D,—-D,, Ly= (—Dz - —Dy) %P, (2.48)
T y z y

To solve Eq. (2.47), we denote Lo(u) = w, write Eq. (2.47) as the the

first-order equation
10w 10w

for w, whence
w=0on), n=1"+y

on integration. It remains to integrate the non-homogeneous first-order
equation

Lw=ow:
(25 * 550 ) @90 = oo

Denoting x%y*u = v for the sake of simplicity, we rewrite the equation in
the form

10v  10v
P + oy o(n).
The first equation of the characteristic system
dv
xdr = ydy =
¢(n)

provides the first integral 22 — y? = £ = const. Substituting n = 222 + £ in
the second equation of the characteristic system, dv = x¢(n)dz we have:

Qv = (€ + 20°)ede = § G(€ + 20%)d(x€ + 22,

whence

v = H(¢+22%) + F(¢).

Since & + 222 = 5 and v = 2%y?u, we finally obtain

2*y*u = H(n) + F(¢),
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i.e. the solution (2.44):

H(z® +y°) + F(z® — )
$2y2

It is manifest from the above calculations that the use of characteristic
variables simplifies the integration procedure significantly.

3 Parabolic equations

3.1 Equivalence transformations
The standard form of the parabolic equations is
up + A(t, 2)ugy + alt, v)u, + c(t, x)u = 0. (3.1)

The equivalence transformations of Eqs. (3.1) comprise the invertible changes
of the independent variables of the form

T=9¢(t), y=1v(t ) (3.2)
and the linear transformation of the dependent variable
v=o(t,x)u, o(t,x)#0, (3.3)

where ¢(t),9(t,z) and o(t,x) are arbitrary functions.
Under the change of the independent variables (3.2) the derivatives of u
undergo the following transformations:

Uy = ¢/UT + 7w/}tuya Uy = %Uy, Ugpyr = wiuyy + wxxuya

and Eq. (3.1) becomes:
gb'uT + Awiuyy + (wt + Aw;cz + ad}x)uy +cu = 0.

Therefore, by choosing 1 such that |A[? = 1 and taking ¢ = 4t in ac-
cordance with the sign of A, we can rewrite any parabolic equation in the
form

Up — Ugy + a(t, )u, + c(t, x)u = 0. (3.4)

In what follows, we will use the parabolic equations (3.4) and employ
their equivalence transformation (3.3) written in the form (cf. Eq. (2.28)):

v = uel®®) (3.5)
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Solving Eq. (3.5) for u and differentiating, we have:

U= veig( 7 Uy = (Ut - UQt) eig(t’x)a
Uy = (Vg — Vo) e D),
Upp = [Vw — 20200 + (02 — 02z)v] €727, (3.6)
Inserting the expressions (3.6) in the left-hand side of Eq. (3.4), we obtain:

Ut — Ugy + AU, + CU
= [vt — Vg + (a + 204) U, (3.7)
+ (Qaca: - Qi — 0t — AP« + C) U} e_Q(WC)'

3.2 Semi-invariant. Equations reducible to the heat
equation

Eq. (3.7) shows that Eq. (3.4) can be reduced to the heat equation
Uy — Vpe =0, ©>0, (3.8)
by an equivalence transformation (3.5) if and only if
a+20, =0, 0ps— 0°— 0 — a0y +c=0. (3.9)

The first equation (3.9) yields

1
= —5 & rx = — 5 Gz,
=Ty ¢ 2
and hence the second equation (3.9) becomes
1 1
10— Sa—ote=0.

Thus, Egs. (3.9) can be rewritten as the following over-determine system
of first-order equations for the unknown function (¢, z) :

1 1, 1
Q$:—§a, Qt:Za —§a$—|—c. (31())

The compatibility condition g,; = g4, for the system (3.10) has the form
Ay — Qgy + a; + 2¢, = 0. (3.11)

The left-hand side of Eq. (3.11) is the invariant (more specifically, semi-
invariant) for the parabolic equations first obtained by the author in 2000
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(Preprint) and published in [41]. Namely, it is shown in [41] that the linear
parabolic equations

ur + A(t, x) Uy + B(t, x)u, + C(t,x)u =0
have the following invariant with respect to the equivalence transformation
(3.5):
1
K =3B, + (At T AA,, — Ai)B
+ (AA, — AB)B, — AB, — A’B,, +2A*C,.

Since Eq. (3.4) corresponds to A = —1, B = a, C = ¢, the above semi-
invariant is written
K =aa, — ay, + a; + 2¢,. (3.12)

Summing up the above calculations, we arrive at the following result.

Theorem 6.2. The parabolic equation (3.4)
Ut — Ugy + a(t, T)uy + c(t,x)u=0
can be reduced to the heat equation (3.8)
Vp — Upg = 0
by an appropriate linear transformation (3.5) of the dependent variable,
u=ve o), (3.13)

without changing the independent variables ¢t and x if and only if the semi-
invariant (3.12) vanishes, K = 0. The function p in the transformation
(3.5) of Eq. (3.4) to the heat equation is obtained by solving the following
compatible system (3.10):

do 1 Jdo 1 5, 1

%——ﬁa, E—Za —§Gx+c.
The system (3.10) is compatible (has a solution o(t,z)) due to K = 0, i.e.
Eq. (3.11):

Aty — Qze + a; + 2¢, = 0.

Corollary 6.1. Any Eq. (3.4) with constant coefficients a and ¢ can be
reduced to the heat equation. Indeed, the semi-invariant (3.12) vanishes if
a,c = const.
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Remark 6.3. For hyperbolic equations a similar statement does not valid.
For example, the telegraph equation u,, + u = 0 cannot be reduced to the
wave equation.

Example 6.2. ([76], [41]). The semi-invariant (3.12) of any equation of
the form

Up — Uz + c(t)u =0
vanishes. Therefore this equation reduces to the heat equation by the equiv-
alence transformation u = v e/ «®dt,

Theorem 6.2 furnishes us with a practical method for solving by quadra-
ture a wide class of parabolic equations (3.4) by reducing them to the heat
equation. First, let us discuss the known solutions to the heat equation.

3.3 Poisson’s solution

Recall that, given any continuous and bounded function f(x), the function
v(t,z) defined by Poisson’s formula

1 z—2)2
ot ) = /f(z)e( P ds, 10, (3.14)

solves the heat equation (3.8) and satisfies the initial condition

v(0,2) = tlirfov(t,x) = f(x). (3.15)

To make the text self-contained, let us verify that the function v(¢, x) defined
by (3.14) satisfies the heat equation. The integral (3.14) itself as well as the
integrals obtained by differentiating it under the integral sign any number
of times converge uniformly due to the presence of the rapidly decreasing

r—z 2
factor e~ "% when t > 0. The integral (3.14) solves the heat equation
VU = Uy, because
_l’_

+o0 o0
b= / f(z)e” S /(m —2)%f(2)e” “
VTN 8t2\/rt ’

o

+oo
1 (x—2)>
Vp = — r—2)f(z)e” 4 dz,

1 (a!:fz)2 _(asfz)2

+00 +o00
— — - 4t —1 —_ 2 4t
Vg = 4t\/ﬁ/ f(z)e dz + 8t2\/ﬁ/ (x—2)*f(z)e dz.
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3.4 Uniqueness class and the general solution therein

The uniqueness of the solution to the Cauchy problem guarantees that (3.14)
provides the general solution to the heat equation in the half-plane ¢ > 0
provided that the solution is bounded.

In general, the solution to the Cauchy problem for the heat equation
may not be unique in the class of unbounded functions. It can be shown,

z—2)2
however, that the presence of the factor e~ 5 under the integral sign in
(3.14) guarantees the uniqueness of the solution in the class of continuous
functions v(t, z) defined on a strip

0<t<T < +00, —00 < T < +00

and such that |v(¢, z)| grows not faster than e*” as x — oo. In other words,
the following statement holds (see, e.g. [96], Ch. IV).

Theorem 6.3. The solution to the Cauchy problem

U — Ve =0 (¢ >0), 0(0,2) = lim v(t,z) = f(x)

t—+0

is unique and is given by Poisson’s formula (3.14) in the class of functions
v(t, z) satisfying the following condition:

max [v(t,z)] e L0 as x| — oo, (3.16)
0<t<T

where (3 is a certain constant.

Corollary 6.2. Let 9(t,z) be a continuous function satisfying the unique-
ness condition (3.16). If 9(¢, ) solves the heat equation for ¢ > 0, then it is
given by Poisson’s formula (3.14) with a certain function f(z).

Proof. Substituting in the integral (3.14) the function f(z) = 0(0,z), we
obtain a solution v(t,x) of the heat equation. Since the initial values of
both solutions o(¢,z) and v(t,z) coincide, v(0,2) = f(z) = ©(0,x), the
uniqueness of the solution to the Cauchy problem shows that o(t,z) =
v(t,x), i.e. that the solution (¢, x) is given by the formula (3.14).

According to Corollary 6.2, all continuous solutions of the heat equation
(3.8) satisfying the condition (3.16) admit the integral representation (3.14).
In other words, Poisson’s formula (3.14) provides the general solution of the
heat equation in the class of functions satisfying the condition (3.16).
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3.5 Tikhonov’s solution

A.N. Tikhonov [103] showed that the condition (3.16) is exact. Namely, he
noticed that there are solutions of the heat equation that are not identically
zero but vanish at ¢ = 0,

v(0,2) =0, —o0<z<+00,

and satisfy the following condition with any small ¢ > 0 :

_z2+s

max |v(t,z)|e —0 as |z|] — 0.

0<t<T
These solutions are, in fact, particular cases of the following Tikhonov’s
solution:

o(t,a) =F(t) + eFi(t) + 5 F/(8) + 5 F{(1) + -

xZn

(2n)!

x2n+1

(2n +1)!

F™(t) 4 FM () 4 - - (3.17)

given in [103]. Here F'(t) and F(t) are any two C'*° functions (i.e. dif-
ferentiable infinitely many times) such that the series (3.17) is uniformly
convergent. Let us verify that the series (3.17) solves the heat equation
(3.8). We can differentiate each term of the series (3.17) due to its uniform
convergence and obtain:

2 x3
vy =F'(t) + xF|(t) + o F"(t) + 3 F(t) + -
:L.Zn l.2n+1
Fnt1) g FOtD gy 4.
o) O+ gt O+
132 [EB ZL‘4
5ﬂ@+§ﬂw+ﬂﬂw+m

x2n+2 (n+1)
onrai Ot

vy =F1(t) + o F'(t) +

x2n+1

MR (t)+

=F'(t F/(t ﬁﬂt ﬁﬂt-n
Vgx = ()“’x 1()+2, ()+3, 1()"’

220 ) 2+l (nt1)

Subtracting term by term we obtain v; — v,, = 0.
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Tikhonov also showed that any solution v(t,x) of the heat equation
defined for all x and ¢ > 0 can be represented in the form (3.17). This
solution satisfies the conditions

V(t,0) = F(t), v,(t,0) = Fi(t). (3.18)

Furthermore, the solution of the heat equation satisfying the conditions
(3.18) is unique.

Note that the solution (3.17) is the superposition of two different solu-
tions:

262 334 $2n ()
tx)=Ft)+—=Ft)+—=F't)+ -+ —F"™ @)+ --- 1
v(ta) = FO+ PO+ O+ + G PO+ (319)

and

:L’S l’2n+1

5
- Fl’(t)+% FO+ -+ G FO(t) -+ . (3.20)

The infinite series representations (3.17), (3.19) and (3.20) of solutions to
the heat equation are particularly useful for obtaining approximate solutions
to the heat equation (3.8) and to the equivalent equations, e.g. by truncating
the infinite series. Tikhonov’s series representations are also convenient for
obtaining solutions in closed forms, in particular, in terms of elementary
functions. One of such cases is obtained by taking for F'(t) and F}(t) any
polynomials. Let us consider examples.

v(t,x) = xFy(t)+

Example 6.3. Letting in (3.20)
Fi(t) = a+ bt + ct® + kt*,

we obtain the following polynomial solution:

1 1 6k
v(t,z) = (a+bt+ct® +kt*)z + 3 (b+2ct+3kt*) 2’ + 5 (2c+6kt)2° + o x’.

In particular, taking a = b = k = 0 and ¢ = 60, we obtain the solution
v(t,z) = 60tz + 20tz® + 2°. (3.21)

The solution (3.21) satisfies the initial condition v(0,z) = x°, and hence
admits the following integral representation (3.14) when ¢ > 0 :

1 5 _(@=2)?
v(t,x) = z’e” @ dz. (3.22)

It is manifest that that the explicit form (3.21) of the solution is essentially
simpler.
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Example 6.4. Setting F(t) = e™* and Fi(t) = e* in (3.19) and (3.20),
respectively, we obtain the following two particular solutions:

v(t,r) =e ' cosz, wv(t,r)=e 'sinz.

Let us discuss now applications of Tikhonov’s solution (3.17) and Pois-
son’s solution (3.14) to the parabolic equations (3.4) with the vanishing
semi-invariant (3.12).

3.6 Integration of equations with the vanishing semi-
invariant

The solution of parabolic equations Eq. (3.4) with the vanishing semi-
invariant (3.12) is given by Eq. (3.13),

u=e 2D y(t, 1), (3.13)

where the function p(t, z) is obtained by solving Eqgs. (3.10), and v(t, ) is
the solution of the heat equation written either in Poisson’s integral rep-
resentation (3.14) or in Tikhonov’s series representation (3.17). We will
consider separately the use of Poisson’s and Tikhonov’s representations.

3.6.1 Poisson’s form of the solution

In this section we will employ the uniqueness condition (3.16). Using Eqs.
(3.13), (3.14) as well as Theorem 6.2 and Corollary 6.2, we arrive at the
following statement.

Theorem 6.4. Let the semi-invariant (3.12) of Eq. (3.4) vanish. Then
any solution to Eq. (3.4) belonging to the class of functions satisfying the
condition (cf. (3.16))

max |u(t, z) eQ(t’m)} e 50 as |z| — oo, (3.23)
0<t<T

where o(t,x) is found by solving the system (3.10), admits the integral
representation

400
]_ z—2)2
u(t,z) = e—elto) / f(2) S dz, t>0. (3.24)

2/t

Thus, Eq. (3.24) furnishes the general solution to Eq. (3.4) with the van-
ishing semi-invariant K, provided that the condition (3.23) is satisfied.
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Example 6.5. The equation
Up — Ugy + 22Uy —u =0 (3.25)

has the vanishing semi-invariant (3.12) (see Corollary 6.1). The system
(3.10) yields

Q(tu LU) = =T,
and hence Eq. (3.13) is written

u(t,z) = e v(t, x). (3.26)

Taking one of the simplest solutions to the heat equation, namely v = =z,
we get the solution
u(t,z) = xe®

to Eq. (3.25). This particular solution is unbounded. However, it satisfies
the condition (3.23), and hence admits the integral representation (3.24)
with a certain function f(z). How to find the corresponding function f(z)?
Let us discuss this question in general.

Poisson’s form of the solution is well suited for solving the initial value
problem not only for the heat equation but also for all parabolic equations
with the vanishing semi-invariant. The result is formulated in the next
theorem. In particular, it gives the answer to the questions similar to that
formulated in Example 6.5.

Theorem 6.5. Let (3.4) be an equation with the vanishing semi-invariant
(3.12). Then the solution to the initial value problem

Ut — Uz + at, x)uy + c(t,x)u =0, u|t:0 = ug(x) (3.27)
is given by
oo
u(t,z) = 2\}% eelto) / u(z) e20e~ e dz, t>0, (3.28)

—00

where o(t, z) solves the system (3.10).

Proof. Letting t — 40 in Eq. (3.24), using the initial condition

tlirfou(t, x) = u}tzo = ug(x)
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and the well-known equation

“+o0o
1 (acfz)2
lim z)e At dz = f(x), 3.29
tim = [ 1) (@) (3:29)
we obtain ug(x) = e~20%) f(x). Hence, the solution to the problem (3.27)
is given by Eq. (3.24) with

i.e. by Eq. (3.28).

Example 6.6. Let us give the answer to the question put in Example 6.5.
Since o(t,x) = —x and the particular solution is given by u(t,z) = xe®, we
have:

f(2) = up(z) e?®?) = zefe™ = 2.

Therefore Eq. (3.28) provides the following integral representation (3.24) of
the particular solution u(t, z) = xe® to the equation ws — Uy, +2u, —u = 0:
+o00

_(172)2
u(t,zr) = xe” = ze @ dz, t>0.

Example 6.7. Consider again Eq. (3.25),
Up — Ugy + 2Uy, —u = 0.
Substituting in Eq. (3.26),
u(t,z) = e v(t, x),

the fundamental solution

of the heat equation, we obtain u = £(¢, x), where

o(t) . a2
= e:E 4t 330
2v/mt ( )
and 6(t) is the Heaviside function. The function (3.30) is the fundamental

solution for Eq. (3.25). Indeed, writing the left-hand side of Eq. (3.25) in
the operator form

E(t,x)

L(u) = up — gy + 2u, — u,
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we see that the linear differential operator L acts on the function (3.30) as
follows:

L(E) = %e +0(t) L(Q\}E e)

Invoking that

1 22
L e’ Tw |, t>0,
(2\/7rt )

and

0'(t) = 68(t), F(t,2)8(t) = F(0,2)6(), lim e~ T = 0(x),

where ¢ is Dirac’s d-function, we obtain:

LE) = ¥ 6(t) 1 %t = o §(£)5(x).

m
t—+0 2/t

Since f(x)d(z) = f(0)d(x) for any C*°-function, and 6(¢)d(z) = o(t, x), we
finally see that the function (3.30) satisfies the definition of the fundamental
solution:

L(E) = 6(t, z).

3.6.2 Tikhonov’s form of the solution

If we do not require the condition (3.23), we can substitute in Eq. (3.13)
Tikhonov’s solution (3.17) and arrive at the following statement.

Theorem 6.6. Let the semi-invariant (3.12) of Eq. (3.4) vanish. Then the
series

2 3
ult, ) =e 2D [F(t) 4 2Fy () + = F'(t) + = FI(t) + -

21 31!
2n 2n+1
z (n) R (D) ]
T Ot G O+ (3.31)

where o(t, z) is determined by Egs. (3.10), solves the equation (3.4).

Example 6.8. Consider again Eq. (3.25). Since here o(t,z) = —z, Eq.
(3.31) is written

3
T
e {OR

The solution u(t, z) = xe® from Example 6.5 corresponds to F'(t) = 0, Fy(t) =
1.

u(t,z) = e [F(t) Y aF(t) + % F'(t) +
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3.6.3 Additional comments

Remark 6.4. Theorems 6.2 and 6.6 can be extended to the parabolic equa-
tions
Ut + Ugy + a(t, x)u, + c(t,x)u =0

reducible to the “time reversal heat equation”

Wy + Wyy =0
by the linear transformation of the dependent variable

w=1u eé(t’m),
where g is obtained by solving the overdetermined system (cf. Egs. (3.10))

Oz = 3

The compatibility condition of this system has the form (cf. (3.12))

K = aay + gy + a3 — 26, = 0.

Let us dwell upon the solutions related to Poisson’s solution. Since the
solution to the “time reversal heat equation” is given by

+oo
1 (z—2)2
w(t,x) = z)e a dz, t<0,
) 2\/_—m/f()

the solution of a reducible equation (i.e. when K = 0) has the form similar
to (3.24):

(z—2)2

+oo
1 _
u(t,x) = Q(t’x)/f(z)e - dz, t<O.

o
2/ —7t
Remark 6.5. If a parabolic equation is given in the general form (2.1),
Atgy +2Bugy + Cuyy +auy, +buy, +cu=0, AF#O0,

where A = A(z,y),...,¢c = ¢(x,y), we rewrite it in the form (3.1) by in-
troducing the characteristic variable t. Specifically, since B?> — AC = 0, the
characteristic equation (2.1) reduces to the linear equation

dp | 00

A—+B—=0.

ox oy
Taking any solution ¢(x,y) of this equation and rewriting the equation in
question in the variables z and ¢ = ¢(z,y), we will arrive at an equation of
the form (3.1).
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4 Application to financial mathematics

4.1 Transformations of the Black-Scholes equation

Consider the Black-Scholes equation

1
U + §A2x2um + Bau, — Cu=0. A,B,C = const., (4.1)
Upon the change of variables
2
T =1ty —t, yzg(ln\xl—ln\m), (4.2)
it assumes the form of Eq. (3.4) with constant coefficients:
A V2

Therefore, according to Corollary 6.1, the Black-Scholes equation reduces
to the heat equation written in the variables (4.2):

Uy — Uy = 0. (4.4)

The corresponding system (3.10) for determining the function o(7,y) is
written

do B A 9 A2 B B

by VaA a0 s 2 am
Integrating this system and ignoring the unessential constant of integration,
we have:

(B A>+(C’+A2 B+B2>

= ——-—= — ==+ — |7

¢ V2A 2v2)? 8 2 242

Hence, according to Eq. (3.13), the solution to Eq. (4.3) is given by

u(T,y):e<%_%)y+<2 §aa C)TU(Tay)a (4.5)

where v(7,y) is the solution of the heat equation (4.4).

4.2 Poisson’s form of the solution to the Black-Scholes

equation

According to Theorem 6.4 and Eq. (4.5), the solution to Eq. (4.3) is written

1 4B (B 22 B2 (). 2
U(T,y): 6(235 J;A)y+(§ AS 2]?42 C) /f(z)e_<y47> dz;7 > 0.
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Substituting the expressions (4.2) for 7 and y, we obtain the integral repre-
sentation of the general solution to the Black-Scholes equation (4.1) in the
variables ¢, x :

ult,z) = L G-E)mlE (8- A - )t
2 7T(t0 —t)

_ [V3(n |z|~In |ap|)— Az
/f 4A2(to—1) dz, t<ty. (4.6)

Black-Scholes [8] gave the solution of the Cauchy problem with a special
initial data. The Cauchy problem can also be solved by using the funda-
mental solution for the Black-Scholes equation obtained in [22] by using
the symmetries of the equation. Both ways are not simple. The integral
representation (4.6) of the general solution allows one to solve the initial
value problem

1
U + §A2x2um + Baru, —Cu =0 (t<tp), u‘t:to = ug(x) (4.7)

with an arbitrary initial data ug(x). Indeed, letting in Eq. (4.6) t — o and
using the initial condition we obtain:

u0<gj) :e(%_%)l | | lim — /f e 4(to t)[A 1n|7|7 dZ,

t=t 2, /m(to — t)

whence, according to Eq. (3.29),

uo() :f(%\/iln x£

Az
Denoting z = i\/ﬁ In |Ii‘ we have © = zgev2, and the above equation
yields

f(z) =g (9506%) e(%’ﬁ)z ‘

Substituting this expression for f in Eq. (4.6), we obtain the following
solution to the problem (4.7):

ult,z) = — )l B[ (5-E - -0)to-n
2\/7T(t0—t)
400

Az ( _A)Z _ [VZ(n |z|—In|zo])~ Az)?
X u()(xoe\/i)e vzZAT2v2) e 142 (to—1) dz, t <ty (4.8)

—00

oS
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Remark 6.6. Along with the general solution (4.6), group invariant solu-
tions can be useful as well, particularly those given explicitly by elementary
functions. Numerous invariant solutions are obtained in [22]. It is not
easy to recognize these invariant solutions from Poisson’s form (4.6) of the
solutions. Compare, e.g. one of the simplest invariant solutions from [22]:
U= 1 eB=C)ta—t)

with its integral representation obtained from (4.8) by substituting ug(z) =
T

u= (1 ) e(%_%)IH|L‘+(§_%2—£%—C)(tO—t)
2+/m to —t
+o0
(L_’_i)z _[\/i(ln\w\fln\xo“fAz]Q
X /xoe 2472v2/ e 44%(to—1) dz, t<tp. (4.9)
—00

4.3 Tikhonov’s form of the solution to the Black-Scholes
equation

Substituting in (4.5) the solution v(7, y) of the heat equation (4.4) in Tikhonov’s
form (3.17), we obtain Tikhonov’s representation of the solution to Eq.
(4.3):

2 2 2
u(ry) = ol ) (88220 [y 4y () 4 8 P ()

3 2n 2n+1

+%F{(7)+~~+ J 'F<">(r)+ J

on T FO(r) +] (4.10)

Now we replace 7 and y by their expressions (4.2) and arrive at the
following Tikhonov’s form of the solution to the Black-Scholes equation

(4.1) (ct. Eq. (4.6)):

)2+ (5 Z-0) v2

_ 2
u(t, ) = ol iz =C) (to=t) [F(to— 1)+ Falto — )5 n |-
0

| Ry | A L Y A AR

Example 6.9. Let us obtain Tikhonov’s form of the invariant solution

u = g eB-Otmt) (4.12)
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from Remark 6.6. The solution (4.12) is written in the variables 7 and y
given by (4.2) as follows:

A
u(r,y) = g eva?TEAT, (4.13)
We note that if we substitute it in Eq. (4.5),
e _ (b o (- E )

and solve for v we have the following solution to the heat equation (4.4):

(7, y) = o eVt (4.14)
where
A N B
a=—=+—="
2v2 V24
Writing
2 3
xoe"‘yeQQT:xoea27(1+ay+%Oz2+%a3+~->
or
2 2 2 y2 2 2 y3 3 2
xoeo‘yeaT:xoe“T—i—yaxoeaT—i—aa :coe‘”—i—aa xoe® T+

we see that Tikhonov’s series for the solution (4.14):

2 3
z0e™ T = () + yFi(7) + % F(7) + %F{(T) +
is satisfied with

F(r) =20e®", Fy(7) = aF(7) = azge®".

Hence, Tikhonov’s form (4.11) of the solution (4.12) of the the Black-Scholes
equation corresponds to

F(to — t) = Iy eaQ(tO—t)’ F]_ (tO _ t) = ax ea2(to_t).

4.4 Fundamental and other particular solutions

Egs. (4.5) and (4.2) provide the transition formula for mapping any exact
solution v(7,y) of the heat equation (4.4) to an exact solution u(t, z) of the
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Black-Scholes equation (4.1). The transition formula can be used either in
the form of the system (4.5), (4.2) or in the following explicit form:

ult,z) = e(%—%)1“!%|+(§‘A_‘B—‘C)(t°‘”v(to —t, g In ‘3 ) (4.15)
Zo

Let us find the Let us substitute in Eq. (4.15) the fundamental solution
the fundamental solution u = E(t, x;ty, zo) of the Cauchy problem for the
Black-Scholes equation defined by the equations

1
U + §A2x2um + Bxu, — Cu=0, t<tp,

= d(x — xp).

u}t:to = u}t—wo

We will use the transition formula in the form of the system (4.5), (4.2). If
we substitute in (4.5) the function

K 2
o(T,y) = W e_‘yl_f, 7 >0, K = const.,

which solves the heat equation (4.4) and is proportional to the fundamental
solution of the Cauchy problem for the heat equation, we get:

u(T,y) = 5 K e—£+(%—\/§/‘)y+<§—§—%—0)r, T > 0. (4.16)
T

Let us replace 7 and y by their expressions (4.2), introduce the notation

V2

z=— In|z|

A

so that y = z — zp, and rewrite (4.16) in the form

K _(-z)% . (_a __B _ B_A2_ B2 _ _
U — e 4(t0—t)+(2\/§ \/EA)(z ZO)+(2 8 242 C)(t" R t <tp.

2 7T(t0 — t)
Letting now ¢t — t; and proceeding as in Example 6.7 we obtain:
(i,i)(z,zo)
u|t:t0 = Ke\2vz v2a 3z — z0) = Kd(z — 2,).

Using the formula for the change of variables in the delta-function,

V2
Al

%
dx

dx —x,) = 0(z — 2,)

T=x0

0z — zo)
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we have:

Therefore, we take

V2
Alo|

substitute the expression for z and obtain the following fundamental solu-
tion of the Cauchy problem for the Black-Scholes equation:

_ (n|z|-In|zo 2

1
g - e To ,
Alxo|/2m(tg — 1)
(4.17)
where t < ty. It was obtained in [22] by means of the invariance principle.

The transition formula (4.15) can be used for obtaining numerous partic-
ular solutions to the Black-Scholes equation in a closed form, in particular,
those given by elementary functions. For example, one can take for v any
invariant solution of the heat equation. In this way, one can obtain all in-
variant solutions of the Black-Scholes equation by enumerating independent
invariant solutions of the heat equation provided by the optimal system of
one-dimensional subalgebras of the symmetry algebra of the heat equation.
Another way to find particular solutions of the Black-Scholes equation is to
substitute in Eq. (4.11) any polynomials F' and F}.

Example 6.10. The infinitesimal symmetry
X=——av—, «=const.,
of the heat equation v, — vy, = 0 provides the following invariant solution:
v = [C cos(ay) + Cs sin(ay)]e’azf, C1, Cy = const.

Substituting it in (4.15) we obtain the following solution to the Black-
Scholes equation:

1 x 2 2 2
s Crom (o (i £ B8y
Zo o

where [ = O‘T‘@.
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4.5 Non-linearization of the Black-Scholes model
Recall that the heat equation (4.4) is connected with the Burgers equation
Wy — WWy — Wy =0 (4.18)

by the following differential substitution known as the Hopf-Cole transfor-
mation:

w2l — Olnv?

: 5 (4.19)

Eq. (4.18) has specific properties due to its nonlinearity and is used in
turbulence theories, non-linear acoustics, etc. It seems reasonable to employ
the remarkable connections of the heat equation with the Black-Scholes
and the Burgers equations in order to describe nonlinear effects in finance
(“financial turbulence”). Noting that the transformations (4.2) and (4.5)
formally bring in the heat equation a “financial content”, I rewrite the Hopf-
Cole transformation (4.19) in the variables ¢, x,u given by (4.2), (4.5) and
the Burgers equation (4.18) in the variables ¢,z given by (4.2) and obtain:

B A Uy
w = \/5(Z — S+ Ax;), (4.20)
+A< +A) +A22 0 (4.21)
w+—=|w+ — ) rw, + — 7wy, = 0. .
G V2 2

One can verify that the linear Black-Scholes equation is connected with the
nonlinear equation (4.21) by the transformation (4.20).

4.6 Symmetries of the basic equations

For the convenience of the reader who might be interested in investigating
invariant solutions of the Black-Scholes equation and/or of the nonlinear
equation (4.21), I will list first of all the well-known symmetries of the heat
equation (4.4) and of the Burgers equation (4.18). Then I will recall the
symmetries of the Black-Scholes equation computed in [22] and will give
the symmetries of the nonlinear equation (4.21). All these symmetries are
mutually connected by the transformations (4.2), (4.5), (4.19) and (4.20).
For the linear equations (4.4) and (4.1) I will omit the trivial infinite part of
their symmetry algebras appearing due to the superposition principle. For
example, for the heat equation this trivial part comprises the operator

0
X* = U*(Tmy)%a

where v, (7, y) is any particular solution of Eq. (4.4).



132 N.H. IBRAGIMOV SELECTED WORKS, VOL. IV

4.6.1 Symmetries of the heat and Burgers equations

The symmetries of the heat equation (4.4) are:

Xl—%, X, a%’ X3:275+y§, X4:v%, (4.22)
X5_2Ta%—yua%, XGZTQ%—FTy%—i(QT—i—yZ)U%-
The symmetries of the Burgers equation (4.18) are:
Xlzg, Xzza%, X3:27'§T+y(%—wa%, (4.23)
X4:T%—a%, X5:T2§T+ry§y—(y+rw)a%-

To obtain the symmetries (4.23) of the Burgers equation there is no
need to solve the determining equations. They can be obtained merely by
rewriting the symmetries (4.22) of the heat equation in terms of the variable
w given by Eq. (4.19). I will illustrate the procedure by the operators Xj
and Xg from (4.22).

Let us begin with X5. We extend it to v, by the usual prolongation
formula,

0 0 0
X5 = 2r— — yo— — —
s =2y~ v~ g

and act on the dependent variable w of the Burgers equation. Using the
definition (4.19) of w we have:

2 v
X5(w) = - (v + yvy) + 2(yv)v—g = 2.

Hence, X5 is written in terms of the variables 7,y and w of the Burgers
equations as follows:

Up to the unessential coefficient 2, this is the operator X, from (4.23).
Proceeding likewise with the operator Xg we obtain:

1 1 0
X = 7-2—T + Ty—y — =27+ ¥ )v=— — [1(27 + 3, + SYv + T, v,

v
Xo(w) = -y — 27;3’ = —(y +1w),
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and hence we get

0 0 0
Xe=1"—+71y=— — (y +7W0) 5,
=T g Ty~ WU,
i.e. the operator X5 from (4.23).
If we will perform the similar procedure with the operator X, from
(4.22), we will see that its action on the variables of the Burgers equation
is identically zero. Indeed, its prolongation to v, is written

0 0
X = )— _—
4 Uav_l—vy@vy’

and hence X (w) = 0. Therefore X4 does not provide any symmetry for the
Burgers equation, and hence the Burgers equation possesses only five Lie
point symmetries.

4.6.2 Symmetries of the Black-Scholes equation

The Black-Scholes equation has the following symmetries obtained in [22] by
solving the determining equations. They can also be obtained by subjecting
the symmetries (4.22) of the heat equation to the transformations (4.2),
(4.5).

0 0 0 0 0
Xl_&’ XQ—LT%, X3—2ta+(lnx+Pt)x%+2Ctu%,
) L, 0 )

0 0 2 0
o 4242 2 _ 2,42 A2
Xg = 2A%t 5% + 2A txlnx—ax + [(lnx Pt) +2A°Ct* — A t]u—au,

where P is the constant defined by

P—p-Ltar
2

4.6.3 Symmetries of the nonlinear equation (4.21)

Let us obtain the symmetries of the nonlinear equation (4.21) by subjecting
the symmetries (4.23) of the Burgers equation to the transformation (4.2)
written in the form B

Y

t=ty—7T, T =xpev2. (4.25)
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It is manifest that the transformation (4.25) maps the first operator (4.23)
into

0
X =<
Lot
For the second operator (4.23) we have
A a4y A
Xo(r) = —=x0V2 = —=7
2(2) Nk 7

Hence, ignoring the unessential constant factor we obtain

0
XQZZL‘%'

For the third operator (4.23) we have

X3(t) = =217 =2(t — to), X3(z)= %yw = z(In |z| — In |xg]).

Therefore the operator X3 from (4.23) becomes

0 0 0
2(t — to)a + z(In|z| — In |x0])% —wo
0 0 0
= 275& +zln ’x‘% — w% — 2t0X1 —In ’x[)’XQ,

where X; and X, are given above. Taking it modulo X7, X5, we obtain the
following operator admitted by Eq. (4.21):

0 0 0
X3 =2t— 1 — —w=—"
’ at_HC nm@x ow
Proceeding likewise with remaining two operators from (4.23) we arrive at
the following symmetries of Eq. (4.21):

0 0 0 0 0
Xl:a’ ngxa—x, X3:2t§+l'hl|l’|%—wa—w,
0 0
Xy = Atr— 2— 4.2
4= Atz + V2o (4.26)
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4.7 Optimal system of one-dimensional subalgebras
for Equation (4.21)

The structure of the Lie algebra Ls spanned by the operators (4.26) is de-
scribed by the following commutator table.

Xy X Xz | X4 | Xs
X[ 0 0 | 2X, | AX,| X,
X, || 0 0 X, | 0 |LX, 2
Xs || 2%, | —X; | 0 | Xy | 2X;
X, [ -AX, [ 0 | —X4s | 0 | 0
X | —Xs | —2X:|—2X5] 0 | 0

The Lie algebra Lj spanned the symmetries (4.26) provides a possibil-
ity to find invariant solutions of Eq. (4.21) based on any one-dimensional
subalgebra of the algebra L, i.e. on any operator X € L;. However, there
are infinite number of one-dimensional subalgebras of L5 since an arbitrary
operator from Lj is written

X=0I'X+.. . +PX;, (4.28)

and hence depends on five arbitrary constants [1,...,[°. In order to make
this problem manageable, L.V. Ovsyannikov [91] (see also [92]) introduced
the concept of optimal systems of subalgebras® by noting that if two subal-
gebras are similar, i.e. connected with each other by a transformation of the
symmetry group, then their corresponding invariant solutions are connected
with each other by the same transformation. Consequently, it is sufficient
to deal with an optimal system of invariant solutions obtained, in our case,
as follows. We put into one class all similar operators X € Ls and select
a representative of each class. The set of the representatives of all these
classes is an optimal system of one-dimensional subalgebras.

Now all invariant solutions can in principle be obtained by constructing
the invariant solution for each member of the optimal system of subalgebras.
The set of invariant solutions obtained in this way is an optimal system of
invariant solutions. It is worth noting that the form of these invariant

*He considered subalgebras of any dimension. We need here only one-dimensional
subalgebras.
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solutions depends on the choice of representatives. If one constructs an
optimal system of invariant solutions and subjects these solutions to all
transformations of the group admitted by the equation in question, one
obtains all tnvariant solutions of this equation.

Let us construct an optimal system of one-dimensional subalgebras of
the Lie algebra Ls following the simple method used by Ovsyannikov [91].

The transformations of the symmetry group with the Lie algebra Lj
provide the 5-parameter group of linear transformations of the operators
X € Lj (see examples in Section 4.8.12) or, equivalently, linear transforma-

tions of the vector
L= (I',...,1%), (4.29)

where [, ... I° are taken from (4.28). To find these linear transformations,
we use their generators (see, e.g. [36], Section 1.4)

0
— AV —
EN_CMVZ w, /J—l,...,5, (430)
where cf;,, are the structure constants of the Lie algebra Ls defined by
(X, Xo] = ¢}, X
Let us find, e.g. the operator F;. According to (4.30), it is written
0
_ A v
E1 = Clyl W s

where ¢}, are defined by the commutators [X;, X,] = ¢}, Xy, i.e. by the
first raw in Table (4.27). Namely, the non-vanishing C;/\w are

1 2 _ 2 _
3 =2, c =4, cjy=1

Therefore we have:

0 0 0
B =2 At p
e T ERTE
Substituting in (4.30) all structure constants given by Table (4.27) we ob-
tain:

o) %) ) o 1,0
_ 913 Y 4 Y 5 Y _n3Y Y
By =2 on+ Alop + 0o, Br=lon+ 2000,
0 %) ) ) ) )
_ _ oyl ¥ 42 ¥ 4 ¥ 5 Y —_ _ 1~ 13 7
By =2l —Pop +llon + 205, Ei=—Allos — P,
Es = p 0 _L1p0  opd (4.31)

OB A oA o
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Let us find the transformations provided by the generators (4.31). For
the generator F;, the Lie equations with the parameter a; are written

71 5 72 5 73 5 74 75
ar AP _ g AP dlt o dP

— =2 .
d(ll ’ 0

da, 7 day 7 day 7 day

Integrating these equations and using the initial condition [ ‘al:O =1, we
obtain:

Er: ' =D1 420+ a0, 1?2 =012+ a Al
PB=P4+aql, 1*=1*, "= (4.32)
Taking the other operators (4.31) we obtain the following transformations:

By: ['=1', 2= +al® [°=1P Z4:z4+%15, i° =105 (4.33)

Es: ['=a3%l", [2=a3'?, 1P=0D, [*=agl*, 1°=d2° (4.34)

where a3 > 0 since the integration of the Lie equations yields, e.g.
[* = %% = a3l*. We have further
Ey: I'=1', P=P-adAl' P=P,
j4

-, 1P =1 (4.35)

Es: I'=1', 2= 1°=0P—al,

Z4zz4—%ﬂ, % =1 — 2a50° + a2l". (4.36)

Note that the transformations (4.32)-(4.36) map the vector X € Lj given
by (4.28) to the vector X € Ls given by the following formula:

X=0I"X\+...+1°X;. (4.37)

Now we can prove the following result on an optimal system of one-
dimensional subalgebras of the five-dimensional Lie algebra of symmetries
of Eq. (4.21).

Theorem 6.7. The following operators provide an optimal system of one-
dimensional subalgebras of the Lie algebra Ls with the basis (4.26):

X1, X, X3, Xy, Xi+ Xy, Xi-—Xy
X, X1+ X;, Xo + X5, X9 — X5. (4.38)
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Proof. We first clarify if the transformations (4.32)-(4.36) have invari-
ants J(I',...,1%). The reckoning shows that the 5 x 5 matrix |¢;,*| of the
coefficients of the operators (4.31) has the rank four. It means that the
transformations (4.32)-(4.36) have precisely one functionally independent
invariant. The integration of the equations

E,(J)=0, p=1,...,5,
shows that the invariant is
J=(*? - 1'P. (4.39)

Knowledge of the invariant (4.39) simplifies further calculations.

Since X3 is the most complicated operator among the symmetries (4.26),
we will try to exclude it from the operators of the optimal system when it is
possible. In other words, we have to annul I; if possible. It is manifest from
Eqs. (4.32)-(4.36) that we can annul /5 only by the transformation (4.36)
provided that ! and /3 do not vanish simultaneously.

The last equation in (4.36) shows that if I # 0, we get I5 = 0 by solving
the quadratic equation [° — 2a5l® + a2l' = 0 for as, i.e. by taking

CBEVI
=,

as (4.40)

where J is the invariant (4.39). We can use Eq. (4.40) only if J > 0.

Now we begin the construction of the optimal system. The method re-
quires a simplification of the general vector (4.29) by means of the transfor-
mations (4.32)-(4.36). As a result, we will find the simplest representatives
of each class of similar vectors (4.29). Substituting these representatives in
(4.28), we will obtain the optimal system of one-dimensional subalgebras of
Ls. We will divide the construction to several cases.

4.71 The case ' =0
I will divide this case into the following two subcases.

1°. I3 #£ 0. In other words, we consider the vectors (4.29) of the form
0,2,°,141°), 1*#0.
First we take a5 = [°/(2[%) in (4.36) and reduce the above vector to

(0,1%,13,1*,0).
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Then we use the transformation (4.35) with a4 = [/I*> and map the latter
vector into the vector

(0,12,12,0,0).

Now we subject this vector to the transformation Fy given by (4.33) with
as = —I1?/13 and arrive at the vector

(0,0,1%,0,0).

Since the operator X is defined up to a constant factor and I3 # 0, we divide
the above vector by [? and transform it to the form

(0,0,1,0,0).
Substituting it in (4.28), we obtain the operator
X, (4.41)
2°. [? = 0. Thus, we consider the vectors (4.29) of the form
(0,12,0,14,1%).

2°(1). If 2 # 0, we can assume [? = 1 (see above), use the transformation
(4.36) with a5 = Al* and get the vector

(0,1,0,0,0°).

If I° # 0 we can make [° = +1 by the transformation (4.34). Thus, taking
into account the possibility I° = 0, we obtain the following representatives
for the optimal system:

Xo, Xot+ X5, Xo— X (4.42)

2°(2). Let 1> = 0. If I° # 0 we can set [° = 1. Now we apply the
transformation (4.33) with as = —Al* and obtain the vector (0,0,0,0,1).
If I° = 0 we get the vector (0,0,0,1,0). Thus, the case [? = 0 provides the

operators
Xy, X (4.43)

4.7.2 The case I1#£0, J >0

Now we can define a5 by Eq. (4.40) and annul [° by the transformation
(4.36). Thus, we will deal with the vector

(I 12,13,1*,0), 1*#0.
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Since J is invariant under the transformations (4.32)-(4.36), the condition
J > 0 yields that in the above vector we have [* # 0. Therefore we can
use the transformation (4.35) with ay = [*/I°> and get {* = 0. Then we
apply the transformation (4.32) with a; = —I'/(2[%) and obtain [* = 0, thus
arriving at the vector (0,12,1%,0,0), and hence at the previous operator
(4.41). Hence, this case contributes no additional subgroups to the optimal
system.

4.7.3 The case ' #0, J =0

In this case Eq. (4.40) reduces to as = I3/l

If I3 # 0, we use the transformation (4.36) with a5 = [3/I' and obtain
= 0. Due to the invariance of J we conclude that the equation J = 0
yields ()2 — ['[° = 0. Since [°> = 0, it follows that [> = 0. Thus we can deal
with the vectors of the form

K

(I',12,0,1*,0), ' #0. (4.44)

Furthermore, if [> = 0, we have J = —[![°, and the equation J = 0 yields
[> = 0 since [* # 0. Therefore we again have the vectors of the form (4.44)
where we can assume [! = 1. Subjecting the vector (4.44) with I' =1 to the
transformation (4.35) with a4 = [?/A we obtain [2 = 0, and hence map the
vector (4.44) to the form

(1,0,0,1%,0).

If I* # 0, we use the transformation (4.34) with an appropriately chosen a3
and obtain [* = £1. taking into account the possibility {* = 0, we see that
this case contributes the following operators:

X1, X1+ Xy Xi— Xy (4.45)

4.7.4 Thecase I1#£0, J <O

It is obvious from the condition J = (I3)? — '] < 0 that {° # 0. Therefore
we successively apply the transformations (4.36), (4.35) and (4.33) with
as = P/1', ay = 1?/(Al') and ay = —AI*/I?, respectively and obtain [ =
I> =1* = 0. The components I' and [° of the resulting vector

(1',0,0,0,1°)

have the common sign since the condition J < 0 yields [1/° > 0. Therefore
using the transformation (4.34) with an appropriate value of the parameter
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az and invoking that we can multiply the vector [ by any constant, we obtain
[' =1° =1, i.e. the operator

X + X (4.46)

Finally, collecting the operators (4.41), (4.42), (4.43), (4.45), (4.46), we
arrive at the optimal system (4.38) and complete the proof of the theorem.

4.8 Invariant solutions of Equation (4.21)

In order to construct an optimal system of invariant solutions, we have to
find the invariant solution for each operator of the optimal system (4.38).
For the sake of simplicity, we will make the calculations for positive values
of the variables t and .

4.8.1 Invariant solution for the operator X,

Two functionally independent invariants for the operator X; are x and w.
Consequently, the invariant solution is the stationary solution, w = w(z).
For this solution, Eq. (4.21) yields the following second-order ordinary
differential equation:

A A
w—+ — | zw' + — %" = 0. 4.47
( \/§> V2 (447)

By setting
VA A
=% (v %)
or A
w=—=(v-1),

V2

and considering 1 as a function ¢ = ¥ (z) of the new independent variable
z=Inx,
we rewrite Eq. (4.47) in the form
W=+ =0

Integrating it once, we obtain

/ 1 2_1
Vvt gyt =g K (4.48)
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The general solution to Eq. (4.48) is given by quadrature:

/ m —(z+ K,), (4.49)

and can be written in terms of elementary fuinctions. Namely, consider the
equation
2 — 2 — K| = 0.

According to the solutuion formula ¢ = 1 4+ /1 + K; we deal with three
cases:

(i) Ki=-1, (i)1+K, =a®>>0, (iii)l1+ K, =-a*<0.

In the first case we have 1% — 2¢) — K; = (¢» — 1)? and the integral in

(4.49) is
/ 2dy) _ / 2dp 2
P2 =20 — K (v —1)2 Y—1

Therefore Eq. (4.49) yields

2
Z+K2

1=
Thus, the first case leads to the following solution of Eq. (4.48):

AV2

(1) T Kotz

In the second case we have ¥? —2¢) — K; = (¢ — 1 —a)(¢ — 1 + ), and
hence

/¢2—2¢ Ky /1/)—1—04 /¢—1+a :_éln:z:%'

Therefore Eq. (4.49) yields

fe** 4+ 1
Beaz — 17

Thus, the second case leads to the following solution of Eq. (4.48):

Yv—1=a«a

[ = const.

.. Aa Bx* + 1
11 W= —= , a, [ = const.
In the third case the integral in (4.49) is written
2dv) 2 ; (w = 1)
= — arctan :
V2=20+14+a?> « a
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Therefore Eq. (4.49) yields

«

w—lzatan( 2(2+K2)).

Thus, the first case leads to the following solution of Eq. (4.48):

(iii) w = A_\/c% tan <ﬁ - % lna:).

Summing up, we conclude that the operator X; provides the invariant
solution given by the following formulae:

AV2

0 w=gme
() w= A—\/; gi: i : (4.50)

(iii) w = % tan (ﬁ - % 1nx>.

4.8.2 Invariant solution for the operator X,

The operator X5 from the optimal system (4.38) yields w = w(t) and pro-
vides the trivial invariant solution

w= K, K = const. (4.51)

It can be obtained from the solution (4.50)(ii) by letting # = 0 and « be
arbitrary.

4.8.3 Invariant solution for the operator X3

The operator

0 0 0
X3 = QtE +x1nx% —w%

has the invariants

Inz
A= —, = Viw.
Vi ¥

Therefore the candidates for the invariant solutions are written

w= - A= —- (4.52)
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The reckoning shows that

2 /

wt:—i<g0—|—)\g0'> w :ﬁl w :i<gp —£>

Substituting (4.52) and the above expressions for the derivatives in Eq.
(4.21) we obtain:

A? V2 1
NG [90”+ Y - F(ww’)] =0,

whence

V2 1 1 1 '
" r )\/:(/ 2__)\):0_
¢+ — e+ ) A IRY T
Integrating the above equation once, we obtain the Riccati equation

1 1
"+ —— P — — A p=K, K =const. 4.53
Pr IR ~mEY (4.53)

Thus, the invariant solution for the operator X3 has the form (4.52), where
the function () is defined by Eq. (4.53).
4.8.4 Invariant solution for the operator X,

The invariants for the operator X, are t and

p=tw—— Inx.

A

Therefore the candidates for the invariant solutions have the form

_V2nz

w 13 + ().

One can easily verify that Eq. (4.21) yields

and hence ¢(t) = K/t. Thus, X, provides the following invariant solution

1 2
w = —(g Inx + K), K = const. (4.54)
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4.8.5 Invariant solution for the operator X; + X4

The operator

0 0 0
X+ X, = — 4+ Atz— +Vo—
th Xa= o+ maﬂfaw

has the invariants
A
)\zlnx—EtQ, ©=w—V2t.

The candidates for the invariant solutions are obtained by letting ¢ = @(\).
Hence

A
w=V2t+ p()), )\zlnx—gtz. (4.55)
Calculating the derivatives:
_ \/_ . / _ l / o i "o
Wy = Aty wz—lﬁov w:m_xg((p 90)

and substituting in Eq. (4.21) we obtain for ¢(\) the following ordinary
differential equation:

\/5 2\/5

/! /

O+ T + == =0.
A A?

Integrating it once, we arrive at the following Riccati equation:
N 2v/2
AV2 A?

Thus, the invariant solution for the operator X; + X, has the form (4.55),
where the function ¢(\) is defined by Eq. (4.56).

, 1
© +

A=K, K = const. (4.56)

4.8.6 Invariant solution for the operator X; — X,

Proceedings as in the case of the operator X; + X4, one can verify that the
invariant solution for the operator X; — X, has the form

A
w = p(\) — V2t, )\zlnx—l—EtQ, (4.57)

where the function p(\) is defined by the following Riccati equation:

1, 22
A\/ﬁ(p - A=K, K = const. (4.58)

o +
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4.8.7 Invariant solution for the operator Xy

The reckoning shows (cf. Section 4.8.8) that the operator

) ) V2 )
X = 12— Inx— — Inx —
5 tat—i-txnxa —i—(A nx tw)aw
has the invariants
| 2
Az%, go=tw—§lnx.

Letting ¢ = ¢(A) and substituting the resulting expression

Ve el

At t
in Eq. (4.21) we obtain
A2 U \/§ /
|+ ee] =
or /3
2 1 !
1
+ 2200 = (¢ + = ¢) =0,
¥ A ' = ¢ A\/_
whence ]
"+ = const.
¥ A\/_SO
Integration of this equation yields
Aa Bec* — 1
. y) o Aapem =1
0 e =2
Aa e +1
. y) o Aaperm Al
et
Aa «
iii /\:—tan( ——/\>,
(i) o) =7 tan (5 5
where «, = const. Hence, X5 provides the following the invariant solutions:
V2 A2 Ber — 1 Inx
i =— |1 —_ A= — 4.59
W w=7 [HH 2 ﬁeak+1]’ t (4.59)

A T T Ber — 1|0

(i) w= V2 {1nx+ATZO‘ tan (ﬁ— %A)] .
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4.8.8 Invariant solution for the operator X; + X5

This case is useful for illustrating all steps in constructing invariant solutions
based on a rather complicated symmetry. Therefore, I will give here detailed
calculations.

In order to find the invariants for the operator

X1+ X5 =X5 = (1+t2)%+mlnx%+ (% lnx—tUJ)%,

we have to find two functionally independent first integrals of the charac-

teristic system
dt d d
== < (4.60)

of the equation
(X1 + X5)J(tz,w) =0

for the invariants. Rewriting the first equation of the characteristic system

in the form
dlnz  tdt _ 1d(1+¢°)

Inz 1+t2 2 1+1¢2

and integrating it we obtain the first integral

In(Inx) = In(1 + #*) + const.,

which is convenient to write in the form

Inz

V1+1¢2

The left-hand side of this first integral provides one of the invariants:

= const.

Inz

itz

Let us integrate the second equation of the characteristic system (4.60),

dt dw

1+42 %m:p—tw

We rewrite it in the form

dw+ tw _\/§ Inx
dt 1462 A 1+
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eliminate x by using the first integral found above, namely, replace Inxz
by Av1+ t2, and obtain the following non-homogeneous linear first-order
equation:

dw tw V2 Inz

@ TTre T Alre

The method of variation of the parameter yields its general solution

_ﬂtlnx_'_ %
TAre it

where ¢ is the constant of integration. Solving the above equation with
respect to ¢ one obtains the second invariant

(4.61)

V2 tlhnz
=V1+t?2w—— :
4 A 14 ¢t2

However, the last step is unnecessary. Indeed, we let ¢ = p(\) directly in
Eq. (4.61) and obtain the following candidates for the invariant solution:

V2 tha ©(N) )= Inz

w =

(4.62)

- + , .
Al+e2 Tt V1+£2

According to the general theory of invariant solutions (Lie [79], Ovsyannikov
[91]), the substitution of (4.62) in Eq. (4.21) will reduce Eq. (4.21) to an
ordinary differential equation containing only A, ¢(\) and the derivatives
¢, " of p(A). Let us proceed.

Eqgs. (4.62) yield:

B tlnx 1

A= — D d =
o+ enite V172

and
V2 Inz 22 Iz to tnz
wy = —— — — — 7
PTUA 1+ A (14?2 Q+2)WVi+e2 (1+2)?
V2 ot ¢’
Wy = —— + )
A z(1+1t2)  z(1+1?)
\/5 t 90, (,0”
Wy =

A 22(1+12)  22(1+12)  22(1+2)V1I+12
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Accordingly, we have:

+ ( + A) +A2 2

wi+ —|(w+ —= 2w, + — T Wy

V2 V2 2

B V2 Inz 2v2 t*Inz ty tInzy

AT+ A (42?2 1+t (1+82)

t1 A A? t i
+ A I & +5 v2 + 2
1+t 2 V/1+¢2 A 14+82 14422
A t A2 S0/ +A_2 S0//
V2 14+ 2 1T+82 0 2 (14+2)/1 +¢2
A? " V2 22 Inz
2(1 + 12)V/1 + ¢2 A A 1+ 12

Inzx

Replacing in the last line ¢¢’ by 1(¢?)" and noting that T = A, we see
that Eq. (4.21) reduces to the following ordinary differential equation for

p(A) : f
1 2
T — + ——A=0.
AW (¢*)
Integrating it once, we arrive at the followmg Riccati equation:
V2
"+ — + )\ = K, K = const. 4.63
W ¥? (4.63)

Thus, the invariant solution for the operator X; + X5 has the form (4.62),
where the function ¢(A) is defined by the Riccati equation (4.63).

4.8.9 Invariant solution for the operator X, + X5

For the operator

0 0 2 0
X2+X5 X5—t28—+x(1+tlnx)£+(§ hlI—tU))aw
we have the following characteristic system for calculating the invariants:
dt dx dw

2 z(1+th) :glnx—tw.

Writing the first equation of this system in the form
dinzx dt

1+tlne 2’
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we obtain the non-homogeneous linear first-order equation

dlnz 1 nz+ 1
= — nl’ _—
dt t t2

Solving this equation, we have

1
Inr=——+At 4.64
nw = —o + AL (4.64)

where \ is the constant of integration. Hence, we have found the following

invariant:
Inz 1

& T
Now we write the second equation of the characteristic system in the form

A:

dw  w _ y2lnx

x* T Ae
which upon replacing Inz by its expression (4.64) becomes:
dw n W V2 <)\ 1 )
da t A\t 23/
Solving this linear first-order equation we have:
V2 1 @
_ V2 _> L
YT (A+ o) T

where ¢ is the constant of integration. Replacing here A by its expression
given above and letting ¢ = (\), we obtain the following candidates for
the invariant solution:

\/§(IHI+ 1> ©(N) Inz 1

_ ¥ )+ 2 AT, - 4
w="r\7Tte)t— A=t (4.65)

Substituting (4.65) in Eq. (4.21) we obtain the following equation:

which, upon integrating, yields the Riccati equation (4.58),

1 2v/2
I 2
+ ——=p°"— —— A=K, K = const.
¥ A3 ¥ 13
Thus, the invariant solution for the operator Xy + X5 has the form (4.65),
where the function ¢()) is defined by the Riccati equation (4.58).
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4.8.10 Invariant solution for the operator X, — X5

The invariant solution for the operator X, — X5 has the form

V2 (Ilnz 1 ©(A) Inz 1

where the function ¢(\) is defined by the Riccati equation (4.56),

1 2v/2
'y 24 A=K, K = const.
¥ A\/é@ 12

4.8.11 Optimal system of invariant solutions

Summing up the results of Section 4.8 and noting that invariant solutions
based on two-dimensional subalgebras are particular cases of those based
on one-dimensional subalgebras, we can formulate the following theorem.

Theorem 6.8. Every invariant solution of Eq. (4.21) is given either by
elementary functions or by solving a Riccati equation. The following solu-
tions provide an optimal system of invariant solutions so that any invariant
solution can be obtained from them by transformations of the 5-parameter
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group admitted by Eq. (4.21).

X1 . (1) w =
(i) w=
(ili) w = —= tan
X3 w = @,
t
where ¢+
1(V2

X1+X4Z w:\/§t+@<)\),

X, — Xy w = p(\) —V2t,

SELECTED WORKS, VOL. IV

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)
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Xs: () w:\é—f{lnx—i— 20‘%] AzlnTx, (4.72)
(ii) wzg [lnx—irATza%]
(iii) w= f[lnerAT%‘tn(ﬁ——A)]
X, 4 X w:\/_itlnx+ ©(N) )= Inx (4.73)

A1+ /1422’ V1+e2'

V2

where '+ ——¢ +—/\2 K.

1
A2

V2 (Inz 1 ©(N) Inz 1
Xy + X; - Y LT T 00 N O
2T AW A(t t2)+ F AT e U
1 2
where go—l—A\/_go—;l—{/\ K.
V2 (Inz 1 ©(N) Inz 1
X_X: = — _ — — _— _ — 4'
27 s W A(t t2)+ T AT o U
1 2v2
where ¢’ + g02+—\/_)\—K

In these solutions, o, # and K are arbitrary constants.

4.8.12 How to use the optimal system of invariant solutions

Subjecting the optimal system of invariants solutions to the group transfor-
mations generated by the operators (4.26), one obtains all (regular) invari-
ant solutions of Eq. (4.21). One can easily verify that the optimal system of
invariant solutions (4.67)-(4.75) contains 24 parameters. Since each of the
thirteen types of of solutions (4.67)-(4.75) will gain four group parameters
after subjecting it to the transformations generated by the operators (4.26)
(not five due to the invariance of the solution under consideration with re-
spect to one operator), we see that the invariant solutions provide a wide
class of exact solutions containing 76 parameters.
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I will illustrate the method by means of the group transformations gen-
erated by the last operator from (4.26):

0 0 V2 0
__ 42 _ .
Xs=1t 8t+mlnx8x+<A Inx tw)@w

The Lie equations
dt _
da
dz
da
dw
da

Y
il
I
o+

Il
|
I
5
Rl
8
Il
8

=%

Inz —tw, w|

provide the following group transformations:

_ t B Inx
t=—, xzexp( >,
1—at 1—at

2
w=(1—at)w+ % alnz. (4.76)

Note that the inverse transformation is obtained from (4.76) by exchanging
the variables t, Z, w with ¢, z, w and replacing the group parameter a by —a.
Hence:

P t = e ( Inz )
1l+at’ TP\ T
_ 2
w:(l—i—at)w—galna:. (4.77)

Let us apply the transformation (4.76) to the trivial invariant solution
(4.51) obtained by using the operator Xs. Since Eq. (4.21) is invariant under
transformation (4.76), let us write the solution (4.51) in the form w = K.
Using (4.76), we obtain

2
(1 —at)w+ %alnx: K.

Upon solving this equation for w, we obtain the following new solution to
Eq. (4.21):

1 V2
W= (K—Ialnx) (4.78)
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According to our construction, the solution (4.78) is invariant under the
operator X, obtained from X, by the transformation (4.76). Let us find
)?2.

Since the solution w = K is written in the variables ¢, Z, w, the operator
X5 leaving it invariant should also be written in these variables. Therefore
we take it in the form

— 0
Xo=20—
2= oz
and denote by X, its expression
s = ,.0 = [ R— 0

written in terms of the variables ¢, z,w defined by Eqs. (4.77). We have
X,(t) =0 and

=(1—at)r, Xi(w)= —ga

— ox €T
X = r— = —
2(7) Yor 1+

because 1 + at = (1 — at)~. Therefore
o V2 0 Jd a

~ 0 0

Comparing the result with the operators (4.26) we conclude that the trans-
formation generated by X5 maps X5 to the operator

Xo=Xo— 2 X,. (4.80)
A
One can easily check that the solution (4.78) is invariant under the operator
(4.80).
Applying the above procedure to the invariant solution (4.50)(ii) one
can verify that the transformation (4.76) maps the solution (4.50) to the
new solution

B Aa Bexp($22) 41 B vV2a Inx
V2(1—at) Bexp(e2Z) —1 A 1—at
The corresponding operator X is transformed by Eq. (4.79) where X5 is
replaced by X, namely:
G M0 000w
YT otar T ot ox Ot Ow
1 0 alnz 0 0

T (I+a2ot (l—i-af)Qx%—Fawa—w'

(4.81)
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Replacing here ¢, T, w by their expressions (4.76), we obtain:

0 0 V2 0 0
— — 2_ — — N — _ _— = —
X;=(1-—at) T a(l at)xlnxax + a[(l at)w + y alnx} 50~ B

—a[2t% —i—a:ln:cé% —wa%} + a? [tQ% —i—ta:lnx% + (%lnx—tw)a%].

Hence, the image X, of the operator X is presented by the following linear
combination of X7, X3 and X5 :

)/Zl :X1 —CLX3+CL2X5. (482)

One can verify that (4.81) is the invariant solution under the operator X

The same procedure is applicable to the invariant solutions defined by
solving Riccati equations. Starting, e.g. with the invariant solution (4.55)
written in the form

_ - - A
W =V2t+ (N, A:ln:z—???,
we arrive to the new solution
t a Inx o) Inz At?
- 2[ _a ] . p= - , (483
v \/_(1—at)2 AT—at)Tiow " Toa aa—a 8

where ¢(u) is defined by the Riccati equation (4.56):
d 1 2v2
foy Lo 22
du A2 A

Applying the previous procedure to the operator X;+ X, giving the invariant
solution (4.55) we obtain that it is mapped into the operator

p=K, K =const. (4.84)

X+ X=X —aXs+ X4+ d> X5 (4.85)

and that (4.83) is the invariant solution with respect to the operator (4.85).

It is easier to find the transformations (4.80), etc. of operators by using
Egs. (4.37) and (4.36) instead of the more complicated transformation rule
(4.79). Let us find, e.g. the transformations of the operators X; and X
given by Eqgs. (4.37) and (4.36). The operator X; has the coordinate vector

[ =(1,0,0,0,0).
It is mapped by (4.36) with a5 = a to the vector

[=(1,0,—a,0,a?).
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Substituting the coordinates of this vector in Eq. (4.37) we obtain
)?1 =X, —aX3;+a*Xs,
i.e. the operator (4.82). Likewise, the coordinate vector
[ =1(0,1,0,0,0)
for the operator X5 is mapped by (4.36) to the coordinate vector

~ a
[=1(0,1,0,——,0
(’77A7)

of the operator (4.80):
= a
Xo=Xo— —X,.
2 2= M
Furthermore, the coordinate vector
[=(1,0,0,1,0)

for the operator X; + Xy is mapped by (4.36) with as = a to the coordinate

vector ~
[=(1,0,—a,1,a?

of the operator (4.85):

X1+X4:X1—CLX3+X4+G/2X5.

5 Invariant solutions of Burgers’ equation
5.1 Optimal system of subalgebras
We will write the Burgers equation (4.18) in the form

Up — Uy — Ugy = 0 (5.1)

and its symmetries (4.23) in the form

0 0 0 0 0
Xl—a, XQ—%, X3—2ta+l’%—1l%, (52)
o 9 L0 9

The commutator table of the five-dimensional Lie algebra L spanned by
the operators (5.2) has the form (4.27) with A =1
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Xl X2 X3 X4 X5

X, [ 0 0 | 2X; | Xo]| X;
X 0 0 | Xo | 0] X

2 2 4 (5.3)
X, | —2X, | =X, | 0 | X4|2X;s
X, =X, | 0 | =X, | 0] 0

Xs|| = X5 | =Xy | —2X5] 0 0

Therefore an optimal system of one-dimensional subalgebras of the Lie
algebra Ls of the symmetries of the Burgers equation is given by (4.38),

X17 XQ; X3; X47 Xl + X47 Xl - X47
Xs, Xi + X, X9 + X5, Xy — X, (5.4)
with the operators Xi, ..., X5 given by (4.23).

5.2 Optimal system of invariant solutions

If we find the invariant solution for each operator of the optimal system
(5.4) of one-dimensional subalgebras we will obtain an optimal system of
invariant solutions for the Burgers equation (5.1). For the sake of simplicity,
we will consider the positive values of the time .

Note that the invariance condition for the operator X, from the optimal
system (5.4) yields u = u(t) and provides the trivial solution u = const.
Therefore, one needs to construct the invariant solutions using only the
remaining nine operators from (5.4). I will illustrate the construction of
invariant solutions by using the operator Xs.

The operator

0 0 0

has the invariants

x
A=—"—. o=+tu.
N !

Therefore the candidates for the invariant solutions have the form

©(N) T
=2 A= 9.9
The reckoning shows that

1 ( +/\,) 1
U = ——F y U = 7@, Uge = T F= .
t 2t\/ES0 2 t90 t\/%QD
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Substituting (5.5) and the above expressions for the derivatives in Eq. (5.1)
and multiplying by —tv/t we obtain the second-order ordinary differential
equation
1
¢+ o'+ (v +A0) =0.
Writing it in the form
1

oot 2y 1 r_
© +2(<,0) +2()\<,0) =0

and integrating once, we obtain the following Riccati equation:
, 1, 1
§0+§QO +§)\30:K, K = const. (5.6)

Thus, the invariant solution for the operator X3 has the form (5.5), where
the function ¢(\) is defined by the Riccati equation (5.6).
The operator

0 0 0
Xs=t*— +to— — tu)—
s =gy g, — e+ tug
has the invariants
T
Therefore the candidates for the invariant solutions have the form
(M) z
= -\+ == A= —.
U + P ;
The reckoning shows that
1 ' r 1, L,
ut:t—z(x—go—)w), Up = =7 T35 ¥ Uar = 3¢

Substituting these in Eq. (5.1) and multiplying by —¢ we obtain the second-
order ordinary differential equation

1 !
¢+ oy’ = (s@’+ 5302) = 0.

Integrating it once, we obtain:
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Evaluating this integral separately for C' > 0, ' < 0 and C' = 0 we obtain
the functions ¢(\) given further in Egs. (5.12). Proceeding likewise with
all operators from (5.4), we obtain the following optimal system of invariant
solutions involving the arbitrary constants o,v and K.

X1+X4Z

Xl—X4Z

2
(i) w= ; (5.7)
T+
(o 1 jd
(i) uw= zzm i— 1= & tanh (’y—i— —a:) ;

p(N) x
Uu=-—", A=—, 5.8
Vi i (5-8)
LTI
where g0+§<p +§>\<sz
K —
" (5.9)
t
t2
u=p(\) —t, )\:x—g, (5.10)
/ 1 2
where <,0—|—§<p +A=K.
2
u=t+pA), A=z+ (5.11)

5 )

1
where g0'+§g02—)\:K.
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X1+X52

X2+X5Z

XQ—XE)I

p(\) v

=—-A+ ol /\:?, where (5.12)
o
ve’t —1 _
W) e =0 57 el <o
oA 1
i) e =015 lel>o
(iii) gp(A):atan(v—%)\);
2
: N 2
() o= o
tx o(N) x
u = — —|— 5 )\: ; 513
L+ 142 V14t (5.13)
/ 1 2 1 2
where ¢ + -+ -\ =K.
2 2
x 1 @) r 1
e T S N 5.14
i TR T t 2 (5.14)
bl
where g0+§g0 - A=K.
xr 1 @) r 1
=+ A= — — 5.15
Ty TR T T 22 (5.15)

1
where 90’+§g02—|—)\:K.

Since invariant solutions based on subalgebras of higher dimensions are
particular cases of those based on one-dimensional subalgebras, we arrive
at the following result on invariant solutions of the Burgers equation.

Theorem 6.9. The solutions (5.7)-(5.15) provide an optimal system of in-
variant solutions so that all other invariant solutions are obtained from them
by transformations of the group admitted by the Burgers equation. It fol-
lows that, every invariant solution of the Burgers equation is given either
by elementary functions or by solving a Riccati equation.
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5.3 Reductions to the Airy equation
The Riccati equations in (5.10), (5.11), (5.14) and (5.15) have the form

¢+ c19® = o)+ 3, c1,¢,c3 = const. (5.16)

Here ¢’ = dp/d\. All equations (5.16) with ¢; # 0, ¢z # 0 can be reduced to
the Airy equation and hence solved in terms of the Airy functions. Indeed,
we first transform Eq. (5.16) to the form

dip B
3;+¢2—u (5.17)

by scaling the variables ¢ and . Namely, setting ¢ = ki, = l(co\ + ¢3)
we rewrite Eq. (5.16) as

dy ke o B
dp ey kl%cy
Equating the coefficients for ©? and p to 1, i.e. letting
kCl = lCQ, kZZCQ = 1,
—2/3 1/3

and solving these equations for k, [, we obtain k = ¢, 7" ¢)/", | =
Hence, the scaling

c%/g 02_2/3.
o=c; PPy, =g (e + ¢s) (5.18)
maps Eq. (5.16) into Eq. (5.17). The substitution

din|z| 2
v= #‘EZ
reduces the Riccati equation (5.17) into the Airy equation
;li/; —pz=0. (5.19)
The general solution to Eq. (5.19) is the linear combination
z = C1Ai(pu) + CoBi(u), C4,Cy = const., (5.20)

of the Airy functions (see, e.g. [88], [97])

1 [~ 1
Ai(p) = —/ cos (/ﬁ + 3 Tg)dT,
0

™

Bi(p) = l /OO [exp <p/7' — %73> + sin <ILLT + §73>]d7.
0

™

(5.21)
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In the case of the solutions (5.10) and (5.14) we have the Riccati equation
r L
(2 + 5 QY = A + K
with ¢; =1/2, ¢ =1, ¢3 = K. Making the change of variables (5.18),
=20, p=2" (1K),

we arrive at Eq. (5.17). Hence, () in (5.11) and (5.14) is given by
d
o(\) =243 o n |CLAI[27 B (A + K)] + GBi[27 A (A + K)]]. (5.22)
In case of the solutions (5.10) and (5.15) we have the Riccati equation
/ 1 2
@ + 5 QY = K-\
The change of variables (5.18) reducing it to the form (5.17) is writen
p==22Py, =27 (K -\

Hence, ¢()) in (5.10) and (5.15) is given by

S0 = 228 % In |CLAI[273 (K = )] + GoBi[273 (K — V)] | (5.23)

5.4 Construction of all invariant solutions

Subjecting the optimal system of invariants solutions (5.7)-(5.15) to the
group transformations generated by the operators (5.2), one obtains all reg-
ular invariant solutions of the Burgers equation. The solutions (5.7)-(5.15)
involve 24 parameters. Moreover, each of the thirteen types of solutions
(5.7)-(5.15) will gain four group parameters after subjecting them to the
transformations generated by the operators (5.2) (not five due to the in-
variance of the solution under consideration with respect to one operator).
Therefore after the group transformations of the optimal system of invari-
ant solutions we will obtain a wide class of exact solutions containing 76
parameters.

The group transformations generated by the operators (5.2) can be easily
found by solving the Lie equations. For example, for the operator X5 the
Lie equations are written

dt  _, dx __ du
— =72, = =iz =

da " da %__(
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Integrating them and using the initial conditions, { = ¢, T = z, & = u when
a = 0, one obtains the following one-parameter transformation group:

t
F=—Y = (1 —at)u—ax. (5.24)

5277 )
1—at 1—at

To illustrate the method for obtaining new solutions by subjecting the
optimal system of invariant solutions to the group transformations, let us
use the group transformation (5.24). The transformation (5.24) maps any
known solution

u=®(t,z)
of the Burgers equation to the following one-parameter set of new solutions:
ax 1 t x
_ o ( , ) . 5.25
“ 1—at+1—at l—at 1 —at ( )

Substituting in (5.25) the functions ® given in the stationary solutions (5.7)
we obtain the following non-stationary solutions (see Section 7.2.2 in [47]):

ax n 2
u:
l—at  z+~(1—at)’

_ 1 ar + 6 th ~—l—l
R — TTon—at)))

- [ax+atg(7_ﬁ)].

Substituting in (5.25) the functions ® given in the solution (5.8) we
obtain the solution

u

_ e ©(N) _r+k—akt
1—at  (1—at)y/1—at’ Vil —at)’

where ¢(\) satisfies the same Riccati equation as in (5.8):

u

1 ]_

/ 2 K

(F _(p _A(F_ .
2 2



Paper 7

Invariants of parabolic
equations

PREPRINT OF THE PAPER [57]

Abstract. The article is devoted to the solution of the invariants problem for
the one-dimensional parabolic equations written in the two-coefficient canonical
form used recently by N.H. Ibragimov:

Ut — Ugy + a(t, x)uy + c(t, x)u = 0.

A simple invariant condition is obtained for determining all equations that are
reducible to the heat equation by the general group of equivalence transforma-
tions. The solution to the problem of invariants is given also in the one-coeflicient
canonical
U — Ugy + c(t, z)u = 0.

One of the main differences between these two canonical forms is that the equiva-
lence group contains the arbitrary linear transformation of the dependent variable
for the two-coefficient form and only a special type of the linear transformations
of the dependent variable for the one-coefficient form contains.

1 Two-coefficient representation of parabolic
equations

Any one-dimensional linear homogeneous parabolic equation can be reduced
by an appropriate change of the independent variables to the following form:

Ut — Uz + at, x)uy + c(t, x)u = 0. (1.1)
This form has been used in [53] and [52] (Paper 4 in this voluem) for ob-

taining a simple criteria for identifying the parabolic equations reducible to

165
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the heat equation by the linear transformation of the dependent variable,
without changing the independent variables. The present paper is a con-
tinuation of the work [53] and contains, inter alia, a criteria (Theorem 1)
for reducibility to the heat equation by the general group of equivalence
transformations including changes of the independent variables.

1.1 Equivalence transformations

The equivalence algebra for Eq. (1.1) is spanned by the generator

0 0 0
Y, = TUs + 2%% + (0pe — 0¢ — aagc)% (1.2)

of the usual linear transformation of the dependent variable and by the
generators

a !/ a Z /a /a
Yo=2yg 72+ (@ —ay)g- — 5.

of the corresponding transformations of the independent variables.

Here v = 7(t), @« = a(t) and 0 = o(t,z) are arbitrary functions, the
prime denotes the differentiation with respect to t.

1.2 Invariants
The semi-invariant obtained in [41] is written for Eq. (1.1) as follows [52]:
K =aa; — azp + ap + 2¢,. (1.4)
The problem of invariants reduces to calculation of invariants of the form
J=J(K, K, Ky, Ky, Ky, Ky, - - +) (1.5)
for the operators (1.3). The generators (1.2) and (1.3) become

) o 0

Y,=0ou—, YVo=a— 4+ o —,
ou

(1.6)
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We use generators in the prolonged form

e b G (R K
0
Ktt Kact Kaca;
0 0
Kttt Krtt KT'zt Krrr
* C 8[<ttt * C atht * C Kamt * C aKmxz T

and consider invariants of order N (the maximal order of the derivatives
involved in the invariant). It is better to use the notation

ak—s—l K
Kkl — ?
oxkot
Then the form of the above generator becomes
k+I<N 5

0 ) )
X = 5 —+C—+CK—+CKf—+CKI R

L 0K 0K,

Let us begin with the operator Y,. Its first three prolongations have the
coefficients

K =a® — Ko, (K =0,

CKtt _ 04(4) . KxO/l N QKHO/, CKa;t — _ xxa/’ CKII =0,
CKm =a® — Kra(?’) — 3K — 3K
K o " / K. . / K —
C = = K — 2K:B£Eta7 C = = K C = 07

and other prolongations of k-th order give
CBro =0, (Koo = o™ L ga® (Ko =pa® . (1>1, 1+s=k)

with some functions a; and b, which do not depend on « and its derivatives.
Let us use the operator Y.,

0

Y, —275 + xg—i—(:v’y —37’K)8K

Ox
Its first and second prolongations are defined by the following coefficients:
(K =2y —3y'K — 57K, — vz K,,
CKI = 7(3) - 4’7/Kx7
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(Kt = 270 39" K — 8y K, — V"2 K, — TV Ky — 27" 0K 4,
(ot =AW — 4Ky — 67 Ky — 70 Ko,
(for = =59 Ko,
Notice that other prolongations give
(K0 = —(s+3)y, (s>3).

Let us assume that an invariant J does not depend on the derivatives
Ky, where [ > 1. Then the equation Y,J = 0 is identically satisfied, and
the equation Y,J = 0 becomes

NN (4}@8—‘] Iy > (1+3)Kip 0] ) =0.

0K, 0K, 0K, * 0Ky
1>3

This gives that 6.87" = 0, and any solution of the equation

oJ
5K T ; (14 3)EKp

0J

=0
0K

gives an invariant. The characteristic system of this equation is

Further we use the following statements that can be easily proved by using
the above prolongations of the generators (1.6).

Lemma. The equation

is invariant under the group of equivalence transformations with the gener-
ators (1.2) and (1.3).

Proof. Since the coefficients (¥ in the prolongations of the generators
Y, and Y, vanish, the transformations corresponding to these operators do
not change the derivative K,,. Furthermore, the transformation of K,
corresponding to the generator Y., is defined by two terms:

0 0
Y, =2y (% — 5y K.
= 2 TR 0K
Hence, the transformation corresponding to the generator Y, just scales
the derivative K, with some function depending on ¢. This also does not
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change the property (1.7). This completes the proof.

Theorem 1. Eq. (1.1) can be mapped to the heat equation by the general
group of equivalence transformations with the generators (1.2), (1.3) if and
only if the semi-invariant K of Eq. (1.1) satisfies the equation (1.7).
Proof. According to (1.2) and (1.3), the equivalence transformations com-
prise the linear transformation of the dependent variable:

v="V(x,t)u (1.8)

with an arbitrary function V(x,t) # 0 and the change of the independent
variables

T=H(), y=zpi(t)+polt), (1.9)
where 1 (t) # 0 and H(t) is defined by the equation

H'(t) = ¢i(t). (1.10)
The requirement that the transformations (1.8), (1.9) map the equation
Uy — Uy + ba(y, T)vy + b3(y, T)v =0 (1.11)

into the heat equation
Up — Ugy = 0 (1.12)

yields the following equations:

2H' Vo1 + (2 + ¢y — H'by) 3V =0,
(1.13)
H'Vypipr — H'Vyp3by — H' @303V — Vo3 + (2] + ) Vap? = 0.

The problem is to find the conditions for the coefficients by (7, ), bs(7,y)
that guarantee existence of the functions V (¢, z), H(t), po(t) and ¢1(t). To
solve this problem, we have to investigate the compatibility of the overde-
termined system of partial differential equations (1.13). To this end, we
note that Eqs. (1.13) yield

901V

‘/z = 2[_[/ (_906 - 903.'1' + Hlb2)7

V, = v [— ¢ 2012 + 20 12 (H'by — )
AH 1 1 0

+1 (H'*(2bay — b — 4bs) — ¢ + 20, H'by) — 20/ H'] .
Equating the mixed derivatives,

(Vo = (Va)s,
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we find

H"’K = ¢ggH' — gy H" + a(¢{H' — | H") =0
or

K = o7 (y(@ler — 201°) + ot — 2050101 — @1eopr + 201 °¢0) -

Thus, the semi-invariant K of the equations that are equivalent to the heat
equation has to be linear with respect to y, i.e. satisfy the equation K, = 0.
Conversely, let us assume that the condition

K, =0
is satisfied for Eq. (1.11), i.e.
K = yp1(1) + ¢o(T). (1.14)
Choosing H(t), po(t) and ¢ (t) satisfying the equations (1.9) and

()0/ 2 ()0/
L 103, ol =20, ;1 + 1 (Pr00 + do) (1.15)

©1

] =2

one can transform equation (1.11) into the heat equation. This completes
the proof.

Example. Consider the equation

UT—vyy%—?vy = 0. (1.16)
It has the form (1.11) with
br=or, by =0.

The semi-invariant (1.4) for Eq. (1.16) is

2
K—_2Y.
972
It has the form (1.14) with
=2 G=0 (1.17)
1 — 97_2 ) 2 — U. .

Let us investigate reducibility of Eq. (1.16) to the heat equation (1.12) by
the change of the independent variables (1.9) without changing the depen-
dent variable, i.e. by letting V' =1 in (1.8). Then Egs. (1.13) reduce to
one equation

o) + oy — H'bg = 0.
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Substituting here the expression of by and using Egs. (1.9), (1.10), we

obtain:

261 (0) + pilt) - ot Tl

Upon separating the variables, this equations splits into two equations:

=0.

3
' Y1
_ 1 _
LAY
and )
/ Y0¥
— = 0.
07 3H
We rewrite the first equation in the form
3
¢i (1)
H(t) = 1.18
) 31 (1) (118)

and satisfy the second equation by letting o = 0. Differentiating (1.18) and

using (1.10), we obtain
3

¥
307 71 =0
whence ¢ = 0. Thus,
©1(t) = pt+q.

We take for the simplicity ¢ = 0 and obtain
©1(t) = pt, p= const.
Then Egs. (1.18), (1.9) and (1.17) yield:

243

Pt 2
1=

3 pit

Now one can readily verify that Eqs. (1.15) are satisfied for arbitrary p. We
take p = 1 and obtain the following change of variables transforming Eq.
(1.16) to the heat equation:

T==1",
y=tz, (1.19)
v=1u

Remark. In the case of three-coefficient representation of parabolic equa-
tions the test for reduction to the heat equation is more complicated, see,
e.g. [69].
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Further we will consider Eqs. (1.1) that are not equivalent to the heat
equation. In other words, taking into account Lemma 2, we will assume
that

Kow # 0.

This assumption allows us to obtain the invariants
KoK,/ (1> 3). (1.20)

The reckoning shows the following operator is an invariant differentiation:
1
Moreover, we can easily see that applying the invariant differentiation (1.21)
to the invariant corresponding to [ = 3 :
K$$$

we obtain all invariants (1.20). Hence, (1.22) provides a basis of these in-
variants.

Theorem 2. The operator (1.21),
D= K_'°D,,

is an invariant differentiation.
Proof. Let J be a differential invariant, i.e.,

XJ=0.
Recall that the coefficients of the generator X are
E=atr, =2y (" =-57K.

Notice also that
X(K;}°) — K }°D,¢ = 0. (1.23)

Tx

Using the identity (see [92])
D,(XF)=X(D,F)+ D,, D,F + D,nD,F
that holds for any function F' one has
X (K P Dyd) = (Do) X (K5 )

rxr

(1.24)
+ K M5 (Dy(XJ) = Dyé DyJ — Dy DyJ) .
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Note that
XJ=0
because J is an invariant, and
D,n=0
because
n=2y(t)

Therefore Eq. (1.24) becomes

X(K,,°DoJ) = (X(K,,%) = K °Dy€) D

Z

Now we use Eq. (1.23) and obtain the proof of the theorem:

X(K,,/°D,(J)) = 0.

1.3 Fourth-order invariants

Splitting the equations Y,J = 0 and Y, J = 0 with respect to the functions
«, 7, and their derivatives, one obtains that

J(Ka K:L"7 Kzam Kmxza Kmxt; szx:pa sz:pt; Kx:ptt)

and these equations are

S—IJ( - K”””é‘f(z—itt =0, :—[i - 5Kmaz—itt =0,
7Kmx8]?—im + 6Km% + 5Km887‘; + 4K, 8(9]‘(] + 3Kg—f‘£
+8 K vrat P [iim TK gt af{it + 9Kyt B la(itt =0,
6K e 5 [(zimt + 12K 0 5 f(itt + 5Kmaf(—‘; =0,

Kivea 5 }i‘]m + 2K a1 5 }a(im + Kmaf(—; = 0.

This system of equations is a complete system. Solving the first four equa-
tions, this system becomes

2
- — 1
(5J2 6J ) 522 + 022 7 O,
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where J(Jy, Ja, 21, 22) and
Jl = KCC_$6/5chxa JQ = Kw—:v7/5Kx:cmxa
21 = K:E_x14/5 (sz(mett + KKra:r + 5Ksza:) - gKizt) )
R = Ka;xlg/S (KxxK:m:xt - ngthxmx) .

Notice that
(5J2 - 6‘]12) = K:t_xlz/E) <5KxxKxxxx - 6K2 ) .

rxrxr

If it is assumed that
5K aaaa Koo — 6(Kaaa)” # 0, (1.25)
then the invariants are
Ji, Jo, (5Jy — 6J2) 2 — 522
If one assumes that
B e Kw — 6(Kyae)® = 0, (1.26)

then the invariants are defined by the equation

oJ

29— =
821

0.
This means that: (a) if zo = 0, then the invariants are

J17 JQa 215
(b) if 2 # 0, then the invariants are

Jl: J27 z2.
The invariants which do not depend on any conditions are only the invari-
ants (1.20). Notice that the properties (1.25), (1.26) and zo = 0 or z5 # 0
are invariant.

The obtained results comply with results of [58] on invariants of parabolic
equations with three coefficients.
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2 One-coefficient representation of parabolic
equations

One can transform Eq. (1.1) to the equation (this representation was al-
ready known in the classical literature, see, e.g. [76])

Up — Uz + c(t,z)u =0 (2.27)
with one coefficient ¢ = ¢(x,t) by using the linear transformation

v = uel®)
of the dependent variable, where p(t, z) is defined by (see Eq. (3.7) in [52])

2p+a(x,t) =0.

2.1 Equivalence transformations
The equivalence group for Eq. (2.27) is defined by the generator

0

0 0
870t+4(’y:17—|—2a)8——|—u(2ﬁ 7" z? —4ozx)8u

0
+(’y/l/ 2 2,_)/// _{_40//1. Qﬁ/ _ 8’}//0)8_
c

spanned by the following three generators:

0 0 0 0
X —8 4/__ " 2_ 1/12_2/1_8/ .
3= 8y H 4T —wy et o+ (77T = 29" = 87 e) 5,
Xo = 200— — ud'z— Mo — 2.28
9 a(?a: uoucau—iroz xac, ( )

o 0
X1—5U%—5%7

where v, o and ( are arbitrary functions of t.
We use the prolongations of the generator:

0 o .0 .0
X = g o a—+c—+g g
Ctt a Czti Cxx __ —
+C a Cyt +C acxt +C aczx
Cttt a Cxtt a Cxzxt Crxrax a
+< aCttt * C 8Cmtt i C acmxt i C acxrx T
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It is better to use the notation

ak—i—l c
K Dot
Then the form of the generator becomes
0
X = -~ -~ c Ct Cz Ckl
s il a<+< +c + (o4 ¢ +§: %M

2.2 Invariants

Let us use the operator X;. Then the first prolongation is defined by the
coefficients

CCt = _6(2)7 CC:C = U

and other prolongations of k-th order give
(o= =AY, (=0, (121, 45 = k).

Splitting with respect to the derivatives of the function §(¢) the equation
for invariants

x®J=o,

we immediately come to the conditions that the invariant J does not depend
on the derivatives

Cok (/{7 Z 1)

Hence, further the coefficients (“°* are not necessary to be calculated. Split-
ting with respect to " also excludes ¢ from the invariant J. Let us use the
operator X,. Then the first and the second prolongations are defined by
the coefficients:

ch _ Oé”,

cht = a(3) - 2O/sz7

G =0,

Ccz“ - Oé<4) - 20//09690 - 4alcxxt7
Q‘met = —QO/me;,

Cczzz — O

In the k-th prolongation the maximal order of the derivative a**1 will be
in the coefficient (“*-11. Hence, the invariant J does not depend on the
derivatives

C(k—2)15 C(k—1)1-
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If one assumes that the invariant J does not depend on
e, [ >1, s+1=k>2),

then the term with o” in the equation X,J = 0 gives

0J

de, 0.

Hence, the invariant can only depend on

Cezy Cozay Crazzy --+5 CkO-

Let us use the operator X3. The prolongations are defined by the coef-
ficients:

Cor = 2av" —129/c,, (¢ = 2?yD —296) —dn"xc, — 84"c — 167/ ¢y,
Corr = 29" — 167 Cpn, (ot = 207 — A" 2Chy — 129" ¢y — 207 Cay,
(930 = =207Cpaa, (0 = —247"cyp, (0 = —287/csp, ...

Splitting the equation X3J = 0 with respect to the derivative ", one

obtains
oJ

=0.
OCyy
The equation X3J = 0 becomes
aJ aJ
DCopp—— k+2)cko=— = 0.
‘ ac:v$x * ; ( * )Cko aCkO

For solving this equation one needs to solve the characteristic system of

equations

Note that the equations (2.27) with the coefficient c(t,z) satisfying the
condition ¢,,, = 0 are equivalent to the heat equation. Hence, for the
equations that are not equivalent to the heat equation all invariants not
depending on ¢, (I > 1) are given by

croca P k>4 (2.29)
Thus, the basis of differential invariants (2.29) consists of the invariant

Cozax
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and the operator of invariant differentiation is

D =c°D,. (2.31)
Proceeding as in the case of two coefficients, we arrive at the following
statement.

Theorem 3. The operator D given by (2.31) is an operator of invariant
differentiation. Hence, all invariants (2.29) are obtained from the invariant
(2.30) by the invariant differentiation (2.31).



Paper 8

New identities connecting
Euler-Lagrange, Lie-Backlund
and Noether operators

N.H. IBraGIMOV, A.H. KARA AND F.M. MAHOMED [55]

Abstract. Fuler-Lagrange, Lie-Backlund and Noether operators play a
significant role in the study of symmetries and conservation laws of Euler-
Lagrange equations. In this paper, we present fundamental operator iden-
tities involving these operators. Applications, e.g., to the inverse problem
in the calculus of variations will be published elsewhere.

1 Notation and definitions

Let

= (2 ... 2"

be the independent variable with coordinates z*, and

the dependent variable with coordinates u®. The partial derivatives of u
with respect to x are

u? = Di(ua)a ulc';' = DjDi<ua)7 T (1’1)
where 5 P P
5 + u; B +uw E)u? + 1 n ( )

179
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is the operator of total differentiation. The collection of all first derivatives
ui* is denoted by wu(yy. Similarly, the collections of all higher-order derivatives
are denoted by u(), u), .. ..

Denote by A the universal space of differential functions (i.e., locally an-
alytic functions of a finite number of variables x, u, w1y, u(2), . . . ) introduced
in [33] (see also [35], p. 56).

Definition 8.1. The FEuler-Lagrange operator is defined by

0
+Z c st, 0421,...,777,. (13)

e «Q
5u 8u s>1 i1ds

The operator (1.3) is sometimes referred to as the Euler operator, named
after Euler (1744) who first introduced it in a geometrical manner for the
one-dimensional case. Also, it is called the Lagrange operator, bearing the
name of Lagrange (1762) who considered the multi-dimensional case and
established its use in a wvariational sense (see, e.g., [23] for a history of
the calculus of variations). Following Lagrange, (1.3) is frequently referred
to as a wariational deriwative. In the modern literature, the terminology
Euler-Lagrange and variational derivative are used interchangeably as (1.3)
usually arises in considering a variational problem.

Definition 8.2. The Lie-Béacklund operator is given by the infinite formal

Ssuim
0. a+€_aa+ B
Uaa i mzaa

Q112

X=¢— T (1.4)

where £, n® € A and the additional coefﬁcients are determined uniquely
by the prolongation formulae

G = Di(W)+gugy,
ﬁig = ‘DZ ‘D742 (Wa) + §J j7,17,27 (15)
In (1.5), W is the Lie characteristic function given by
We =n* —us . (1.6)

Sometimes it is convenient to write the Lie-Bécklund operator (1.4) in the
form

0 w0 w0
gun + DiV) 5+ D Da(W*) 5

oué i

X =¢D;+ W — e (1)
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Noether [87] remarked that the finite transformation groups may depend
on infinitely many derivatives if an infinitesimal transformation has deriva-
tives of u. This was, in fact, covered by Bécklund as is discussed in [32] (see
also [37], Section 6.2.1).

Definition 8.3. Lie-Backlund operators X; and X, are said to be equiva-
lent if X1 — X2 = )\Zl)l7 )\7' c A

In modern group analysis, there exists a variety of so-called generalised
symmetries which generalise Lie’s point and contact infinitesimal group gen-
erators. However, the problem still remains whether these generalised sym-
metries generate, via the Lie equations, a group. The problem thus far
is solved for Lie-Bécklund operators (1.4). That is, the Lie equation is
uniquely solvable, in the space [[A]] of formal power series with coeffi-
cients from A (the proof to be found in Ibragimov [32], Ibragimov [34]),
for any Lie-Bécklund operator (1.4). In this sense, Lie-Backlund symme-
tries are distinguished from all other generalised symmetries. Furthermore,
the corresponding formal transformation group leaves invariant the con-
tact conditions of any order. The possible existence of higher-order contact
transformations were extensively discussed by S Lie and A V Bécklund dur-
ing the period 1874-1876. In recognition of their fundamental contributions,
the above generalisation of Lie point and first-order contact transformations
was given the name Lie-Bdcklund transformations by Ibragimov and An-
derson [54]. The corresponding infinitesimal generator (1.4) is naturally
called the Lie-Backlund operator. It should be noted that the prolongation
formulae (1.5) are obtained as a direct consequence of the invariance of the
infinite-order contact conditions.

Definition 8.4. The Noether operator (introduced in [31]) is defined by

. . 5 d
NZ: ’ Wa— DZDZ Wa ; .:1,..., 5 18

where the Euler-Lagrange operators with respect to derivatives of u® are
obtained from (1.3) by replacing u® by the corresponding derivatives, e.g.,

50 ) 9
S~ ue D (1D Dy e, (1.9)

i s>1 ij1+Js

where i =1,...,n; a=1,...,m.
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We recall that the famous Noether theorem [87] (see below) connecting
symmetries and conservation laws for Euler-Lagrange equations is a direct
consequence of the following operator identity (see [31], [34]).

The Euler-Lagrange, Lie-Backlund and Noether operators are connected by
the operator identity

X + Dy(&) = W™ 5%+DZNZ'. (1.10)

The identity (1.10) is called the Noether identity in [31].

Definition 8.5. A Lie-Béicklund operator X of the form (1.4) is called a
Noether symmetry of a Lagrangian L € A if there exists a vector

B=(B',...,B"), B'cA,

such that
X(L) + LDy(¢") = Dy(B") . (1.11)

Definition 8.6. If in (1.11)
B'=0, i=1,...,n,
then X is referred to as a strict Noether symmetry of a Lagrangian L € A.

With the above definitions, Noether’s theorem is formulated as follows.

For any Noether symmetry X of a given Lagrangian L € A, there corre-
sponds a vector .
T=(T,...,T"), T'cA,

defined by
T"'=NY(L)-B', i=1,...,n, (1.12)

which 1s a conserved vector of equation

oL

= _0

ou®
i.€.

D;i(T") =0

on the solutions of

oL

ou®
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2 Any Noether symmetry is equivalent to a
strict Noether symmetry

The following theorem is influenced by and generalizes an interesting exam-
ple given by Noether in [87] (Section III).

Theorem 8.1. Any Noether symmetry is equivalent to a strict Noether
symmetry. Namely, if the Lie-Béacklund operator X satisfies Definition 8.5

X(L) + LDy(€") = Di(B'")
then the equivalent operator
X=X-1BD
— 7 i

is a strict Noether symmetry.

3 New identities: one-dimensional case

In the single independent variable case, we have the following theorems.

Theorem 8.2. The Lie-Backlund operator X can be represented in the
form

X=ND. (3.1)
Theorem 8.3. The following operator commutator relation holds:
[X,N] = ND(¢) (3.2)

where
[X,N]=XN—-NX.

4 New identities: multi-dimensional case

Theorem 8.4. The Lie-Backlund and Noether operators are related by the

operator identity 4 ,
[X + Dy(€%), Ni] = Dy(¢")N* . (4.1)

Remark 8.1. A more general result involving three Lie-Bécklund opera-
tors X1, X, X, such that X, = [X, Xj] and the Noether operators N; and
N, corresponding to X; and X3 is presented in [70] (Section 2).
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Theorem 8.5. The components of the conserved vector T, given by (1.12),
associated with the Lie-Backlund operator X which is a generator of a
Noether symmetry, satisfy

X(T") + Di(€")(T") — Di(€)(T*)

= N'(Di(B")) + Di(€)(B*) — Di(€")(B") = X (B"). (4.2)
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Invariant Lagrangians

UNABRIDGED DRAFT OF THE PAPER [44]

Abstract. In this paper we will discuss a method for constructing Lagrangians
for nonlinear differential equations using their Lie symmetries. We will find invari-
ant Lagrangians and integrate second-order nonlinear ordinary differential equa-
tions admitting two-dimensional non-commutative Lie algebras. The method of
integration of second-order equations suggested here is different from Lie’s inte-
gration method based on canonical forms of two-dimensional Lie algebras. The
new method reveals existence and significance of one-parameter families of sin-
gular solutions to nonlinear equations.

1 Introduction

Various problems of mathematics, mechanics, quantum field theory and
other branches of theoretical and mathematical physics are connected with
the calculus of variations. Often one deals with the direct variational prob-
lem when one starts with a given Lagrangian L(x,u,u1)) and investigates
the dynamics of a physical system in question by considering the Euler-
Lagrange equations. In the case of first-order Lagrangians L(x,u,u)) the
Euler-Lagrange equations are written (see the notation in Section 2)

oL
— =0, a=1,...,m,
ou®

oL oL oL
Sue ~ due D(aT)

)

where

185
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Example 9.1. Hamilton’s principle of least action in classical mechanics
states that a mechanical system is characterized by its Lagrangian

L(ta q, U) = T(ta q, U) - U(t7 Q):

where ¢ is time, ¢ = (¢',...,¢™) and v = dgq/dt denote coordinates and
velocities of particles of the system. T'(t, q,v) and U(t, q) are the kinetic and
potential energies of the system. The motion of the particles is determined
by the Euler-Lagrange equations

In particular, let us consider a system consisting of a single particle with
mass m =const. Let us define the position of a particle by its Cartesian
coordinates x = (z!, 2%, ). The velocity of the particle is v = (v!,v?,v3)
with v* = da*/dt. The kinetic energy of the particle is equal to

Hence the Lagrangian is

and the Euler-Lagrange equations provide the equations of motion

A’z ou
—=——, k=1,23.
m dt? Oxk”’ T
For example, in Kepler’s problem we deal with the motion of a planet in

the potential field U = /7 of the Sun, where 7 = /373 (2*)2. Then

3
L= %;(vk)z — % , = const.

Hence the equations of motion are written

d?zF vl
m e _#ﬁ’ k=1,2,3.
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In the wnverse variational problem, one starts with a given differential
equation and looks for the corresponding Lagrangian. Sometimes, one can
simply guess a Lagrangian, e.g. in the following examples.

Example 9.2. The simplest second-order ordinary differential equation

has the Lagrangian

since it can be obtained as the Euler-Lagrange equation

0L OL oL
5 =00 (a) =0

Indeed,
L
a— = 07 a—L = y/7
Jy oy’
and hence 5L
o _Dx N — .
5 (¥) =~y

Example 9.3. Likewise, one can easily see that the Laplace equation

"L 0%u

has the Lagrangian

Example 9.4. Furthermore, the wave equation
Uy — Au =10

has the Lagrangian

L=< (uj —|Vul]?).

N | —
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Example 9.5. One can verify that the Lin-Reissner-Tsien equation
2ty + Uglpy — Uyy = 0,

describing the transonic non-steady motion of a slender body in a compress-
ible fluid, has the Lagrangian

1 1

Example 9.6. A less trivial example is provided by the equation of ”short
waves” from gas dynamics:

2y, — 2(x + Uy )Ugy + Uy + 2ku, =0, k= const.

It has the following Lagrangian (see [34], Section 23.4):

1. 1
L= (mui + Ul — uu, — §u3) 2k

Indeed, the reckoning yields:
0L 0L oL oL oL
—=—-Di|— | —-D,| =— ) —-D,| —
ou  Ou t(@ut) (8%) y(@uy)
= [Qum — 2(x + Uy Uy + Uy + 2ku$] 2kt

Example 9.7. Let us find the Lagrangian for an arbitrary linear second-
order equation

y" +a(@)y +b(x)y = f(x).
Comparing with Example 9.2, we will seek the Lagrangian in the form
p(I) /2 Q(I)

5V y* —r(z)y.

L=-—

Then
6_L

oy
Writing the Euler-Lagrange equation 6L /dy = 0 in the form

=p(z)y" +p'(x)y + q(x)y —r(z).

y/l +
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and comparing with the second-order equation in question we obtain
p(q;) —ef a(x)dm’ q(x) _ b(l‘) of a(:p)dx7 T(.I) _ f(l’) o al@)dz

Hence, the function

1 / bx a(x)axr
L= {—§y2+%y2—f($)y} e/ (=)

is the Lagrangian for our equation. Indeed, we have:

o= [+ ata o o) oS

0y
Note that not every differential equation, or a system of differential
equations, has a Lagrangian. The heat equation

ut_umczo

provides a simple example of an equation without a Lagrangian. Mathe-
matical modelling provides many other equations having no Lagrangians.
On the other hand, it is known ([9], [15]) that all second-order ordinary
differential equations

y' = f(z,y,y")

have Lagrangians. See further Theorem 9.1. The existence theorem does
not furnish, however, simple practical devices for calculating Lagrangians.

The objective of the present paper is to show how to find Lagrangians
for nonlinear second-order ordinary differential equations y"” = f(z,y,v’)
with two known non-commuting symmetries and integrate the equation us-
ing invariant Lagrangians. Our main concern is on developing practical
devises for constructing Lagrangians for non-linear equations rather than
on theoretical investigation of solvability of the inverse variational problem.
The method of invariant Lagrangians mentioned in [34], Section 25.3, is
thoroughly illustrated by the following two nonlinear second-order ordinary
differential equations:

/
n_ Yy 1
¥y _= 11
e (L)
/
y":ey—y;- (1.2)

An attempt to find Lagrangians for Equations (1.1) and (1.2) by the
“natural” approach employed in Example 9.7 shows conclusively that the



190 N.H. IBRAGIMOV SELECTED WORKS, VOL. IV

inverse variational problem can be rather complicated even for ordinary
differential equations. We will see that the concept of invariant Lagrangians
allows one to find Lagrangians when the ”guessing method” fails.

Furthermore, using equation (1.1) for illustration of Lie’s integration
method I came across the singular solutions

y=Kzx and y=+V2r+Ca?.

The new integration method presented here uncovers interesting connections
of the singular solutions with singularities of the hypergeometric equation
determining the Lagrangians. Moreover, the method furnishes an approach
for obtaining one-parameter families of singular solutions.

2 Preliminaries

The Lagrangians in Examples 9.5 and 9.6 satisfy certain invariance prop-
erty under the infinite groups admitted by the corresponding differential
equations. Consequently, Noether’s theorem allows one to obtain infinite
sets of conservation laws (see, e.g. [34], Sections 23.3 and 23.4).

Furthermore, I used invariance properties for constructing Lagrangians
for potential flows of compressible and incompressible fluids. In this way,
new conservation laws were obtained in fluid dynamics ([29], see also [34],
Sections 25.2 and 25.3). We will discuss invariant Lagrangians for potential
flows of fluids in Section 2.4.

2.1 Derivative of nonlinear functionals

We use the usual notation from group analysis for independent variables x
and dependent variables u together with their successive partial derivatives
U(l), u(g), e Namely:

r={z'}, u={u}, uqy = {ul}, up = {ugis -,

where
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and D; denote the total differentiations™®:

0 0 0 0
D, = : L —— pa— R 2.1
ox’ i ou® oy ou§ + i dus + (2.1)
A locally analytic function F(x,u,u),...,us) of a finite number of the
variables x,u,uq), . .., u() is called a differential function of order s.

An action (also termed a variational integral) used in Lagrangian me-
chanics is a nonlinear functional [[u] :

lu] :/‘/L(x,u,u(l))dx. (2.2)

The integral is taken over an arbitrary n-dimensional domain V' in the
space of the independent variables x, and the integrand L(z, u, u(1y) (termed
Lagrangian) is a first-order differential function!.

The derivative {'[u] of the functional (2.2) is a continuous linear func-
tional I'[u](h) in the Hilbert space L?. Using the classical theorem of F. Riesz
from functional analysis, one can represent the linear functional I'[u](h) as
the following scalar product in L? (see, e.g. [11]):

U] (h) = (i—[; h) z/v {% - Di<(§7[;>]hadx,

)

SL 0L _D(a_L) 23)

Suc  Que '\ Qul

is the variational derivative. The necessary condition I'[u] = 0 for extrema
of the functional [[u] provides the Euler-Lagrange equations:

where

oL '(8L

—_— = — | = =1,... . 2.4

2.2 Invariance of functionals

Let GG be a one-parameter group of transformations

7 = fi(z,u,a), T =¢*(x,u,a) (2.5)

*Here and in what follows we employ the usual convention of summation in repeated
indices.
TRestriction to first-order derivatives is not essential.
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with the generator

X = gz(l"u) 0

o T u)

- (2.6)

Definition 9.1. The functional (2.2) is said to be invariant under the group
G if the following equation holds for any domain V' and any function u(z) :

/L(E,ﬂ,ﬂ(l))df: / L(ZL‘,U,U(l))dI. (27)
v 14
Here V is the domain obtained from V by the transformation (2.5).

Lemma 9.1. The functional (2.2) is invariant under the group G with the
generator (2.6) if and only if

Xy(L) + LDi(€") =0, (2.8)
where X(;) denotes the first prolongation of the generator X,

Z.8L+ o OL N a@_L
o’ n@u"‘ i@u?’

Xuy(L)=¢ ¢ = Di(n™) — uS Dy(&).

A simple proof of this statement is given in [28]. The proof is based
on the fact that one can obtain the infinitesimal test for the invariance of
nonlinear functionals /[u] in terms of the differential n-form

Ldx = Ldx* Adx* A -+ N dx™ (2.9)

rather than of the integral (2.2). For details, see [34] or [39].
Let us distinguish Lagrangians of invariant functionals by the following
definition.

Definition 9.2. The function L(x, u, uq)) satisfying Equation (2.8) is termed
an invariant Lagrangian for the group G with the generator (2.10).

Remark 9.1. Invariant Lagrangians are, generally speaking, different from
first-order differential invariants F(x,u,u()) defined by the equation

Xu(F)=0

instead of Equation (2.8).
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2.3 Noether’s theorem

Noether’s theorem [87] states, e.g. in the case of first-order Lagrangians L
and point transformation groups (2.5), that if the integral (2.2) is invariant
under the group G with the generator (2.6),

-0 0
X =& — *— 2.10
S (2.10)
then the quantities
i i N o OL .
A'(x,u,umy) = LE —I—(n —fjuj)%, i=1,...,n, (2.11)
define a conserved vector
A= (Al,...,A")

for the Euler-Lagrange equations (2.4). In other words, the conservation
equation

D;(A") =0 (2.12)

holds on the solutions of Eqs. (2.4).

If the integral (2.2) is invariant under 7 linearly independent operators
Xi,..., X, of the form (2.10), then the formula (2.11) provides r linearly
independent conserved vectors Aq,..., A,.

Noether’s original proof was based on calculations involving variations
of integrals [ Ldz. An alternative proof of Noether’s theorem was given in
[28] (see also [34] or [39] for more detailed presentation). The new approach
allowed not only to simplify the proof of Noether’s theorem, but also to
get a new, more general theorem stating that the formulae (2.11) provide
a conservation law for the Euler-Lagrange equations (2.4) if and only if the
extremal values of the functional [[u] are invariant under the group with the
generator (2.10).

Remark 9.2. Conservation laws are obtained even when the invariance
condition (2.8) is replaced by the divergence relation

Xoy)(L) + LDi(¢") = Di(BY), (2.13)
where B' = B'(z, u, u(1y). Then the conserved vector (2.11) is replaced by

. . 0L
At =L+ (n* — gfu;“)% ~ B". (2.14)
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2.4 Invariant Lagrangians in fluid mechanics

Let us consider the equations of motion of an ideal incompressible fluid

v+ (v-V)o+Vp=0, dive =0, (2.15)
where p is the pressure. The density of the fluid is set equal to p = 1.
In the case of potential flow one has

v =V, (2.16)
and the system (2.15) yields the Laplace equation (due to divw = 0)
Ad =0 (2.17)
and the Bernoulli integral
1
<I>t+§|VCI>\2+p:0. (2.18)
Here ® = ®(t,x) is the potential and & = (x!,... 2"), where n < 3 is the
dimension of the flow.
The variational derivative (2.3) is written
0L 0L oL 0L
o p( ) b Z), 2.19
0> 9D t(acpt) (8(1)) (2.19)
where ®; = ¢, whereas D, and D; denote the total differentiations (2.1) in
t and in the spatial variables z* (i = 1,...,n), respectively:
0 0 0 0
D, = — b, — b, — )} — S
o T T, T %ige, T
0 0 0 0
D= —

0, re, e,
or Cae T Vs, T Piae, T

Using the Lagrangian from Example 9.6 for the Laplace equation and
taking into account that

60,
60
we will take the Lagrangian for Equation (2.17) in the form

0,

1
L=®+3 V|2 (2.20)
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Presence of the term @, in the Lagrangian (2.20) and the concept of invariant
Lagrangians allow us to obtain via Noether’s theorem the classical and some
non-classical conservation laws for incompressible fluids.

We will use the following notation. The generators (2.10) will be written

o 0
X = 0— ' 2.21
TR (2.21)
Accordingly, the conservation equation (2.12) takes the form
DA% +V-A=0. (2.22)

The quantity A° and vector A = (A!,..., A") are given by Egs. (2.11)
written in the form

OL : 4 oL

=L+ W=—" A =LE+W— 2.23

if the invariance condition (2.8) holds, and by Eqs. (2.14) written as

oL oL

=L+ W B, A =L+ (2.24)

if the divergence relation (2.13) holds. We have used here the notation
W=n-¢&, -, (2.25)

After calculating conserved vectors, we will replace there V& and &,
by v and p, respectively, using Eqs. (2.16) and (2.18). Furthermore, it
is convenient for physical interpretation of conservation laws to write the
conservation equation (2.22) in the form

Dy(7) + div (Tv + A) = 0. (2.26)

The standard procedure by using the divergence theorem allows one to
rewrite the differential conservation law (2.26) in the integral form

d
o | T =~ /()\-u)dS, (2.27)

Q(t) 5(t)

where €(t) is an arbitrary n-dimensional volume moving together with the
fluid, S(¢) is its boundary, and v is the unit outer normal to S(t).

One can find invariant Lagrangians and conservation laws starting with
any symmetry of the Laplace equation.
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Example 9.8. The time translation generator

0

X, = =
L7 ot

satisfies the invariance condition (2.8). The quantity (2.25) is equal to
W == _q)t

and Eqgs. (2.23), (2.20) yield
1 .
A=L-9, = 3 V|2, A' = —3,D;.

Hence,
1
A = 5 VO], A=-0,VO.

Now we eliminate V® and ®; by using Eqs. (2.16), (2.18) and obtain the
conserved vector

1 1
AOZ §|’U‘2, A= (5 |’U’2+p) v.

The corresponding conservation equation (2.22) has the form (2.26) with

I
—_ - A: .
T 5 lv|*, pv

Writing the conservation law in the integral form (2.27) we obtain the con-
servation of energy:

d

1
7| 3 [v|*dw = — / pv-vdsS. (2.28)

Q(t) S5(t)

Remark 9.3. Note that the application of Noether’s theorem to the po-
tential flows gives us the conservation of energy (2.28) that is valid for all
solutions of Egs. (2.15).

Example 9.9. We will use now the dilation symmetry. By geometric rea-
sons, it is convenient to take the infinitesimal dilation symmetry of the
Laplace equation (2.17) in the following form (see [34], Section 10.2):

g n—2_0

X=alpn === 0o (2.29)
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Acting on the Lagrangian (2.20) by the first prolongation of Y,

-0 n—2_ 0 n—2 0 n 0
Xn) ¢ — d — P, — — (Pi%,

“Tor T2 Tad 2 ‘od, 2 (2.29')

we obtain the following divergence relation (2.13):

; n+2 n+ 2

2

Therefore, noting that the quantity (2.25) for the operator (2.29) is

W:_n—Z

d—x-VO,

using Eqs. (2.14) [see also Egs. (2.23)] and changing the sign of the resulting
conserved vector, we have:

A'=nd + -V,

) -2 , 1 )
Al = ("2 CID—i—a:-V(I)) Vi — (@t+§yvq>|2) 2

Hence, using Egs. (2.16), (2.18) we obtain

n—2

A" =nd+zx- v, A:( <I>+w-v)v+pm. (2.30)

Let us verify that (2.30) satisfies the conservation equation (2.22). Taking
into account the second equation (2.15), div v = 0, one obtains after simple
calculations:

1
DAY + V- A= [0+ (v: V) + Tp] + 0l + 5[V + ).

Hence, the conservation equation (2.22) holds due to Egs. (2.15), (2.18).
Writing the conservation equation for (2.30) in the form (2.26) we obtain

n—+ 2

T=n®+x-v, A=px— dv.

Hence the dilation symmetry (2.29) leads to the integral conservation law

d
pr (n@+w~v)dw:—/<pw—

Q(t) 5(t)

n-+ 2

<I>'v) -vdS (2.31)

for the potential flows of the incompressible fluid.
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Example 9.10. Let us use the fact that the Lagrangian is not uniquely
determined. We noticed in Example 9.9 that the Lagrangian (2.20) is not
invariant with respect to the dilation symmetry (2.29). In order to find an
invariant Lagrangian, we modify (2.20) as follows:

t
L =h(x)®; + % V|2, q(t) #0. (2.32)
The variational derivative (2.19) of (2.32) is
oL
— = —q(t) Ad. 2.33
5 = 1) (2.33)

Hence, the Euler-Lagrange equation for (2.32) with any functions h(x) and
q(t) # 0 gives again the Laplace equation (2.17). Furthermore, acting on
(2.32) by the prolonged operator (2.29’) we obtain:

, - Oh 2

We can chose the coefficients h(x) and ¢(¢) so that (2.32) will be an in-
variant Lagrangian with respect to the the dilation group with the generator
(2.29). We will set ¢(t) = 1, i.e. take

1
L= h(x)®, + 3 V| (2.35)

and, according to Eq. (2.34), satisfy the invariance condition (2.8) by setting

; Oh +n—|—2
' ——
ox’ 2

Looking for a particular solution of the form h = h(|x|) of the above equa-
tion we reduce it to the linear ordinary differential equation

dh n+2
T o

h = 0.

whence, ignoring the constant of integration, we get
h=|x -

Thus, we have the following invariant Lagrangian:

_n+2 1
L=|x|" > ‘I’t+§|V‘I’|2-
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Applying Egs. (2.11) to this Lagrangian and proceeding as in Example 9.10,
one arrives at the following integral conservation law:

d n —2
@/\wr# ("2 mm.v)dw

Q(t)

:—/]:13_32 {(§|v|2+p)w— <nT<I>—|—w~v) v} -vdS.
S(t)

Example 9.11. Let us find an invariant Lagrangian with respect to the
dilation of & and arbitrary transformation of ¢ with the generator

.0 0

Y =i <

s ot

which is also admitted by the Laplace equation (2.17). Here g(¢) is an

arbitrary function. We will search for an invariant Lagrangian in the form
we modify (2.32) with h(x) =0, i.e. take

L= @ V|2 (2.38)
Substituting (2.37) and (2.38) in the left-hand side of the invariance condi-

tion (2.8) we obtain

(2.36)

+9(t) (2.37)

1
Yoy (L) + (g'(1) +n)L = [(99)' + (n = 2)g]5 [VE[*,
Hence, the invariance of the Lagrangian (2.38) requires that

(99)" + (n —2)q = 0.

Solving this linear homogeneous ordinary differential equation,

g(t)d + (g'(t) +n—2)g =0,

we obtain o
dt
g=—e*™I35 = const.
g(t)
Setting C' = 2 we the following invariant Lagrangian:
2
_ |V | Ny

g(t)
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Example 9.12. The potential isentropic flow of a compressible fluid is de-
scribed by the nonlinear partial differential equation

1
Oy +2VP - VO, + VP - (VO -V)VD + (v —1) (Cbt + §|V¢)|2) Ad =0
considered together with the so-called Lagrange-Cauchy integral:
1
P, + —\V@]Q + L/ﬂ*l =0,
2 v—1
where p is the density, ® is the potential, and v is a constant known in gas

dynamics as the adiabatic exponent. Using the invariance under the group
admitted by these equations the following Lagrangian was obtained [29]:

1 1
L= <<I>t + §|V<1>|2> .

3 Lagrangians for second-order ODEs

3.1 Existence of Lagrangians

Definition 9.3. Definition 2. A differential function L(x,y,y’) is called
a Lagrangian for a given second-order ordinary differential equation

y' = f(z,y,y") =0 (3.1)

if equation (3.1) is equivalent to the Euler-Lagrange equation

6L 0L oL
—==2Z_pD. (=) = 2
oy oy " (01/) " (3-2)

i.e. if L(x,y,y’) satisfies the equation
oL oL
D. (5 ) = 5y =@l = flepil o A0 (3
with an undetermined multiplier o(x,y,y’).

The expanded form of equation (3.3) is

y”Ly’y’ + y/Lyy’ + ny’ - Ly = Uy” - Jf([E, Y, y,)'
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Noting that the equality of the coefficients for y” in both sides of the above
equation yields o = L,/,/, we reduce equation (3.3) to the following linear
second-order partial differential equation for unknown Lagrangians™:

f({L‘, Y, y/)Ly/y/ 4+ y/Lyy/ + ny/ — Ly = 0, Ly/y/ 7& 0. (34)

Definition 9.4. The inverse variational problem for the second-order or-
dinary differential equation (3.1) consists in finding a solution L(z,y,y’) of
the partial differential equation (3.4) with the independent variables z, y, ¢’
and the given function f(z,y,v’).

Theorem 9.1. Any second-order ordinary differential equation

y' = f(z,y,v"),

where f(z,y,7') is an arbitrary differential function, has a Lagrangian. In
other words, the inverse variational problem has a solution for any second-
order equation (3.1).

Proof. The proof follows almost immediately from the Cauchy-Kovalevski
theorem. Let us first assume that f(z,y,y’) # 0. Then the equation

f(z,v, y')Qi, +y'Q,Qy + 2.0, =0

for characteristics of the differential equation (3.4) is not satisfied by 2 = v/,
and hence the plane 3’ = 0 is not a characteristic surface. Consequently,
the Cauchy-Kovalevski theorem guarantees existence of a solution to the
Cauchy problem

f({[‘, y’ y/)Ly’y’ —|— y,Lyy’ —|— Lmy’ — Ly = 0,

y'=0 = P('Ia ?J)7 Ly’ y'=0 = Q(x7y)

with arbitrary functions P(z,y) and Q(z,y). This solution satisfies the
required condition L., # 0. Indeed, otherwise it would have the form
L = A(z,y)y + B(x,y). Substitution of the latter expression in equation
(3.4) shows that the functions A(x,y) and B(z,y) cannot be arbitrary, but
should be restricted by the equation

0A(x,y)  0B(z,y)

ox Jy

L

“The requirement L/, # 0, known as the Legendre condition, guarantees that the
Euler-Lagrange equation (3.2), upon solving for y”, is identical with equation (3.1). See,
e.g. [15], Chapter IV.
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On the other hand, the initial conditions

L

y'=0 = P(I’,y), Ly’

y'=0 = Q(Q?, y)

require that the functions A(z,y) and B(z,y) should be equal to arbi-
trary functions Q(z,y) and P(x,y), respectively. Thus, equation (3.4)
has solutions satisfying the Legendre condition L, # 0, provided that
f(z,y,9y") # 0. In the singular case f = 0 the existence of the required
solution is evident since the equation y” = 0 has the Lagrangian L = y'?/2.
This completes the proof (cf. [9], pp. 37-39; see also [15], Chapter IV, §12).

3.2 Concept of invariant Lagrangians

The above existence theorem does not furnish, however, simple practical
devices for calculating Lagrangians of nonlinear differential equations (3.1).
I suggested in 1983 ([34], Section 25.3, Remark 1) a method for determin-
ing invariant Lagrangians using the infinitesimal invariance test (2.8), and
illustrated the efficiency of the method by second-order partial differential
equations from fluid dynamics. I will give here a more detailed presenta-
tion of my method, develop a new integration theory based on invariant
Lagrangians and illustrate it by non-linear ordinary differential equations
of the second order.

In the case of ordinary differential equations, the invariance test (2.8)
has the form

Xy(L) + D(§)L = 0. (3.5)

We apply it to unknown Lagrangians L(z,y,y’) and known generators

0 0

X = 5(1379)8—56 +77(x’y)8_y

admitted by an equation in question, where ((x,y,y’) is obtained by the
usual prolongation formula:

¢ =Do(n) —y'Da(&) = 0o + (ny — &)y — %, (3.6)

3.3 Integration using invariant Lagrangians

In the case of ordinary differential equations (3.1),

y' = f(x,9,9), (3.7)
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the infinitesimal symmetries (2.10) are written

X = 5(%?4)(% + n(fﬂ,y)a% (3.8)

and the conserved quantities (2.11) have the form

oL
oy’ '

The method of integration suggested here is quite different from Lie’s
classical methods (i.e. consecutive integration and utilization of canonical
forms of two-dimensional Lie algebras, see, e.g. [39], Section 12.2) and
comprises the following steps.

First step: Calculate the symmetries (3.8). Let equation (3.7) admit
two linearly independent symmetries, X; and X5.

Second step: Find an invariant Lagrangian L(z,y,y’) using the invari-
ance test (3.5) under the operators X; and X, and then solving the defining
equation (3.4) for L.

Third step: Use the invariant Lagrangian L and apply the formula (3.9)
to the symmetries X; and X5 to find two independent conservation laws:

T=¢0+ (n—¢Y) (3.9)

Ti(z,y,y) =C1, Ta(z,y,y") = Cs. (3.10)

Equations (3.10) mean only that the functions Ti(z,y,y") and Ta(x,y,y')
preserve constant values along each solution of equation (3.7). However, if
Ty and Ty are functionally independent, one can treat C'; and C5 as arbitrary
parameters, since the Cauchy-Kovalevski theorem guarantees that equation
(3.7) has solutions with any initial values of y and 3’, and hence C7,Cs in
(3.10) can assume, in general, arbitrary values.

Fourth step: Eliminate y" from two equations (3.10) to obtain the solu-
tion of equation (3.7) in the implicit form:

F<I7y7 Cl? 02) - 07 (31].)

where ('} and (5 are two arbitrary parameters.

4 Invariant Lagrangians for Eq. (1.1)

We search for invariant Lagrangians for Equation (1.1),

sy 1

Y2 wy’
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using the following two known symmetries ([39], Section 12.2.4):

0 0 0 0
X, :xQ%—i—xya—y, X2:2m%+y8—y- (4.1)

The determining equation (3.4) for the Lagrangians of equation (1.1) has
the form

y 1
(E - x_y) Lyy +y' Ly + Lay — Ly =0, Ly # 0. (4.2)

4.1 On the method of Euler-Laplace invariants

Recall that any linear hyperbolic second-order differential equations with
two independent variables x, ¥ :
a My + 20Uy, + a®?uy, + b, + bPuy, + cu =0, (4.3)

where a'' = a''(z,y),...,c = c(x,y), can be rewritten in characteristic
variables defined by the characteristic equation

at'Q, Q. + 2420, Q, + CLQQQy Q, =0, (4.4)
in the standard form
Llu] = ugy + a(x, y)u, + b(z,y)uy, + c(x,y)u = 0. (4.5)
The FEuler-Laplace invariants for Equation (4.5) are defined by*
h=a,+ab—c, k=0b,+ab—c. (4.6)

Eq. (4.5) can be easily integrated by quadratures when one of the quantities
(4.6) vanishes.
Namely, if h = 0 we rewrite the left-hand side of Eq. (4.5) in the form

Liu] =v, +bv— hu, where v =u,+ au,
and arrive at the following integrable equation:

vy +bv = 0.

* Author’s note to this 2009 edition: The quantities (4.6) are known in the literature
as the Laplace invariants. I have learned from Louise Petrén’s Thesis [95] that they have
been discovered earlier by L. Euler. Therefore I will call them Euler-Laplace invariants.
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Integration with respect to x yields
v= Qe e

with an arbitrary function @(y). Substituting this expression in u, +au = v,
one obtains:

ty + au = Q(y) e/ Mo

whence upon integration with respect to y :
u= {P(x) + /Q(y)ef “dy_bd”’dy] e~ Jody, (4.7)

Likewise, if k£ = 0 we rewrite the left-hand side of Eq. (4.5) in the form
Lu = wy + aw — ku, where w =u,+ bu,

and obtain the following general solution of (4.5) with k=0 :
u = [Q(y) + /P(x)ef bd:‘“dydx] e Jbde, (4.8)

4.2 The Lagrangians admitting X;
The invariance test (3.5) under the first generator (4.1),

0 0
X, =2 — +ay—
! ox 4 oy
provides the following non-homogeneous linear first-order partial differential

equation:

oL oL oL
22~ - — 2y) == + 2zL = 0. 4,
x a:]CJrft?.yaer(y wy)ayﬁr zL =0 (4.9)

The implicit solution V' (z,y,y’, L) = 0 provides the homogeneous equation
r'—+ay— + (y — 2y’ )— — 2aL— = 0. (4.10)
Y
The characteristic system for the latter equation,

de _dy dy’ dL

22 Ty y—xy’: 2xL
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gives three first integrals:

A=L u=y—ay, v=2L
x
and the implicit solution V (A, u,v) = 0 yields the solution
1
L= e D\, 1) (4.11)

to the partial differential equation (4.9). We have by definition of A and p :

Y 1
Az:_ﬁ’ )\y:;7 /\y’ =0, pe=-y, Myzl? Hy = —,
and therefore

1 1 1

Ly/ == —; ®/“ Ly/y/ - (I)/J/»“ Lyy/ — —p q))\’u - 5 @H‘u,

1 Yy Y 1 1
ny’:?q)u"‘ﬁq)ku‘i‘g@w“ Ly:EcD)‘—i_?q)N

Substitution of these expressions reduces the equation (4.2) to the following
linear equation with two variables A\ and p :

s, — % O, —Dy=0, B, #0. (4.12)

The characteristics Q(\, ) = C of equation (4.12) are determined by
the equation

pQ, — % 02 % (A2 — Q) Q, =0

equivalent to the system of linear first-order equations
Q,=0, N0 -Q,=0.
Two independent first integrals of the latter system have the form

1
A= Cl7 m— X = CZ
and provide the characteristic variables v and v :

1
U=A, V=g
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In these variables equation (4.12) takes the form

u 1
Dy — o, — d, =0. 4.1
1+ uv u(l + uw) 0 (4.13)

i.e. the canonical form (4.5),
D, + a(u,v) Dy + b(u,v) D, + c(u,v)P = 0 (4.14)

with the coefficients

1
“ Y b(u7 U) = T N
1+uv u(1l 4 uv)

c(u,v) = 0. (4.15)

a(u,v) = —

Equation (4.13) can be integrated by the method of Euler-Laplace in-
variants. Indeed, calculating the quantities (4.6),

h=a,+ ab—c, k=b,+ab—c,

for Equation (4.13), one can readily see that one of these invariants vanishes,
namely, h = 0. Therefore, one can obtain the solution to Equation (4.13)
using the formula (4.7) for the general solution in the case h =0 :

O(u,v) = {U(u) + /V(v)ef a(uv)dv=b(u,v)du dv] e Jalwv)dy, (4.16)

where U(u) and V' (v) are arbitrary functions.
Evaluating the integrals of the coefficients (4.15):

1+ wv
U

/a(u, v)dv = —In |1 4 uv, /b(u, v)du = —In

and using the formula (4.16) one obtains the following general solution to
equation (4.13):

udv

m} (1+ uv). (4.17)

®(u, v) = [U(u) + / V(v)

Let us take a particular solution, e.g. by letting U(u) =0, V(v) = v in
(4.17). Then

1 1+uww 2
e=7 y;—yy’

u

)

1
1n]1—|—uv|:x+,uln|)\u|:§+(y—xy’)ln
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and the formula (4.11) provides the following Lagrangian for equation (1.1):

(4.18)

We have with this Lagrangian:

oL 1 Y 1
5w )
y oy -y Y Ty

Note that the exceptional situation in our approach that occurs when

y—ay =0,

singles out the solution y = Cz to Equation (1.1). See also Remark 9.4 in
Section 4.3.

4.3 The Lagrangians admitting X; and X,

The prolongation of the second operator (4.1) is

o a9

hence the invariance test (3.5) under X, is written

oL oL ,0L
20—

— —y — 4+ 2L =0. 4.19
6’x+y8y yay’+ ( )

By the same reasoning that led to equation (4.10), one obtains the equation

ov oV oV oV
Yor TVay Yoy ar = (4.20)

Thus, the Lagrangians that are invariant under both X; and X, should
solve simultaneously the equations (4.9) and (4.19):

L L L
2ok + xya— +(y— xy’)a— +2zL =0,
Oox dy oy’
oL OL 0 (421)
2w— +y— —y)— +2L =0
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Looking for the solution in the implicit form V(z,y,y’, L) = 0, one arrives
at the system of two homogeneous equations (4.10) and (4.20):

ov oV ov ov
—— - _ N~ _ - =
Z(V)==x e + zy s + (y —zy )ay’ 2z 7 0, o
v IV oV ov '
VA =2r—+y— —y— —2L— =
2(V) Y or tY dy Y oy’ oL 0

where Z; and Z, are the following first-order linear differential operators:

9, 5, 5, 0
— 2 _ ! _ -
Zl—xax+xyay+(y :L’y)gy/ 2Z‘LaL,
9, 0 (4.23)

)
Zy=2wl 1yl _y @ _op 0.
2= e Ty TV ay T har

The invariants for Z; are A = y/x, =y — xy’, v = 22L. Furthermore,
we have Zy(A\) = =\, Za(pn) = pu, Zo(v) = 2v, and hence

0 0 0

The characteristic equations

_dA dp dv

A wo 2w
yield the following common invariants of Z; and Zj :

2
z:)\,uzy;—yy’, qg = Nv=y°L.

Thus, the general solution of the system (4.22) is V' = V(z,q), and the
equation V(z,q) = 0 provides the following solution to the system (4.21):

L==V(z), z= L vy - (4.24)

We have:
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_ Yo _ 2 2 Y\
Ll,y/_ﬁ\ll, Ly__ﬁqj+(x_y_f v (4.25)
Substitution of these expressions reduces the equation (4.2) to a linear ordi-
nary differential equation of the second order, namely to the hypergeometric
equation (see Section 4.4)

21— 2)0" + 220 — 20 =0, U £0. (4.26)

Equation (4.26) has singularities at points z = 0, z = 1 and the infinity,
z = 00. The singular points z = 0 and z = 1 define singular solutions to
equations (1.1). This relationship between the singular points and singular
solutions will be discussed in Section 5. Let us consider now the solutions
to equation (4.26) at regular points z.

The substitution ¥ = zw reduces (4.26) to the following integrable form
discussed further in Section 4.4:

2(1—2)w" 4+ 2w = 0. (4.27)

Equation (4.27) can be solved in terms of elementary functions. Indeed, we
have

duw' 2dz 2dz 2dz

w o oz(z—=1)  z-1 z

and obtain upon integration:
1N 2
w’ = CI (1 — —) s
z
whence* .
w = C) <z———21n|z|> + Cs. (4.28)
z

We let C; = 1,Cy = 0 and obtain the solution ¥ = zw to Equation (4.26)
in the following form:

U(z) =2 —1—2zIn|z|. (4.29)

Substituting (4.29) in (4.24), we obtain the following function L(z,y,y’) :
1 2 ! 1 /

Lo L B e Yy,

y2 o x? x x oy

y2

e
i

/. (4.30)

*The same result can be obtained from the general formula (4.41) with « = —2,v = 0.
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Using (4.24), (4.25) and (4.29), one readily obtains

2 2 2 2
Ly/:——2g+2y’+—1ny——yy’, Ly/y,:2——x,,
y x y lx v(y —zy
2 2 2 y? Y 2
) F——— S|y Lyy =22 — — =
v x+y(y—wy’) 2w T oTar a(y—ay

and hence the variational derivative of the function (4.30):

/ /

oL 1—z<,,_y 1):2x—y2+:€yy’<,,_y 1>

)
oy z y(y — zy’)

+_
y: o xy

N vy
Hence, the function L(z,y,y’) given by (4.30) is a Lagrangian for equation
(1.1) with the exclusion of the singular points z = 0 and z = 1 of the

hypergeometric equation (4.26).

Remark 9.4. According to (4.28) the general solution of equation (4.26)
is given by
U(z) =Ci(22 =1 —2zInz]) + Coz.

It is spanned by the singular solution (4.29) and the regular solution ¥, = z.
We eliminated the regular solution because it leads to the trivial Lagrangian
(4.24), namely:

Its variational derivative 0L, /dy vanishes identically.

4.4 Integration of a class of hypergeometric equations

In the theory of hypergeometric functions, the main emphasis is on asymp-
totics of the hypergeometric equation and its series solutions near the sin-
gular points (see, e.g. the classical book [106]). However, for our purposes
we will need analytic expressions for the general solutions of certain types
of the hypergeometric equation. Therefore, I determine in Theorem 9.2 a
class of hypergeometric equations integrable by elementary functions or by
quadrature. Numerous particular cases of this class can be found in various
books on special functions, but to the best of my knowledge, not in the
general form given in Theorem 9.2.
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The second-order linear differential equation
z(1—2)y"+[y—(a+ B+ 1z]ly —aBy=0 (4.31)

with arbitrary parameters «, 3, and v is known as the hypergeometric equa-
tion. It has singularities at x =0, x = 1 and z = cc.
Furthermore, any homogeneous linear second-order differential equation
of the form
(2> + A+ B)y"+ (Cx+ D)y + Ey =0 (4.32)

is transformable to the hypergeometric equation (4.31), provided that the
equation
P+ Ar+B=0

has two distinct roots x; and x9. Indeed, rewriting equation (4.31) in the
new independent variable ¢ defined by

r=mx1+ (x2 — 29)t (4.33)

one obtains

d
—C’t} —y—Ey:O.

t1—t) =
(1—1)—5 + 7

d2y CiL‘l +D
dt?

Tl — X2
Setting here
C[El + D .

X1 — X2

7, C=a+f+1, E=af

and then denoting the new independent variable ¢ again by x, one arrives
at Eq. (4.31).
If af = 0 the hypergeometric equation (4.31) is integrable by two

quadratures. Indeed, letting, e.g. 3 = 0 and integrating the equation
dy’ 1x —
W _(atle=y,

Yy’ z(1—x)

we have
y = C1e?®) . ) = const.,

q(x) :/%dw

where
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The second integration yields:
y=C} /e‘m) dx + Cy, (4, Cy = const.

The following theorem singles out the equations (4.31) with a8 # 0 that
can be integrated by transforming them to equations not containing the
term with w.

Theorem 9.2. The general solution of the hypergeometric equation (4.31)
with 8 = —1 and two arbitrary parameters v and 7 :

r(l—2)y"+(y—ax)y +ay=0 (4.34)

is given by quadrature and has the form

— 0 Y e 17— [ -2 7
y=0Ch (a: a) / (|x| |z —1]""% [z — (v/a)] ) dx+Cy (m oz>’ (4.35)
where (] and (5 are arbitrary constants.

Proof. Since the case @« = 0 was considered above, we assume in what
follows that a # 0. Let
y=o(x)w. (4.36)

Substitution of the expressions
y=o(x)w, y =oc)w+d(z)w,
y' =o(z)w" + 20" (2)w' + 0" (2) w
in Eq. (4.31) yields:
r(l1—z)ow”" +{2z(1 —2)o’ + [y — (o + B+ D)x]o} v’
+{z(1—2)o"+[y—(a+ B+ 1Dz]o' —afo}w=0. 437)
To annul the term with w, we have to find o(z) satisfying the equation

z(l1—2z)o"+[y—(a+ B+ 1)z]o’ —afo=0. (4.38)

It seems that we did not make any progress since we have to solve the
original equation (4.31) for the unknown function o(z). However, we will
take a particular solution o(x) by letting ¢”(z) = 0. Hence, we consider the
transformation (4.36) of the form

y=(kx+1)w, k,l=const.
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Then Eq. (4.38) reduces to
yk—aBl=0, k(a+1)(B+1)=0.

Since af # 0, it follows from the above equations that k& # 0, and hence
B = —1 (or « = —1, but since equation (4.31) is symmetric with respect to
the substitution a = 3 we shall consider only = —1). In what follows, we
can set k = 1. Then the first equation of the above system yields | = —v/a.
Thus we arrive at equation (4.34). Furthermore, it follows from (4.37) that

the substitution
y = (x - Z)w (4.39)
«

reduces (4.34) to the equation

(1l —x) (:1: — %) "+ [23:(1 —x) — a(:z: — %)2} w' = 0. (4.40)

One can readily integrate equation (4.40) in terms of elementary func-
tions and one quadrature. Indeed, the equation

dw' _ 20— 1) — ol = (/)P
w’ 2(1 =[x = (v/a)]
gives w' = C1e"®) where C} is an arbitrary constant and
[zl ()
R R e e

Evaluating the latter integral, one obtains

r(z) = In (Jo| 7o = 177 o = (7/0)] %),

and hence
w' =y (277 (@ = 1) o = (7/0)]2).

Thus, the solution of equation (4.40) is given by quadrature:
w = 01/ (1] [e =11 [e—(3/0)) ) da+Ca. €1, Cy = const. (4.41)

Substituting the expression (4.41) in the formula (4.39), we obtain two
independent solutions of the original equation (4.34):

MOEICE) / (lel 7 2 = 17" [ = (r/)] ) do, yal) =2 — 2

(67
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Taking the linear combination of y;(z) and yo(z) with arbitrary constant
coefficients we obtain the general solution (4.35) to Equation (4.34), thus
completing the proof.

Remark 9.5. If v and v — « are rational numbers, one can reduce (4.41)
to integration of a rational function by standard substitutions and repre-
sent the solution (4.41) in terms of elementary functions. See examples in
Sections 4.3 and 6.

Corollary 9.1. Using the transformation (4.33) of equation (4.32) to the
standard form (4.31), one can integrate Eq. (4.32) with £ = — C':

(2> + Ax+ B)y"+ (Cx+ D)y — Cy=0. (4.42)

5 Integration of Eq. (1.1) using Lagrangian

Let us apply the integration method of Section 3.3 to Equation (1.1):

/
v Y1
y —=+—=0 5.1
y? oy 51)
For this equation, we already know two symmetries (4.1),
0 0 0 0
Xy =222 +aoy=—, Xo=20—+y—, 5.2
LT o xy@y 2 Tox yay (5:2)

and the invariant Lagrangian (4.30),
1 2 / 1 / 2
L:——+y——2%+yl2—2<——y—>1n y——yy’
y2 o a2 x x oy x
Since the Lagrangian (5.3) has singularities, we will begin with singling out
the associated singular solutions of Eq. (5.1).

. (53)

5.1 Singularities of Lagrangian and singular solutions
Recall that the hypergeometric equation (4.26) has the singular points
z2=0 and z=1. (5.4)

According to definition of z given in (4.24), the singular points (5.4) provide
two first-order differential equations,

;Y
-7 5.5
v=7 (5.5)
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and y 1
/
y=7 7’ (5.6)
respectively. The Lagrangian (5.3) collapses at both singular points. Namely,
L is not defined at the point z = 0, i.e. at (5.5), and vanishes identically
at the point z = 1, i.e. at (5.6). See also Remark 9.4. Eq. (5.5) yields
y = Kx, K = const.

Equation (5.6) can be integrated, e.g. by noting that it admits the
operators (5.2). Indeed, equation (5.6) is identical with z = 1, where z is a
differential invariant of X; and X5. Hence, one can employ either canonical
variables or Lies’s integrating factors.

Canonical variables. Let us use, e.g. the operator X;. The equations
Xi(7) =1 and X;(v) = 0 provide the following canonical variables:

In this variables, equation (5.6) is written

dv 1
b
d7'+’U

and yields

v=FV-2t+C.

Returning to the original variables, one obtains the following solution of

equation (5.6):
y=+V2r+ Cx?. (5.7)

One can also make use of the second symmetry (5.2). Then, solving the
equations X»(7) = 1, Xa(v) = 0 and assuming = > 0 for simplicity, one
obtains

_ _ 9
T=lhxy, v=-—"F7-

Jz

In these canonical variables equation (5.6) becomes

dv  v?>—2

dr v

whence

o(r) = £V2+ Ce¥ -

The substitution y = /x v(7), 7 = Inz yields the previous solution (5.7).
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Integrating factors. Recall that a first-order differential equation
M(z,y)dx + N(z,y)dy =0 (5.8)

with a known infinitesimal symmetry

0 0
X = 5(1’&)% +77(x’y)8_y

has the following integrating factor known as Lie’s integrating factor:

e, y) = ———— (5.9)

T EM N
Furthermore, if one knows two linearly independent integrating factors
p1(x,y) and py(z,y), one can obtain the general solution of equation (5.8)
from the algebraic relation

M1($7y)
/L2($>y)

with an arbitrary constant C. Applying these two principles to equations
(5.8) with two known infinitesimal symmetries, one obtains the general so-
lution without integration.

Let us return to our equation (5.6). We rewrite it in the form (5.8):

e (5.10)

(x —y?)dx + 2ydy = 0
and use its two known infinitesimal symmetries (5.2):

0 0 0 0
X e 2— —'— —7 X - 2 ~ + -
LT o $y8y 2 Yor y@y
Lie’s integrating factors (5.9) corresponding to X; and X, respectively,

have the following forms:

(z,7) 1 1

a = = —

/’Ll 7y $2($ . y2) + xzyQ J,'3 ’
1 1

M?(xay) =

2x(x — y?) + zy? T 222 — Ty?
Therefore the algebraic relation (5.10) has the form

2x—y2_0

2
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Upon solving it with respect to y, one obtains the singular solution (5.7).
We summarize: The Lagrangian (5.3) has singularities only at the fol-
lowing singular solutions of equation (5.1):

y=Kz, y==xv2r+Cuz?, K, C = const. (5.11)

Remark 9.6. The singular point z = 1 provides two singular solutions,
y=V2x+ Cua?
and
y=—V2urx+ Cuz?

because equation (5.1) is invariant under the reflection y — —y of the
dependent variable.

5.2 General solution

Let us find now the regular solutions by means of the integration method

discussed in Section 3.3. Since we already know the symmetries (5.2) and

an invariant Lagrangian (5.3) for Eq. (5.1) we proceed to the third step.
Application of the formula (3.9) to the operators (5.2) yields:

Ty=2>L+az(y—ay) Ly, Ty=2xL+ (y—2xy') Ly .

Let us substitute here L and L,/ from Eqs. (4.24) and (4.25), respectively:

1 1 y?
L= _Q\D(Z)7 Ly’ = __\I’,<Z)7 = —= yy/7

) ) z

where, according to (4.29),
U(z)=2"—1-2zInlz|, W¥(z)=2(z—1-1In|z]|).

Thus, we arrive at the following two linearly independent conserved quan-
tities:

x? z(y — xy z?
T =—¥(z)— wly—y) U(z)=——(1- 2)?,
Y Y Y
2 — 2zy/
T, =20 - L )= 22 (1-2)2 =202 — 1 —In|2|).

y? Yy Yy
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In the original variables x,y, and 3" the conserved quantities are written

)

However, the form (5.12) of the conserved quantities is not convenient for
eliminating 3’ from the conservation laws. Therefore, we will use the fol-
lowing representation of 77 and 7T} in terms of the differential invariant z :

2,/ 2
x x

y - —y? + 2ayy — 2%y,
Y Yy

T =2x—2
(5.12)

2

/
T, :2<1—%—2%+yy/—xy’2—ln y——yy'
Y Y z

Zlf2

T = -2 (1-2)%, Tl—ngzx(l—z—i—lnM). (5.13)
Y
Then one can readily eliminate the variable z instead of y'.
Fourth step: Let us write the conservation laws (3.10) in the form

T =—C?, Ty = 2C,.

Using the expression of T} given in (5.13), we have

2
%u—z)?:c%,

whence
1—2201g, z:l—C’lg-
T T

Substitution of the above expressions in the second equation (5.13) yields:
02~ Cor :x<C'1 Y +1n‘c1 L 1‘)
x x
Hence, the two-parameter solution (3.11) is given in the implicit form:
Cly—l—ng—i—Clszxln‘Clg - 1‘ =0.
x

Invoking two singular solutions (5.11), we see that the complete set
of solutions to equation (5.1) is given by the following distinctly different
formulae (cf. [39]):

y=Kux, y=+V2zr+Ca?,

y (5.14)
C1y+CQI+Cl2+I1n‘01; - 1‘ = 0.
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Remark 9.7. The representation of the solution by the different formulae
(5.14) does not conflict with uniqueness of the solution to the Cauchy prob-
lem. Indeed, any initial data = xq, y(z¢) = yo, ¥'(z0) = v is compatible
only with one formula (5.14) chosen in accordance with the initial value
20 = (Y2 /x0) — yoyp of the invariant z. Namely, the solution with the initial
data x = xg, y(xo) = o, ¥ (zo) = ¥} is given by the first or the second
formula (5.14) if zy = 0 or zy = 1, respectively. Otherwise it is given by
the third formula (5.14). The constants K, C,C},Cy are found by substi-
tuting © = xo, ¥y = Yo, ¥ = yo in the formulae (5.14) together with their
differential consequences:

1+Cx
V2or +C a2’

Ci(zy —y)
Cl y—x

y=K y==
(5.15)

Cly'+c2+1n‘clg—1‘+ —0,

Examples of initial value problems.

(i) Let 29 = 1, yo = 1, y, = 1. Then 2z, = 0, and hence the solution
belongs to the first formula (5.14). The substitutionz =1, y =1, ¢y’ = 1 in
(5.14) and (5.15) yields K = 1. Hence, the solution of equation (5.1) with
the initial data o = 1, yo = 1, y{, = 1 has the form y = z.

(ii) For the initial data 29 = 1, yo = 1, y; = 2, one has z; = —1.
Therefore the solution belongs to the third formula (5.14). Substituting the
initial values of z,y,y’ (5.14)-(5.15), one obtains C; = 2, Cy = —6, and
hence 2y — 6x +4 + xIn|(2y/x) — 1| = 0.

(iii) For the initial data g = 1, yo = 1, yj = —1, one has zy = 2. Accord-
ingly, the solution is given by the third formula (5.14) with
Ol = —17 02 =—1In2.

(iv) If zg = 1, yo = 1, y, = 0, one has zy = 1. Hence, we should use
the second formula (5.14), where we have to specify the sign and determine
the constat C' by substituting the initial values zo = 1, yo = 1, y; = 0 in
(5.14)-(5.15). The reckoning shows that the solution is given by the second
formula (5.14) with the positive sign and C' = —1, i.e. it has the form
Yy =2x — 22

(v) Likewise, taking zo = 1, yo = —1, y, = 0, one can verify that the
solution of the Cauchy problems is given by the second formula (5.14) with
the negative sign and C' = —1, i.e. y = —v/22x — 22



9: INVARIANT LAGRANGIANS (2004) 221
6 Application of the method to Eq. (1.2)

Consider now Equation (1.2):

/

y—e Y
i

It has the following two symmetries ([39], Section 9.3.1):

0 0 0 0
X1:x1n|x|%—2(1+1n|x|)8—y, ngxa—x—28—y~ (6.1)

The determining equation (3.4) for the Lagrangians of equation (1.2) has
the form

y/
(ey B E) Lyy +y'Lyy + Loy — Ly = 0, Ly, #0. (6.2)

6.1 Calculation of the invariant Lagrangian

Let us find the invariant Lagrangian for our equation using both symmetries
(6.1). The invariance test (3.5) under the operators (6.1) yields:

oL oL
| — —2(1+1 —
pinfe| 5~ 21+ Infa]) 5

2 oL
- [E + (1 +In|z|)y

oL oL oL
— 2 _J=4+L=0. .
T 9y Yy ay + 0 (6.3)

Looking for the solution of the system (6.3) in the implicit form
V(z,y,y',L) =0

one arrives at the system of two homogeneous equations
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with the following linear differential operators:

Zy=xln ]x\% —2(1+ ln|x\)§y

2 N B
—(;+044M@m)@7—u+h¢mLay

Zy—ae —0 L _y 2 2.
2= " %oy Yoy ToL

The invariants for Z; are
A=xc?In|z|, p=Q2+zy)n|z|, v=Le¥2
Hence, the first equation Z1(V') = 0 yields that
V=V(\uv).

Furthermore, we have

Thus, we have for V = V(A u,v) :

1 oV oV

Hence, the second equation (6.4) is identical with the equation Zy(V) = 0,
where

/\g+ 3
ax  HMou

Solutions z = /X and v to the characteristic equation

22:

dA _ dp
A

provide the following common invariants of Z; and Z, :

z= (2 +y’)e_y/2, v=Le V2
x
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Thus, V' = V(z,v). The equation V(z,v) = 0 when solved for v yields
v =\V(x), or:

2
L=e"?U(z), 2= ( +y) vz, (6.5)
We have:
_ _3 —y/2 __* _ amY/2
Zg = x2€ y By = 5 2y =€ ,

and therefore
z

Ly/ = \I’, s Ly’y’ = e_y/2 ‘1/” s Lyy’ = —5‘11” s
2 —y/2 ! 1 y/2 /
Loy === W, L, = e (v-=2w). (6.6)

Substitution of these expressions reduces the equation (6.2) to the integrable
linear ordinary differential equation of the form (4.42) with the coefficients

C=—-1,B=-2and A=D=0:
(22 = 2)U” — 2V + ¥ = 0. (6.7)

In accordance with Section 4.4, we rewrite equation (6.7) in the new inde-
pendent variable ¢ defined by (4.33), where we replace x and 1, 25 by z and
21 = /2, 2y = —\/2, respectively. Thus, we let

2 =v2(1—-2t) (6.8)

and arrive at the hypergeometric equation of the form (4.34) with a = —1
and 7= —1/2:

11— )" + (t - %)\Iﬂ ¥ =0, (6.9)

where ¥’ denotes the differentiation with respect to ¢. The solution to equa-
tion (6.9) is given by the formula (4.35) and has the form

U(t)=2t—1)(MJ + N), (6.10)
where M, N are arbitrary constants and J is the following integral:
VI
= 4/ ét 72 dt (6.11)

Let us evaluate the integral J and express the solution (6.10) in elementary
functions.
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We will first assume that t(t—1) > 0, i.e. either ¢ > 1 ort < 0. According
0 (6.8), it means that
22 —2>0. (6.12)

Using this assumption, let us rewrite the integral 7 in the form

t /(= 1)/t
=4 | ———dt. 6.13
7=1f 2r— 1)y (613)
The standard substitution (¢t — 1)/t = s? together with the expressions
t—1 1 2sds 1+ 52
— = tl=——, dt=———=, 2t—1=—— 6.14
t % 1—s2’ (1—s2)2’ 1—s2’ (6.14)

transforms the integral (6.11) to the form

s%ds 1 1 2 4
3 — - _ ds.
g /(1—52)(1+52>2 /(5+1 s—1 241 (s2+1)2) i

Since
/ ds B s +1/ ds
(s24+1)2  2(s2+1) 2) 241"

the integral J reduces to

=] .
J Ils—l s24+1

3—1—1‘ 2s

Invoking the definition (6.14) of s and using the assumption (6.12), one
obtains the following expression for the integral (6.11):

W[V VD ooV

J = - 1

V=i

Substituting J in (6.10) one obtains the following solution of Eq. (6.9):

\If(t):M[(%— ) In (yt|+yt—1|+2\/ﬁ> t—1)}+(2t—1)N.

Using the definition (6.8) of z, the inequality (6.12) and the equations

: |t\+|t—1|:%, 2\/t(t —1) = =

2% —1=—

sl



9: INVARIANT LAGRANGIANS (2004) 225

we have
0 = L VT gy (v a4 o] 4 MIV2EN
Z)=——|V22— zIn(vz22 — z _ 2.
V2 V2
We simplify the above expression by taking M = —v/2, N = —v/2 In2
and obtain
U(z) =v22 =2+ zIln(vVz2 — 2+ |z]). (6.15)

Finally, substituing (6.15) in (6.5), we arrive at the following Lagrangian:

) - %} (6.16)

L:B+<%+y’){1n(8+‘%+y'

B2 +y) -2

Using (6.6) and (6.15) one obtains:

where

L:B+<§+y’>{ln(8+’%+y’

)-3}
)

1 /2 2
vy _B ) Lyy' = % (; + y,>7 La:y’ = % ' (617)

Thus, we have for the Lagrangian (6.16):

oL 1 (, Y y
@‘B(yU )

Remark 9.8. By reducing ¥(z) to (6.15) we eliminated the regular solu-
tion ¥ = z of equation (6.7). The reason for the elimination is that ¥ = z
leads to the trivial Lagrangian (6.5), L* =y’ + (2/x).

1 2
Ly:ig’ Ly/:—%—i-ln(lg—i-‘;#—y/
1

L

6.2 Singularities of Lagrangian and singular solutions

According to (6.8), the singular points ¢ = 0 and ¢t = 1 of the hypergeometric
equation (6.9) correspond to z = V2 and z = —/2, respectively. Hence,
by definition (6.5) of z, the singularities of the Lagrangian furnish two first-
order equations:

Z—y + 2= 1vBev? (6.18)
X xr
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differing from each other merely by the sign in the right-hand side. Let us
integrate equation (6.18) by the methods described in Section 5.1.

Let us employ the method of canonical variables by taking the second
operator from (6.1):

PN S

Solving the equations X5(7) = 1, X3(v) = 0, one obtains
r=Inlz|, v=y+In(a?).

In the canonical variables equation (6.18) becomes

dv

— = +V2e"2.
dr
The integration yields
2
—lIn|—|.
o) =

Substituting
y=uv(T)— ln(:z:2), 7 =In|z|,

one obtains the solution to equation (6.18):

y=n [(C’xipjlnm)?} (6.19)

Let us solve Equation (6.18) by the method of Lie’s integrating factors
using both symmetries (6.1). Rewriting Equation (6.18) in the form (5.8):
(2 == \/Emeyﬂ)dx—l—xdy =0

and applying the formula (5.9) to the symmetries (5.2), one obtains two
integrating factors:

1 1
s x, = T = 5 5
TV222ev/2 In|z| — 22 () T2 12 ev/2

The algebraic relation po/p = C (cf. Equation (5.10)) has the form

V2

In|z| £ ~—e¥/2 = C.
x

,ul(x>y) =

Upon solving it with respect to y, one obtains the solution (6.19).
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6.3 General solution

In this example, the procedure for constructing the regular solutions is sim-
ilar to that given in detail in Section 5.2.
Application of the formula (3.9) to the operators (6.1) yields:

7= (zln|z|)L—(2+2In|z|+y'zn|z|) L, , Thy=xL—-2+xy)L,.

Let us substitute here L and L,/ from equations (6.5) and (6.6), respectively:

2
L=e"?V(z), L,=1V(2), 2= <_ + y’) e u/2

T
where, according to (6.15),

U(2) =vV22 =24 2In(V22 =24 |2]), ¥'(2) =In(vV22 — 2+ |2|).
The reckoning shows that

Ty = (zln|z))e?? V22 =2 —2In(V22 =2+ |2|), Th=ze¥?V22 2.
(6.20)

Let us begin the fourth step of the integration procedure with the sim-
plest conservation law Ty = C5 :

ze¥/?\/22 -2 =C,.

It follows:

2 2 9 _ e v/? 2
22 —=2=Cx""e"?, |z]= 7 \/ O35 + 22%e¥ .
x

Substitution of the above expressions in the conservation law 177 = K7 and
simple calculations yield:

e_y/2
Coyln || —21n< z] ) —2ln)02—|— \/C3 + 2x2%e¥
x
Ca/2 e v/? Ky
In ||z|~¢/ <Cg + \/C%$‘26_9+2> = ——.
] 2
\/C2x=2e7v + 2 = O ||/ — Cy|z| LeV/?,

= Kl>

or

It follows:
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where C] = e %1/2 > (. Thus

2/

422
I e 2

and hance the two-parameter solution (3.11) has the form

[ 2C1Cy
=1In

2

We will consider now the case t(t — 1) < 0, ie. 0 <t < 1. In other
words, we let

2 —2<0. (6.22)
Then the integral J has the form
Vit —1)
J = 4/ (6.23)
2t — 1)?
The substitution
1—t 1 2sds
S = _— —
t 1+ 52’ (14 s?)
maps it to
sds 2 1 1
= -8 = — — ds .
J /(1+52)(1—52)2 /(1+s2 1) (s+1)2> s
Hence
2s 1-1 t(l1—t
s a0
s2—1 t 2t —1

Following the reasoning used previously in the assumption (6.12), we
take the solution of equation (6.9) in the form

U(t) = %(215 -1)J = (2t - 1)arctanw¥ —Vt(l—1t)

and ultimately obtain

2
U(z) = V2 — 22 4 2z arctan g 2 (6.24)
—z
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instead of (6.15).
Thus, we have:

2
L - ey/2\I/<Z>, Ly/ = \I}/(Z)7 z = <_ + y/) e_y/2 ,
T
where

V242 V2 + 2
U(z) = V2 — 22+ 2z arctan . VU'(z) =2 arctan .
(2) = v 5 (2) i

Substituting the above expressions for L and L,/ in the expressions

Ty=(zxln|z|)L - (2+2In|z|+yzln|z|)L,, To=zL—2+zy)L,,

obtained by applying the formula (3.9) to the operators (6.1), we arrive at
the following conserved quantities:

2
T, = (zlnz)e¥? V2 — 22 — 4arctan \\j_;—i-z’ Ty = ze¥?\/2 — 22,
-z

The conservation laws (3.10) written in the form

T, = —2K,, T,=2K,

2
ze¥? V2 — 22 = 2K,, Ky In |x| — 2 arctan g_l_z = —Kj.
\/ —z

One can readily eliminate z from the conservation laws by solving each of
the above equations with respect to z2. The first equation yields:

yield:

22 =2 (1 —2K3 12 e_y) .
Using the notation

0= (K1/2)+ (Ky/2)In|z|
one obtains from the second equation:

1—tan20\>
Z2 = 2<?:220) = 2COS2(29).
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Consequently,
1 —2K2x ?e ¥ = cos?(26).

Hence, substituting the expression for #, one has:
2K3x %e Y = sin®(K; + Ky In|z]).
Thus, we have the following solution of equation (1.2):

2K3
=1 : : 6.25
A P sin?( K, + K In|z|) (6.25)

The singular solutions (6.19) together with (6.21) and (6.25) furnish the
complete set of solutions equation of (1.2).
Thus, the general solution to Equation (1.2),

is given by the following three distinctly different formulae:

I 2
=1
Y n_m@ixmuw}
20:1C,  1°

y:hlaiﬁi%ﬂ +(Cy — 2)In |, (6.26)
L~1

y—n 2K?2
|22 sin?(K; + Ko Inlz]) |’
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Abstract. A general theorem on derivation of conservation laws from symmetries
is proved for arbitrary differential equations and systems of differential equations
where the number of equations is equal to the number of dependent variables.
The new conservation theorem is based on a concept of a formal Lagrangian and
adjoint equations for non-linear equations.

I dedicate this paper to L.V. Ovsyannikov
on the special occasion of his 88th birthday.

In 1973, during a discussion of contemporary works in soliton theory at
“Theoretical seminar of the Institute of Hydrodynamics” in Novosibirsk,
Professor Lev V. Ovsyannikov asked me if the infinite number of conser-
vation laws for the Korteweg-de Vries (KdV) equation could be obtained
from its symmetries. The answer was by no means evident because the KdV
equation did not have the usual Lagrangian, and hence the Noether theorem
was not applicable. In the present paper I give the affirmative answer to
Ovsyannikov’s question by using my recent result on conservation laws ap-
plicable to arbitrary differential equations. The new theorem, Theorem on
nonlocal conservation laws, is based on the fact that the adjoint equations
inherit all Lie point and contact, Lie-Bdcklund and non-local symmetries of
the original equations. For derivation of the infinite series of conservation
laws for the KdV equation, I modify the notion of self-adjoint equations and
extend it to non-linear equations.

231
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1 Introduction

Recall the formulation of the well-known conservation theorem proved by
Noether [87] in 1918 by using the calculus of variations. Let us consider
variational integrals

/ Lz, u,uqy, ..., ue))de, (1.1)
1%

where L£(x,u, u(1), - . ., U(s)) is an sth-order Lagrangian, i.e. it involves, along
with the independent variables x = (x!,..., 2") and the dependent variables
u = (u,...,u™), the first-order derivatives uy = {u$'} of u with respect to
z, ie. uf = D;(u®), the second-order derivatives u) = {uf;}, etc. up to
derivatives wu(,) of order s.

We will discuss here Noether’s theorem in the case of Lagrangians up to

the third order, i.e. when s < 3.

Theorem 10.1. Let the variational integral (1.1) with a first-order La-
grangian L£(z,u,u)) be invariant under a group G' with a generator

; 0 N 0
X =¢&(z,u,upy, - - .)ami +n%(x, u, uq), - - )% : (1.2)
Then the vector field C' = (C', ..., C™) defined by
, , . oL
C'=¢&L+ (" = &uf) i=1,...,n, (1.3)

o’
ous

provides a conservation law for the Euler-Lagrange equations

(5£_3£_Di(8[,>:0’ a=1,...,m. (1.4)

s = ow P\ e

In other words, the vector field (1.3) obeys the equation divC' = D;(C?) =0
for all solutions of Egs. (1.4), i.e.

D;(C") = 0. (1.5)

(1.4)

Any vector field C? satisfying (1.5) is called a conserved vector for Egs.
(1.4).

In the case of second-order Lagrangians L(z, u, u(1, u(2)) the Euler-Lagrange
equations (1.4) and the conserved vector (1.3) are replaced by

5c_a£_D(£)+Dka(aﬁ):0 (1.6)

du®  Ju® “\ ug oug,
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and

C' =L+ (n* — ) {

oL oL

« «
ous oug,

L oc
ﬂ+D“W_gw%m
ik

respectively.
In the case of third-order Lagrangians L(x,u,u (1), (), %)) the Euler-
Lagrange equations are written:

oL _ oL _D,<£) + D; Dy, <£> — D;D;Dy, (%) =0 (1.8)

a a v a o
ou ou ous oug, dugyy,

and the conserved vector (1.3) is replaced by

0u4%+oﬂ—g@ﬂ§%—DA§%)+@D4£ﬁ)} (1.9)
00 =) (g3  ()] 4 Pl - g

Remark 10.1. It is manifest from Eq. (1.5) that any linear combination of
conserved vectors is a conserved vector. Furthermore, any vector vanishing
on the solutions of Eqs. (1.4) is a conserved vector, a trivial conserved
vector, for Egs. (1.4). In what follows, conserved vectors will be considered
up to addition of trivial conserved vectors.

The invariance of the integral (1.1) implies that the Euler-Lagrange
equations (1.4) admit the group G. Therefore, in order to apply Noether’s
theorem, one has first of all to find the symmetries of Eqgs. (1.4). Then one
should single out the symmetries leaving invariant the variational integral
(1.4). This can be done by means of the following infinitesimal test for the
invariance of the variational integral (see [34] or [39]):

X(L)+ EDi(gi) =0, (1.10)
where the generator X is prolonged to the first derivatives u;) by the for-
mula 5 ) ,

— 7 «@ (@Y — ). v ‘
X f ori + n ouc + |:.Dz<n ) UJ Dz(g )] au? (111)

If Eq. (1.10) is satisfied, then the vector (1.3) provides a conservation law.

The invariance of the variational integral is sufficient, as said above, for
the invariance of the Euler-Lagrange equations, but not necessary. Indeed,
the following lemma shows that if one adds to a Lagrangian the divergence
of any vector field, the Euler-Lagrange equations remain invariant.
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Lemma 10.1. A function f(z,u,...,u)) € A with several independent
variables z = (2!, ..., 2") and several dependent variables v = (u',..., u™)

is the divergence of a vector field H = (h',..., h"), hi € A, i.e.
f =divH = D;(h"), (1.12)
if and only if the following equations hold identically in z,u, u(), ... :

of
— = =1,....,m. 1.1
e 0, a=1,...,m (1.13)

Therefore, one can add to the Lagrangian £ the divergence of an arbi-
trary vector field depending on the group parameter and replace the invari-
ance condition (1.10) by the divergence condition

X (L) + LD;(¢") = Dy(B"). (1.14)

Then Eqs. (1.4) are again invariant and have a conservation law D; (C*) = 0,
where (1.3) is replaced by (see also Bessel-Hagen’s paper in this volume)

T ¢l a T, % I 1

C'=¢L+(n fuj)auZq B'. (1.15)

The restriction to Euler-Lagrange equations reduces applications of the
Noether theorem significantly. For example, Noether’s theorem is not appli-
cable to all evolution type equations, to differential equations of an odd order,
etc. Moreover, a symmetry of Euler-Lagrange equations should satisfy an
additional property to leave invariant the variational integral. In spite of
the fact that certain attempts have been made to overcome these restric-
tions and various generalizations of Noether’s theorem have been discussed,
I do not know in the literature a general result associating a conservation
law with every infinitesimal symmetry of an arbitrary differential equation.
I present here a general result (Theorem 10.7) applicable, unlike Noether’s
theorem, to arbitrary differential equations (see also [46]). The new theo-
rem is based on a concept of adjoint equations for non-linear equations and
does not require existence of Lagrangians. The crucial fact is that all Lie
point, Lie-Backlund and nonlocal symmetries of any equation are inherited
by the adjoint equation (Section 3.1, Theorem 10.4). I give in Section 3.2
an explicit formula for the conserved quantities associated with these sym-
metries. Accordingly, one can find for any differential equation with known
Lie, Lie-Backlund or nonlocal symmetries the associated conservation laws
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independently on existence of classical Lagrangians. The theorem is valid
also for any system of differential equations where the number of equations
is equal to the number of dependent variables (Theorem 10.5).

The new conservation theorem is, in fact, a theorem on mnonlocal con-
servation laws, since the conserved quantities provided by this theorem are
essentially “nonlocal”. Namely, they involve, along with the variables of the
equations under consideration, also adjoint variables which can be treated
as nonlocal variables as defined, e.g. in [1]. In order to single out local
conservation laws, I modify the notion of “self-adjoint” equations and show
that the adjoint variables can be eliminated from the conserved quantities
for the self-adjoint equations. However, this elimination may reduce some
of nonlocal conservation laws to trivial local conservation laws. For exam-
ple, the KdV and modified KdV equations are self-adjoint. It is shown in
Section 4 that the known infinite series of local conservation laws of the
KdV equation are associated with its nonlocal symmetries. On the other
hand, the local symmetries of the KAV equation lead to essentially non-
local conservation laws which become trivial if one eliminates the adjoint
variable.

Finally, it is shown in Section 6.1 that even for equations having La-
grangians my theorem leads to conservation laws different from those given
by Noether’s theorem. This happens, for example in the case of nonlinear
equations that are not self-adjoint.

2 Preliminaries

Let us begin with a brief discussion of the space A of differential functions,
the basic operators X, §/0u®, N acting in A and the fundamental identity
connecting them (see [34], Chap. 4 and 5; also [39], Sections 8.4 and 9.7).
Then I recall the definition of adjoint equations to arbitrary equations and
a new concept of self-adjoint equations [46].

2.1 Notation

Let z = (x!,...,2") be n independent variables, and u = (u!,...,u™) be
m dependent variables. We will use the notation

U(l) = {u?}, U(Z) = {u%},
with
uy = Di(ua), us, = D1<U?) = DiDj(Ua), e

v
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where D; denotes the total differentiation with respect to z* :

0 0 0
R T I 91
oxt T ou® U 8uj0-‘ + (2.1)

Di:

The variables u® are also called differential variables. A function

(@, u,uqy, .. .)

of a finite number of variables x,u, u(), u(), ... is called a differential func-
tion if it is locally analytic, i.e., locally expandable in a Taylor series with
respect to all arguments. If the highest order of derivatives appearing in a
differential function f is equal to s, i.e.

f = f(.l’,U,U(l), R 7u(s))7
we say that f is a differential function of order s and write
ordf = s.

The set of all differential functions of all finite orders is denoted by .A.
This set is a vector space with respect to the usual addition of functions
and becomes an associative algebra if multiplication is defined by the usual
multiplication of functions. The space A is closed under the total differen-
tiations: if f € A then D;(f) € A.

2.2 Basic operators and the fundamental identity

The Euler-Lagrange operator (variational derivative) in A4 is defined by

o 0 - < 0
%:%—'_Z(_l)Dil..'DisaT’ a=1,....,m, (2.2)

s=1 i1

where the summation over the repeated indices 7y .. .7, runs from 1 to n.
A first-order linear differential operator

o, 0 0 0
)(:élaxZ +na%+<?%+cgi26qu

1172

o (2.3)

(67

where £,n* € A are arbitrary differential variables, and ¢, (2 , ...

given by

are

Cia = D1<Wa> + gjua iy = DilDiQ (Wa) + fjua te (24)

iy 1142 jitiz?
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with '
W =n*-&uf, a=1,...,m, (2.5)

is called a Lie-Backlund operator. 1t is often written in the abbreviated

form 5 P
X = ozt T ou®

where the prolongation given by (2.3) - (2.4) is understood. The operator
(2.3) is formally an infinite sum, but it truncates when acting on any differ-
ential function. Hence, the action of Lie-Backlund operators is well defined
on the space A.

The commutator [X;, X5] = X;Xy — XX of any two Lie-Bécklund
operators,

+oee (2.6)

7 a + e a
Yozt ””aua

is identical with the Lie-Backlund operator given by

X, =

b (v=1,2),

(X1, Xo] = (Xl(fé) - Xz(fi))% + (Xl(né‘) - X2(n?))% +o (27)
The set of all Lie-Backlund operators is an infinite dimensional Lie al-
gebra with respect to the commutator (2.7). It is called the Lie-Bdcklund
algebra and denoted by Lg. The algebra Lp is endowed with the following
properties.
I. D; € Lg. In other words, the total differentiation (2.1) is a Lie-
Backlund operator. Furthermore,

X, = €D € Ly (2.8)

for any £ € A.
II. Let L, be the set of all Lie-Bécklund operators of the form (2.8).
Then L, is an ideal of Lg, i.e., [X, X,]| € L, for any X € Lg. Indeed,

X, X.] = (X(€) — X.(6))D; € L.

III. In accordance with property II, two operators X, X, € Ly are said
to be equivalent (i.e. X; ~ Xy) if X3 — Xy € L,. In particular, every
operator X € Ly is equivalent to an operator (2.3) with ' = 0,i=1,...,n.
Namely, X ~ X where

~ ) . 0
X=X —szi = (na —fzu?)% + - (29)
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The operators of the form
X —
" Aue
are called canonical Lie-Backlund operators. Hence, the property III means
that any X € Lg is equivalent to a canonical Lie-Backlund operator.

IV. Generators of Lie point transformation groups are operators (2.6)
with the coefficients £ and n® depending only on x,u :

to, Y EA, (2.10)

. 0 0
X_g(xvu)az )aua'

The Lie-Bécklund operator (2.3) is equivalent to a generator (2.11) of a
point transformation group if and only if its coordinates have the form

fizfi(.%,u)—i-éi, na:n?(x7u>+ (§g(x,u)+§i)uf‘,

where ¢! € A are any differential functions whereas &1, &5 and ¢ depend
only on the variables z, u.

+n%(x, (2.11)

Example 10.1. Let ¢,z be the independent variables. The generator of
the Galilean transformation and its canonical Lie-Bécklund form (2.9) are
written:

8 0

0

Example 10.2. The generator of non-homogeneous dilations (see operator
X5 in Section 4) and its canonical Lie-Bécklund representation (2.9) are
written:

0 0 0 0
X=2u— —3t— —a—~ X = (2u+3t o) =— + -
s 5 Yo~ (2u + ut+xu)au—|—
I associate with Lie-Backlund operators X = ¢ aii + 77”8% + - of

the form (2.3) the infinite-order operators N* (i = 1,...,n) defined by the
following formal sums:

1)
Sus ’

i1l

Nt =g e — +ZDH~ (W) (212)
where W® are given by (2.5) and the variational derivatives with respect to
variables u%, ... are obtained from (2.2) by replacing u® by the correspond-
ing derivatives u', ..., e.g.

(2.13)

D aum Js
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In terms of the above operators and constructions, the following state-
ment holds (N.H. Ibragimov, 1979, see [39], Section 8.4.4).

Theorem 10.2. The operators (2.2), (2.3) and (2.12) are connected by the
following fundamental identity:

X 4+ Dy(e) = o> 4 DA, (2.14)

ou™

where W are given by (2.5).

2.3 Adjoint operators to linear operators

Recall the classical definition of the adjoint operators to linear operators.

Definition 10.1. Let L be a linear differential operator. A linear operator
L* is called the adjoint operator to L if the equation

vL[u] — uL*[v] = D;(p") (2.15)

holds with certain functions p* € A. The equation L*[v] = 0 is called the
adjoint equation to L[u] = 0.

Example 10.3. Let L be the linear second-order differential operator:
L[u] = a"(2)D;Dj(u) + b'(z) Di(u) + c(z)u, o' =a". (2.16)
Eq. (2.15) yields that the adjoint operator L* is defined by
L*[v] = D;Dj(a” (z)v) — D;(b'(z)v) + c(x)v, (2.17)
or
L*[v] = a”vij + [2D;(a7) — b'] vi + [c — Dy(V') + D;D;(a7)] v.  (2.18)
Indeed, we have:
vLu = va” D;D;(u) + vb' D;(u) + cuv
= D;[va” D;(u)] — Di(va”?)D;(u) + D;(vb'u) — uD;(vb") + ucv.
Furthermore, writing

—D;(va”)D;(u) = —D;[uD;(va”)] + uD;D;(a"v)
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and taking into account that a’* = a" and D;(u) = u; we obtain:
vLu = Di{a"vu; + b'uwv — uDj(av)} + u[D;D;(a"v) — D;(b'v) + cvl.

Substituting the resulting expression for vLu in (2.15) we conclude that the
adjoint operator L* is defined by (2.17) and that Eq. (2.15) is satisfied with

p' = dvu; + buv — uD;(a"v).

Definition 10.2. The operator L and the equation L[u] = 0 are said to be
self-adjoint if the following equation holds for any function u(x) :

L*[u] = L[u]. (2.19)

Example 10.4. The expression (2.18) for the adjoint operator shows that
the operator (2.16) is self-adjoint if

Vi(z) = Dj(a”), i=1,...,n. (2.20)

The definitions of the adjoint operator and self-adjoint equations for
systems of linear differential equations are the same as in the case of scalar
equations. For example, in the case of systems of second-order equations the
adjoint operator is obtained by assuming that u is an m-dimensional vector-
function and that the coefficients a(x), b*(z) and c(z) of the operator (2.16)
are m X m-matrices. The following two second-order equations provide an
example of a self-adjoint system:

T2y, + Uyy + 27U, +w = 0,

Wy + y2wyy + 2yw, +u = 0.

2.4 Adjoint equations for arbitrary equations

Linearity of equations is crucial for defining adjoint equations by means of
Eq. (2.15). The following definition of an adjoint equation [46] is applicable
to any system of linear and non-linear differential equations.

Definition 10.3. Consider a system of partial differential equations

Fo(z,u,...,ue) =0, a=1,...,m, (2.21)
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with n independent variables x = (z',...,2") and m dependent variables

u=(u',...,u™). It is assumed that each F,(z,u,...,u)) is a differential

function such that ordF, < s. We introduce the differential functions
5 (Uﬁ F 5)

F;(x,u,v,...,u(s),v(s)): S a=1,...,m, (2.22)

where v = (v!,...,v™) are new dependent variables, and define the system

of adjoint equations to Egs. (2.21) by
Fof(x,u,v,...,u(s),v(s)) =0, a=1,...,m. (2.23)

Example 10.5. For the heat equation u; — u,, = 0 Eq. (2.22) yields

F* = 2 fo(on — )

_ <—Dt 21D aj) [0(u = )] = ~Dy(v) — D2(v).

Hence, the adjoint equation (2.23) to the heat equation is
V¢ + Vgy = 0.
Example 10.6. For the Korteweg-de Vries (KdV) equation
Ut = Uggy + Uly.
Eq. (2.22) yields
Fr(t,x,u,v, ..., ug),v@)) = — (U — Vgga — VL),
Hence, the adjoint equation to the KdV equation is
Vp = VUgge + UV,.

In the case of linear equations, Definition 10.3 leads to the same adjoint
equation as Definition 10.1. Namely, the following statement holds.

Theorem 10.3. The adjoint operator L*[v] to a linear operator L defined
by Eq. (2.15) is identical with the adjoint operator given by Eq. (2.22), i.e.
d(vLlu])

L*[v] = 50 (2.24)
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Proof. Let us use for a while the notation

O(Lfu]) _ =
Sy Llv].

Let L*[v] be defined by Eq. (2.15). Then, invoking Lemma 10.1, we obtain:

i = 5(U6Lu[u]) _ %(uL*[UHDi(pi))
= 2 (urv]) = 2 (urh]) = £l

Conversely, let us verify that L[v] satisfies Eq. (2.15), i.e.
vL[u] — uL[v] = Ds(p?)
with certain p? € A. According to Lemma 10.1, we have to show that

% (vLl] —ulR]) = 0. (2.25)

Invoking the definition of L[v] we have:

%(UL[U] ~ulfv]) = 5(“5[;[“]) - 5(“5Lu 1) _ fp 75(“51}“]) . (2.26)
Since f}[v] does not depend on the variables u, u;, ... , we obtain:
W = <% - Di((%i +--- > (uf)[v]) = L[v).

Substituting this in Eq. (2.26) we obtain Eq. (2.25). Theorem is proved.

Remark 10.2. In practice, the calculation of the adjoint operator by (2.22)
is simpler than by (2.15).

Example 10.7. Let us illustrate Theorem 10.3 for the second-order linear
operator (2.16). In other words, let us show that the expression for L*[v]
defined by Eq. (2.24) coincides with L*[v] defined by Eq. (2.17). Thus, we
consider the second-order linear partial differential equation

F(z,u,upy, u@) = a”(z)u; + b (x)u; + cu = 0.
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Eq. (2.22) is written:

F* = ( 0 D; 9 + D;D 0 ) (v[aij(x)uij + b (2)u; + cu]>

gu " Digy T DD 5
and yields the adjoint operator (2.17):
L*[v] = F* = D;D;j(a"v) — D;(b'v) + cv.
Remark 10.3. The adjoint equations (2.23) to linear equations
F(x,u,... ue) =0
for u(z) provide linear equations
F*(z,v,...,v) =0

for v(z). If Egs. (2.21) are nonlinear, the adjoint equations are linear with
respect to v(x), but nonlinear in the coupled variables u and v.

Definition 10.2 of self-adjointness of linear operators can be extended to
nonlinear equations as follows [46].

Definition 10.4. A system of equations (2.21) is said to be self-adjoint if
the system obtained from the adjoint equations (2.23) by setting v = u,

F;(:E,u,u,...,u(s),u(s)) =0, a=1,...,m, (2.27)

is identical with the original system (2.21). In other words, the self-adjoint
equations obey the condition (cf. Eq. (2.19))

Fi(z,uyu, ... ue), we)) = ¢ Fow,u, ... JUsy), a=1,...,m, (2.28)
with regular coefficients ¢ € A.
Example 10.8. By Example 10.5, the heat equation is not self-adjoint.

Example 10.9. Example 10.6 shows that the KdV equation is self-adjoint.
Indeed, it is manifest that the adjoint equation v; = v, +uv, coincides with
the KdV equation upon the substitution v = u. We see from calculations in
Example 10.6 that

Fr(t,z,u,u, ... @), we)) = —F(E o, u, . ug)),

and hence the condition (2.28) is satisfied with ¢ = —1.



244 N.H. IBRAGIMOV SELECTED WORKS, VOL. IV

2.5 Formal Lagrangians

Consider the extension of the variational derivatives (2.2) to differential
functions with 2m differential variables (u,v) = (u',...,u™; vt ... v™) de-
fined by the coupled formal sums:

o 0
=t Z Di g
% o Z D;. (%QL (2.29)
where o = 1, ..., m and the summation indices i; .. .4, run from 1 to n.
Consider the differential function
L= vﬁFg(x, u,. .. ,u(s)) (2.30)
with 2m differential variables (u,v), where
w=(u',...,u™), v=(...,0").

It is manifest from Eqs. (2.22) that the variational derivatives (2.29) of the
function (2.30) provide the differential equations (2.21) and their adjoint
equations (2.23), namely:

oL

Soa E, (x, Uy ... ,u(s)), (2.31)
Lo

m :Fa(x,u,v,...,u(s),v(s)). (232>

This circumstance justifies the following definition.

Definition 10.5. The differential function (2.30) is called a formal La-
grangian for the differential equations (2.21).

Example 10.10. The heat equation u; — u,, = 0 has the second-order
formal Lagrangian

L= v(ut — um)

Using Lemma 10.1 and the identity —vu,, = (—vug),+u,v,, one can replace
it by the equivalent first-order formal Lagrangian

L = vuy + ugv,.
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The variational derivatives (2.29) of both £ provide the heat equation to-
gether with its adjoint equation vy + v, =0 :

5L

L
% = - = _(Ut +sz)

4]
Up = Usay S
Let us extend Example 10.10 to the general linear second-order equation
Lu] = a" (x)u;; + b'(x)u; + c(x)u = 0. (2.33)
The formal Lagrangian (2.30) is written
L= (a”(z)ui; + b'(x)u; + c(x)u)v.
We rewrite it in the form
L =D (vaijui) —ou; D; (aij) - aiju,;vj + vbiu; + cuw.
We drop the first term at the right-hand side by Lemma 10.1 and obtain
L = cuv + vb'(z)u; — vu; D;(a”) — aVuw;. (2.34)

The variational differentiation of the function (2.34) leads to Eq. (2.33) and
its adjoint equation D;D;(a"v) — D;(biv) 4+ cv =0

% = cu+ V' (2)u; — w;D;(a”) + Dj(a"u;) = a%uy; + bu; + cu,
oL _ D;(b D;(vDj(a" D;(a"v;) = D;D;(a" D;(b'
5o = i(b'v) + D; (vD;(a"v)) 4+ D;(av;) = D;D;(a”v) — D;(b'v) + cv.

Example 10.11. If the operator L[u] is self-adjoint (see the condition (2.20)),
then (2.34) yields to the following well known Lagrangian for Eq. (2.33):

L= =[c(z)u’® — a” (z)ujuy] (2.35)

Indeed, the second and the third terms in the right-hand side of Eq. (2.34)
annihilate each other by the condition (2.20). Setting v = w and divid-
ing the resulting expression by two we obtain the Lagrangian (2.35). The
Lagrangian for the the non-homogeneous equation L{u] = f(z) with self-
adjoint operator L is obtained from (2.35) by adding the term — f(z)u.
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Example 10.12. According to Example 10.6, the KdV equation
Ut = Uggpg + Ulg (2.36)
has the following adjoint equation:
Vg = Vgape + UV, (2.37)
Eq. (2.30) yields the third-order formal Lagrangian for the KdV equation:
L = v[uy — utly — Ugge]. (2.38)

Using the equation —vugzz, = (—VUzy)z + Uty and Lemma 10.1, one can
replace (2.38) by the second-order formal Lagrangian

L = vu — Uty + Upllyy. (2.39)

Furthermore, one can easily replace (2.39) by

1
L = UyUgy — uv; + §u21)l,. (2.40)

Each of the functions (2.38), (2.39) and (2.40) yield the KdV equation and

its adjoint:

0L oL
— = Ut — UUyp — Uggz, = = U F Uggr T Uly.

ov ou

3 Main theorems

3.1 Symmetry of adjoint equations

Let us show that the adjoint equations (2.23) inherit all Lie and Lie-Bécklund
symmetries of Egs. (2.21). We will begin with scalar equations.

Theorem 10.4. Consider an equation

F(x,u,u(l),...,u(s)) =0 (3.1)
with n independent variables x = (z!,...,2") and one dependent variable
u. The adjoint equation

O(vF
F*(m,u,v,...,u(s),v(s)) = (vF) =0 (3.2)
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to Eq. (3.1) inherits the symmetries of Eq. (3.1). Namely, if Eq. (3.1)
admits an operator

0 N a
ort n@u’

where X is either a generator of a point transformation group, i.e.

X=¢ (3.3)

fi :gi(l',u), 77:77(%“)7

or a Lie-Backlund operator, i.e.

fi = gi(‘rvu)u(l)v s 7u(p))7 n= 77(%“7“(1)7 ce 7u(q))7

then Eq. (3.2) admits the operator (3.3) extended to the variable v by the
formula

0 0 0
Y=8g5tng-+ g (3.4)

with a certain function 7, = n.(x,u,v,u@),...) € A.

Proof. Let the operator (3.3) be a Lie point symmetry of Eq. (3.1). Then
X(F) = \F (3.5)

where A = A(x,u,...). In Eq. (3.5), the prolongation of X to all derivatives
involved in Eq. (3.1) is understood. Furthermore, the simultaneous system
(3.1), (3.2) can be obtained as the variational derivatives of the formal
Lagrangian (2.30)

L=vF (3.6)

of Eq. (3.1). We take an extension of the operator (3.3) in the form (3.4)
with an unknown coefficient 7, and require that the invariance condition
(1.10) be satisfied:

Y (L) + LD;(¢") = 0. (3.7)

We have:
Y(L)+ LD;(¢) =Y (0)F +vX(F) +vFD;(&)

=nF + v\ + UFDi(gi) =[N+ VA + UDZ(gl)]F

Hence, the requirement (3.7) leads to the equation

= —[A+ Di(€")]v. (3.8)
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with A defined by Eq. (3.5). Since Eq. (3.7) guarantees the invariance of
the system (3.1), (3.2) we conclude that the adjoint equation (3.2) admits
the operator

.0 0 .

Y =¢— — — [ A+ D&
o +nge — A+ Dil€)]
thus proving the theorem for Lie point symmetries.
Let us assume now that the symmetry (3.3) is a Lie-Bécklund operator.

Then Eq. (3.5) is replaced by (see [34])
X(F) =X F + X, Di(F)+ XY D;D;(F) + A\ D;D; Dy(F) +---, (3.10)

Vo (3.9)

where \Y = X', ... . Therefore, using the operator (3.4), we have:
Y(L)+ LDi(£) =Y (0)F +vX(F) +vFD;(¢)

= e+ vXo+vDi(EN] F 4+ Dy(F)+v\y D;D;(F)+v)\S* D;D; Dy(F)+- - -
Now we use the identities

v\, D;(F) = D;(vA{ F) — FD;(v\}),

v\Y D;D;(F) = D;[v\y D;(F) — FD;(v\y)] + FD;D;(vAY),

v\* D;D;Dy(F) = D;[- -] — FD;D; D), (v\j"),
etc., and obtain:
V(L) + LD;(€") = D;[v\, F +vX\{ Dj(F) — FD;(vA{) + -]
+ [ + 0o +D;(€Y) — Dy (vAY) + D;D; (vAY) — DyD; Dy, (vAY*) + -+ F.

Finally, we complete the proof of the theorem by setting

e = —[No+Di(€) v+ Dy (vX}) = DD, (vAY) +DiD; Dy (vAf*) —- -+ (3.11)
and arriving at Eq. (1.14),
X (L) + LDi(&") = Di(B"), (1.14)
with A , g g
B' = —v\|F —o\)D;(F)+ FD;(v\y) — - - (3.12)

Let us prove a similar statement on symmetries of adjoint equations
for systems of m equations with m dependent variables. For the sake of
simplicity we will prove the theorem only for Lie point symmetries. The
proof can be extended to Lie-Backlund symmetries as it has been done in
Theorem 10.4.
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Theorem 10.5. Consider a system of m equations

Fo(z,u,uay,. .. us) =0, a=1,...,m, (3.13)
with n independent variables x = (z',...,2") and m dependent variables
u = (u',...,u™). The adjoint system

\ d(v’Fp)
E; (x,u,v, - ,u(s),v(s)) = T 0, a=1,...,m, (3.14)

inherits the symmetries of the system (3.13). Namely, if the system (3.13)
admits a point transformation group with a generator
4 0 0
X=¢ — * — 3.15
€ (o )+ 1 0) (3.15)
then the adjoint system (3.14) admits the operator (3.15) extended to the
variables v® by the formula

.0 0
Y =¢— St — 3.16
¢ ox’ o ou® . o (3.16)
with appropriately chosen coefficients % = n%(z, u, v, .. .).
Proof. Now the invariance condition (3.5) is replaced by
X(F)=MNF; a=1,...,m, (3.17)

where the prolongation of X to all derivatives involved in Egs. (3.13) is
understood. We know that the simultaneous system (3.13), (3.14) can be
obtained as the variational derivatives of the formal Lagrangian

L =vF, (3.18)

of Egs. (3.13). We take an extension of the operator (3.15) in the form
(3.16) with undetermined coefficients 7 and require that the invariance
condition (1.10) be satisfied:

Y (L) + LD;(&) = 0. (3.19)
We have:

Y (L) 4+ LD;(¢) =Y (v*)F, +v* X (F,) + v*F,D;(£")
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= 1) Fo + N Fp + v Fo Di(€') = [ + Ajv” + v Di(€")] Fua.
Therefore, the requirement (3.19) leads to the equations
nd ==\ +0°Dy()], a=1,...,m, (3.20)

with A§ defined by Egs. (3.17). Since Egs. (3.19) guarantee the invariance
of the system (3.13), (3.14), the adjoint system (3.14) admits the operator

G N
oxt v

This proves the theorem.

o 0
+n

y=¢ ou®

— [A507 + 0 Di(€Y)] (3.21)

Theorem 10.6. Theorems 10.4 and 10.5 are valid for nonlocal symmetries
defined in [1].

Proof. The statement is proved by adding to Eqgs. (2.21), (2.23) the differ-
ential equations defining nonlocal variables involved in nonlocal symmetries
and repeating the proofs of Theorems 10.4 and 10.5.

3.2 Theorem on nonlocal conservation laws

Theorem 10.7. Every Lie point and Lie-Backlund symmetry
0

. 0
X =&z, u,upy, .. ')&L’Z’ +n*(x, u, uqy, .. .)aua , (3.22)
as well as nonlocal symmetry, of differential equations
Fa(x,u,...,u(s))zo, a=1,...,m, (3.23)

provides a nonlocal conservation law for Egs. (3.23). The corresponding
conserved quantity involves the adjoint (i.e. nonlocal) variables v given by
the adjoint equations (3.14), and hence the resulting conservation laws is,
in general, nonlocal.

Proof. We take the extended action (3.16) of the operator (3.22),

o, 0 0
Y:flaxi—i-na%‘f‘nf%‘

(3.24)

In the case of one variable u, the coefficient 7, in (3.24) is given by (3.8) if
(3.3) is a Lie point symmetry and by (3.11) if (3.3) is Lie-Backlund symme-
try. In the case of several variables u® and Lie point symmetries (3.15), the
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n are given by (3.20). Now we extend the action of the operators (2.12)
to differential functions of 2m variables u®, v* and obtain the following pro-
longation of the operators N :

) )
Ni=gaewe 2o pwe
ou v
+ 3 [Di o Di(W®) s+ Diy o D (W) 5| (3.25)
s=1 ii1~~~is iil"'is
where (see (2.5))
We = —uf, W= -, (3.26)
and (see (2.13))
4] 0 0 0
- D = 4D Di — ...
Sup ~oug M dug, U g, T
4] 0 0 0
T R W
) 0 0 0
o a _Djl a +Dj1Dj2a7_”.’ (327)
oug;,  Oug, O, j, O 1o
4] 0 0 0
sog, ~oug, 0 aug,, TP PR g

i1 i1 1171 1917172

The fundamental identity (2.14) is extended likewise and has the form:

; ) ) .
Y+ D) =W*—+W2—+ DN ". (3.28)

du * oo
Now we act by the both sides of the operator identity (3.28) on the formal
Lagrangian (3.18), invoke the equations (3.19) and (2.31)-(2.32) obtain the

conservation law
D;(C" =0, 3.29
() (3.23),(3.14) ( )
where

C'=N'L). (3.30)
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Since the differential function
£ = Uﬁ F Jé;

given by (3.18) does not contain derivatives of the variables v, it follows
from Egs. (3.27) that (3.30) reduces to the form

C'=N(L). (3.31)

Substituting in (3.31) the expansion (2.12) of N up to s = 2, we obtain
the following coordinates of the nonlocal conserved vector:

=L+ we [g—;—Dj@T%)JFDjDk(aigk)—...] (3.32)
+D; (W) [;2 _Dk(aigk> .|+ DDy (W) [(zgk -]

Note that if (3.3) is a Lie-Backlund symmetry, we have Eq. (1.14) instead
of Eq. (3.19), and therefore we should add to (3.31) the term —B? (cf.
(1.15)). However, one can ignore this term since the vector B* defined by
(3.12) vanishes on the solutions of Eq. (3.23) (see Remark 10.1). Finally,
we complete the proof by invoking Theorem 10.6.

Remark 10.4. Eq. (3.32) shows that for computing nonlocal conserved
vectors by using formal Lagrangians in the form (2.12),

ﬁZUﬁFﬁ,

we do not need the expressions W, and hence the coefficient 7, of the

extended operator (3.24).

Remark 10.5. If one changes a formal Lagrangian
L= Uﬁpﬂ

to an equivalent form, e.g. as in Examples 10.10 and 10.12, one arrives at
a formal Lagrangian containing derivatives of v“. Then one should use Eq.
(3.30) instead of (3.31), and hence one should calculate the coefficient 7, of
the operator (3.24).



10: FORMAL LAGRANGIANS (2005) 253
3.3 An example on Theorems 10.4 and 10.7

Let us consider the heat equation
U — Upge = 0
together with its formal Lagrangian
L =v(up — Ugy)

(see Example 10.10) and apply Theorems 10.4 and 10.7 to a Lie point sym-
metry and a Lie-Backlund symmetry. Since we have one dependent variable
(m = 1) and deal with a second-order formal Lagrangian, Eqs. (3.32) for
computing the conserved vectors are written:

oL Dj< oL oL

Ci= L+ W[a—ui - WZ])] + D;(W) D, (3.33)

As an example of a Lie point symmetry I will take the generator
X =2t— —ou— (3.34)

of the Galilean transformation admitted by the heat equation. Let us extend
the operator (3.34) to the variable v by means of Theorem 10.4so that the
extended generator will be admitted by the adjoint equation

(o + Vze

to the heat equation. The prolongation of X to the derivatives involved in
the heat equation has the form

X = 2752 — xug — (wuy + 2uy) 0

g EY a—ut — (2uz + xum)

Ot
The reckoning shows that Eq. (3.5) is written
X(up = tge) = =2 (up — Uss),

hence A = —x. Noting that in our case D;(£") = 0 and using (3.8) we obtain
N« = zv. Hence, the extension (3.9) of the operator (3.34) to v has the form

0 0 0
Y = Zt% — Tum + TG (3.35)
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One can readily verify that it is admitted by the system
Up — Uzpe = 0, U + Uz = 0.

Let us find the conservation law provided by the symmetry (3.34). De-
noting ¢t = x', x = 2%, we have for the extended operator (3.35):

=0, &=2, n=-au, n=wv, W=—(vu+2tu,). (3.36)

Substituting in (3.33)
L =v(u; — Ugy)

and invoking Eqgs. (3.36) we obtain the conservation equation
Dy(C") + D,(C*) =0
for the vector C' = (C*, C?) with

Cc' = WSTE =oW, C*=2L+WD,(v)—vD,(W).
t

Substituting here the expressions for £ and W, we get:
C' = —v(au + 2tu,),
(3.37)
C? = v(2tus +u + zu,) — (zu + 2tu,)v,.
This vector involves an arbitrary solution v of the adjoint equation

Vg + Uy = 0.

Since the adjoint equation does not involve u, we can substitute in (3.37)
any solution of the adjoint equation and obtain an infinite number of con-
servation laws for the heat equation. Let us take, e.g. the solutions v =
—1, v=—x and v = —e'sinx. In the first case, we have:

C' = zu + 2tu,, O = —(2tuy +u + ruy).
Noting that
Dy(2tuy,) = DyD,(2tu) = D, Dy(2tu) = D,(2u + 2tuy)

we can transfer the term 2tu, from C' to C? in the form 2u + 2tu;. Then
the components of the conserved vector are written simply

C' = zu, C% = u — zu,.
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In the second case, v = —x, we obtain the vector
C = 2%u + 2tau,, O = (2t — 2*)u, — 2tzuy,
and simplifying it as before arrive at
C!' = (2% — 2t)u, C? = (2t — 2*)u, + 2zu.

In the case
v=—e'sinz,

we note that
2tue’ sinx = D, (2tue’ sinz) — 2tue’ cos
and simplifying as before obtain:
C!' = e'(xsinz — 2t cosz)u,
C? = (u + 2tu — 2ug)e’ sinx + (zu + 2tu, )e’ cos .

The heat equation has also Lie-Backlund symmetries. One of them is

X = (a:um + 2tuxm) % (3.38)

We prolong (3.38) to u; and u,,, denote the prolonged operator again by X
and obtain

X (g — Ugy) = D2 (U — Ugy) + 26D (s — Upy).

It follows that Eq. (3.10) is satisfied and that the only non-vanishing coef-
ficients in (3.10) are
N2 Aot

Accordingly, Eq. (3.11) yields:
N = —D2(zv) + D2(2tv) = —20, — 2Vpp + 2tVss,

and hence the extension (3.4) of the operator (3.38) to the variable v is

o 0 0 0

For the operator (3.39), we have

Y . (3.39)

51 = §2 =0, W=n=2uz + 2tuzs,.
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Therefore, (3.33) provides the conserved vector with the following compo-
nents:

oL

1
pr— R p— = 2
C =W =m0 = [t + 2igea]v,
oL oL
2 _ — - — — —
C*=2tL—-W Dz(ﬁum) + Dm(W)@um [2t(uy — Uzz) — Dyp(n)]v + nDy(v)

4 Application to the KdV equation
4.1 Generalities
The KdV equation (2.36),
Uy = Ugpe + Ully, (2.36)
has the formal Lagrangian (2.38),
L = v[uy — utly — Ugae]. (2.38)

Since we have one dependent variable (m = 1) and deal with a third-order
formal Lagrangian, Eqs. (3.32) for computing the conserved vectors are
written:

Ci:§i£+w[a—4 —@(ﬁ) + 0,0 oL )]

Gul auij 8uijk
oL oL oL
+D,(W) | e Dy ( aui,-k)] FDD(W) = ()

As before, I will set t = 2!, 2 = 2% and write the conservation equation in
the form

Let us begin by applying Theorem 10.7 to the generators X; and X, of
the Galilean and scaling transformations, respectively:

0 0 0 0 0
Xl———t—, X2—2U%—3ta—$%,

which are obviously admitted by the KdV equation.
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The operator X; yields the conservation law D;(C1)+D,(C?) = 0, where
the conserved vector C' = (C*, C?) is given by (4.1) and has the components

C' = (1 + tuy)v,
C? = t(Vplpy — UgUspp — VUy) — UV — Uy

Since the KdV equation is self-adjoint (see Example 10.12), we let v = u,
transfer the term

1
tuu, = Dx(éttﬂ)

from C' to C? in the form

tuu + 1uQ
2
and obtain
Cl=u, C*= —%UZ — Ugg- (4.2)

Let us make more detailed calculations for the operator X,. For this
operator, we have
W = (2u + 3tu, + zuy,)

and the vector (4.1) is written:
C' = —3tL 4+ Wuv = (3tupe, + Stun, + zu, + 2u)v,
C? = —2L — (w0 + Vo)W + 0, D, (W) —vD2(W) = —(2u* + wuy + 3tuw,
+ Ay + 3tizr )V + (Bug + 3ty + Tz )V — (20 + 3tuy + TUL) Uy

As before, we let v = wu, simplify the conserved vector by transferring the
terms of the form D,(...) from C* to C? and obtain

2
C'=u?, C* =12 — iy, — 3 u. (4.3)

Remark 10.6. One can use also the second-order formal Lagrangians, (2.39)
or (2.40). Since they involve the derivatives of v, one should use Eq. (3.30)
for computing the conserved vectors (see Remark 10.5). Since the formal
Lagrangians (2.39) and (2.40) contain only the first-order derivatives of v,
one can use the operator (3.25)in the truncated form:

— 0 B}
N =g +W |—-D

0
ou D1 gy W

Guij * 82}7;

] + D;(W) (4.4)
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The reckoning shows that the extension (3.4) of X; to v coincides with Xj.
To find the extension of X5, we prolong it to the derivatives involved in the
KdV equation:
0 0 0 0 0 0 0
Xo=2u— —3t— —r— +dbuy— + 3up— + dpp—— + DUpga=—,
2 e T8 T T T T B T B | Bty
and get
Xo(up — Uty — Uppy) = H(Up — Uy — Ugyy)-

Whence A\ = 5. Since '
Dl(gz) = _47
Eq. (3.8) yields
M = —0.

Thus, the extension (3.4) of X is

0 0 0 0
Egs. (3.26) yield
W =1+tu,, W,=tuv,

and
W = 2u + 3tu; + zu,, W, = —v+ 3tv; + zv,

for Y7 = X7 and Y5, respectively. Substituting these expressions for W, W,
in (4.4) and applying Eq. (3.30), e.g. to the formal Lagrangian (2.39), we
arrive again the conserved vectors (4.2) and (4.3). It is manifest from these
calculations that the use of the second-order formal Lagrangians does not
simplify the computation of conserved vectors. Therefore, I will will use
further the third-order formal Lagrangian (2.38).

4.2 Local symmetries give nonlocal conservation laws

Let us find conservation laws associated with the known infinite algebra of
local (Lie-Bécklund) and nonlocal symmetries of the KdV equation (see,
e.g. [62]; see also [34], Ch. 4 and [89], Ch. 5, and the references therein).
I will write here only the first component of the corresponding conserved
vector (4.1). Let us begin with local symmetries.

The Lie-Backlund symmetry of the lowest (fifth) order is

0 5 10 5
X3 = f58_u with f5 = U5 + gUUg + §U1U2 + 6U2U1, (45)



10: FORMAL LAGRANGIANS (2005) 259

where u; = u,, Uy = Uy, .... The reckoning shows that the invariance
condition (3.10) for F' = uy — uu, — Uy, is satisfied in the following form:

> 3 10 >
X3(F) = [g(Ug + uuy) + 6(4U2 +u?*)Dy + ?ung + gUDi + Di] (F).

The first component of the nonlocal conserved vector (4.1) is C* = vfs, i.e.

5 10 5
ct = <U5 + gUUg + §u1u2 + 6u2u1>v. (4.6)

Upon setting v = u, we have

<u5 + guw, + %uwg + gu2u1>u = D, (uug — uyuz + %ug + guqu + %u‘*).
Hence, the Lie-Backlund symmetry (4.5) provides only a trivial local con-
served vector, i.e. with C! = 0. The reckoning shows that all local higher-
order (Lie-Bécklund) symmetries lead to nonlocal conserved vectors, the
first component of which are similar to (4.6), but contain higher-order
derivatives, and vanish upon setting v = w. Thus, the local higher-order
symmetries lead to essentially nonlocal conservation laws.

4.3 Nonlocal symmetries give local conservation laws

Let us apply our technique to nonlocal symmetries (see Theorem 10.6). The
KdV equation has an infinite set of nonlocal symmetries, namely:

0
Xpio = Gnyo— 4.7
+2 =4 25 (4.7)

where g,,12 are given recurrently by ([62], see also [34], Eq. (18.36))

2 1
g =1+ tus, gn+2=<D§+§u+§u1D;1>gn, n=1,3,.... (48)

The operator

0
Xl = (1 + tul)%

corresponding to g; is the canonical Lie-Backlund representation of the gen-
erator X; of the Galilean transformation (Example 10.1). Eq. (4.8) yields

(2u + 3tu; + zuy),

Wl =

1
3= 3 [2u + 3t(ug + vuy) + zuy] =
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hence Xj coincides, up to the constant factor 1/3, with the canonical Lie-

Bécklund representation of the scaling generator X, (cf. Example 10.2).
Continuing the recursion (4.8), we arrive at the following nonlocal sym-

metry of the KdV equation:

x 4 4 1

3 (U3 + uul) + gUz + §U2 + §U1g0,

where f5 is the coordinate of the Lie-Béacklund operator X3 used above
and ¢ is a nonlocal variable defined by the following integrable system of
equations:

0 .
Xs =g5— with g5 =1f5+
ou

L,

Pz = U, th:uxx+§u
The first component of the conserved vector (4.1) is given by C! = vgs.
Setting v = wu, transferring the terms of the form D,(...) from C' to C?,
eliminating an immaterial constant factor and returning to the original no-

tation u; = u,, we arrive at a non-trivial conservation law with
1_ .3 2
C" =’ —3u; (4.9)

not containing the nonlocal variable ¢. We can also take in C! = vgs the
solution v = 1 of the adjoint equation (2.37), v; = Uy + uv,. Then we will
arrive again at the conserved vector (4.3).

Dealing likewise with all nonlocal symmetries (4.7), we obtain the renown
infinite set of non-trivial conservation laws of the KdV equation. For exam-
ple, &7 yields

C' = 29u" + 852 uu? — 252 u?. (4.10)

5 Application to the Black-Scholes equation
Consider the Black-Scholes equation

Uy + %A%gum + Bru, —Cu=0, A, B, C' = const. (5.1)
Its adjoint equation is

%A%%M + (24% = B)zv, — v+ (A> = B - C)v = 0. (5.2)

Eq. (5.1) does not have the usual Lagrangian. Therefore we will use its
formal Lagrangian

1
L= (u+ §A2x2um + Bru, — Cu)v. (5.3)
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Let us find the nonlocal conservation law corresponding to the time-
translational invariance of Eq. (5.1), i.e. provided by the infinitesimal
symmetry

0

=5

For this operator, we have W = —u;, and Eq. (1.7) written for the second-
order Lagrangian (5.3) yields the conserved vector

X

1
Cl=L—wv= (§A2x2um + Bru, — Cu)v,
2 [ [
Cc* = —[va — Dm(aA T U)]ut - §A T VU
1 1
= [ — Bav + A%z + §A2x21}x] Uy — §A2x2vutz.

We can substitute here any solution v = v(¢,x) of the adjoint equation
(5.2). Let us take, e.g. the invariant solution obtained by using the dilation
generator

0 0
X—x%—v%

The reckoning shows that the invariant solution has the form

where C'is taken from Eq. (5.1). Substituting the solution v it in the above
C', C? and simplifying as before we obtain the local conserved vector

1 1
o=t et O = <§A2xuz + Bu — §A2u> e . (5.4)
x

6 Further discussion

6.1 Local and nonlocal conservation laws for not self-
adjoint nonlinear equations having Lagrangian

Noether’s theorem on local conservation laws (Theorem 10.1) and the the-
orem on nonlocal conservation laws (Theorem 10.7) are distinctly different
even for equations having usual Lagrangians. To illustrate the difference,
consider the following examples.
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Example 10.13. Consider the equation
2y + Uglyy — Uyy = 0, (6.1)

describing the non-steady-state potential gas flow with transonic speeds. It
has the Lagrangian

1 1
Application of Theorem 10.1, e.g. to the generator
0
X = — 6.3

of the time translation group leaving invariant the variational integral with
the Lagrangian (6.2) provides the local conservation law
D(C") + D,(C?) + D,(C*) = 0
with the following components*:
1 1
1_ 4o 3
C = 5 Uy — 6 Ux,
On the other hand, Eq. (6.1) has the second-order formal Lagrangian

x?

1
C? =u? + 3 wul, C* = —uu,. (6.4)

L, = (2uty + Uglgy — Uyy )V (6.5)
which can be replaced by the first-order formal Lagrangian (cf. (6.2))

1
L. = —2v,u; — §vzui + vy, (6.6)
Accordingly, the adjoint equation to (6.1) is

2015 + UpUpy + Upllyy — Vyy = 0. (6.7)

It is manifest from Eqgs. (6.1) and (6.7) that Eq. (6.1) is not self-adjoint.

Application of Theorem 10.7 to any of the equivalent formal Lagrangians
(6.5) and (6.6) furnishes the following nonlocal conserved vector associated
with the time-translation symmetry (6.3):

1
C! = vyu, — 3 Vpu2,
C? = 20,y + vy + voul, (6.8)

3 _
C” = —wvy — vy,

Thus, one symmetry (6.3) generates two different conserved vectors, (6.4)
and (6.8).

*For the calculations see [34], Section 23.3, p. 329. Note that the second component
is misprinted there as C? = u? + 1 u2.
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Example 10.14. The nonlinear wave equation
uy — Au+au® =0, a = const., (6.9)
where Au is the three-dimensional Laplacian, has the Lagrangian

L = |Vul? —u§+gu4. (6.10)

Let us write conservation laws in the form
Dy() + (V- x) =0,

where 7 is the density of the conservation law and x = (x!, x?, x%).

Application of Theorem 10.1 to the Lagrangian (6.10) and to the operator
(6.3) admitted by Eq. (6.9) yields the conservation law with the density
(see [34], Eq. (24.10))

T =ul+ |Vul|® + gu4. (6.11)

On the other hand, Eq. (6.9) has the second-order formal Lagrangian
L, = (uy — Au+ au®)v (6.12)
which can be replaced by the first-order formal Lagrangian (cf. (6.10))
L. = —uw; + Vu - Vo + 3avu®. (6.13)
Accordingly, the adjoint equation to (6.9) is
vy — Av + 3avu® = 0. (6.14)
It is manifest from Eqs. (6.9) and (6.14) that Eq. (6.9) is not self-adjoint.
Application of Theorem 10.7 to any of the equivalent formal Lagrangians
nonself.eq10 or nonself.eql1 and to the symmetry (6.3) yields the nonlocal

conservation law with the density (cf. (6.11))

T = u; + |Vl - |[Vo| + avu?. (6.15)
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6.2 Determination of self-adjoint equations

Example 10.15. We have used the remarkable property of the KdV equa-
tion to be self-adjoint for deriving an infinite series of local conservation
laws. Let us consider a more general set of equations containing the KdV
equation as a particular case, namely:

Up — Upgy — [(T,u,u;) =0 (6.16)

and single out all self-adjoint equations. We have:

J

@ (ut — Uggxr — f)U] = =Vt + Ugge — Ufu + D:v(“fuz)

Hence, the adjoint equation to (6.16) has the form

—Vt + Ugge + U:cfuz + (_ fu + fxuz + u:cfuuz + umxfuzuz)v = 0.

Letting v = u we obtain

Comparison with (6.16) yields

fuzu;c =0,
whence
[l u,us) = (@, w)u, + P(z, u). (6.18)
Now Egs. (6.16) and (6.17) take the form
Up — Ugge — QU — Y =0 (6.19)
and
Up — Uggy — PUz — (Y0 — Yy)u =0, (6.20)
respectively. Whence, (¢, — ¥, )u =1, or
oY
%YL = up,. 6.21
uz o TP =up (6.21)

Given an arbitrary function ¢(x,u), we integrate the linear first-order or-
dinary differential equation (6.21) for ¢ with respect to the variable u and
obtain

P(z,u) = %[/ugozdu—l—a(x) :

thus arriving at the following result.
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Proposition 10.1. The general self-adjoint equation of the form (6.21) is

1

Up — Ugze — @(T, W)Uy — " [/ug@x(x, u)du + a(z)| =0, (6.22)

where p(z,u) and a(z) are arbitrary functions. In particular, the equation
Ut — Uggy — f(uvum) =0

is self-adjoint if and only if it has the form
Up — Uggy — @(U) Uy — 4 _ 0, a = const. (6.23)
u

According to Proposition 10.1, the KdV equation (2.36) and the modified
KdV equation
Up = Uy + U (6.24)

are self-adjoint. Using this property of the modified KdV equation and the
known recursion operator (see, e.g. [34], Eq. (19.50))
2 2
R = D>+ 3 u? + 3 u, D M (6.25)
for the modified KdV equation (cf. (6.25) and (4.8)), one can apply Theorem

10.7 to Eq. (6.24) and, proceeding as in Section 4, compute local and
nonlocal conservation laws for the modified KdV equation.

Example 10.16. Let us single out the self-adjoint equations from the set
of the equations

u = f(U)Uppp- (6.26)
Writing the adjoint equation:
0 :
@ (ut - f(u)uaccm>v = U — f (u)vuac:m + Dg (Uf(u)) =0

and letting v = u, we obtain:
—Ut + fUgge + 32F + uf Vuptse + 3" +uf"”)ud = 0. (6.27)
Comparison of Eq. (6.27) with (6.26) yields
2f' +uf"=0, 3f" +uf"=0.

Since the second equation is obtained from the first one by differentiation,
we integrate the equation
2f/ + U/f/l — O
and obtain: a
f(u)=—+b, a,b= const.
u
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Proposition 10.2. The general self-adjoint equation of the form (6.26) is
a
g = (— + b) Urza. (6.28)
u
Example 10.17. Consider the second-order equations of the form

up = f(U) Uy (6.29)

Proceeding as in the previous example, one can prove the following state-
ment.

Proposition 10.3. The general self-adjoint equation of the form (6.29) is

a
— Y 6.30
Ut Iy u ( )



Paper 11

Conservation laws for
over-determined systems:
Maxwell equations

UNABRIDGED PREPRINT [49]

Abstract. The Maxwell equations in vacuum provide an interesting example for
discussing conservation laws for over-determined systems. Since this system has
more equations than the number of dependent variables, the electric field E and
the magnetic field H, it cannot have a usual Lagrangian written in terms of E
and H. The evolutionary part of Maxwell’s equations has a Lagrangian written
in terms of E and H, but admits neither Lorentz nor conformal transformations.
Addition of the equations V- E = 0, V- H = 0 guarantees the Lorentz and
conformal invariance, but destroys the Lagrangian. The aim of the present paper
is to attain a harmony between these two contradictory properties and to derive
the conservation laws related to all symmetries of Maxwell’s equations.

Introduction

It was discovered by Lorentz [85] that that the Maxwell equations in vac-
uum are invariant under the 10-parameter group of isometric motions in
the four-dimensional flat space-time known as the Minkowsky space. Ac-
cordingly, this group is known as the Lorentz group. Then it was shown by
Bateman [5], [6] and Cunningham [16] that the Maxwell equations in vac-
uum admit a wider group, namely the 15-parameter group of the conformal
transformations in the Minkowsky space. It was proved later [27] that the

267
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conformal transformations, together with the simultaneous dilations and
duality rotations of the electric and magnetic fields, as well as the obvi-
ous infinite group expressing the linear superposition principle, furnish the
maximal local group of Lie point transformations admitted by the Maxwell
equations.

Thus, the Maxwell equations in vacuum

OH OF
VXE—FW—O, VXH_E_()’

V-E=0, V-H=0,

admit a 17-dimensional Lie algebra, L7, along with the infinite-dimensional
Lie algebra existing for all linear equations due to the linear superposition
principle.

Bessel-Hagen [7] applied Noether’s theorem to the 15-dimensional Lie
algebra Lis of the conformal group (Lj5 is a subalgebra of Li7) and, us-
ing the variational formulation of Maxwell’s equations in terms of the 4-
potential for the electromagnetic field, derived 15 conservation laws. In this
way, he obtained, along with the well-known theorems on conservation of
energy, momentum, angular momentum and the relativistic center-of-mass
theorem, five new conservation laws. He wrote about the latter: “The fu-
ture will show if they have any physical significance”. To the best of my
knowledge, a physical interpretation and utilization of Bessel-Hagen’s new
conservation laws is still an open question. Meanwhile, Lipkin [84] discov-
ered ten new conservation laws involving first derivatives of the electric and
magnetic vectors. It was shown later [102] that Lipkin’s conservation laws
were associated with translations and Lorentz transformations. For a re-
view of further investigations in this direction, see [36], Section 8.6, and the
references therein. See also [21].

The present paper is a continuation of my recent work [46] with an
emphasis on applicability of Noether’s theorem to overdetermined systems
hinted in [30]. Namely, the evolution equations of the system of Maxwell
equations has a Lagrangian written in terms of the electric E and magnetic
H vectors, but admit neither Lorentz nor conformal transformations. The
additional equations V- E = 0, V- H = 0 guarantee the Lorentz and
conformal invariance, but destroy the Lagrangian. The aim of the present
paper is to attain a harmony between these two contradictory properties.
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1 Generalities

1.1 The Maxwell equations

Consider the Maxwell equations in vacuum:

OH oFE
VxE+—=0, VxH-—=0
*EEr T VX o
V-E=0, V-H=0.
We will also use the coordinate notation
x=(ry2z2), E=(FEE*E), H=(HWH* H®
and write Egs. (1.1)—(1.2) in the coordinate form as well:
E}—-E2+H/ =0, H)—H!-E =0,
E!-E}+H!=0, H!-H-E'=0,
E;—-E,+H}=0, H.—-H,—FE =0,

E,+E:+E}=0, H)+H+H.=0.

1.2 Symmetries

269

(1.1)
(1.2)

(1.1)

(1.2))

Egs. (1.1)-(1.2) are invariant under the translations of time ¢ and the posi-
tion vector x as well as the simultaneous rotations of the vectors &, E and
H due to the vector formulation of Maxwell’s equations. The corresponding

generators provide the following seven infinitesimal symmetries:

Xo—%, Xl—a%, XQ—a%, Xg—%,

X12 yc‘%_xa%JrEzaaEl_Ela(?E2+H2%_HIaZ2’
o= =g =g + B~ P+ H g~
X23_Za_y_y%+E3822_EzaaE?»Jnga[(?[z_HQ%'

(1.3)
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Besides, the Maxwell equations admit the Lorentz transformations (hy-
perbolic rotations) with the generators

I R N B B
o=t ey v g T g —Pgm — g

0 0 , 0

X02:t(%+y%+E3agl+H18E3—E13H3— SET (1.4)
Ko = aa “%*Elaiﬂ +H26?El _EQagl _Hlagz /
and the duality rotations
E =FEcosa— Hsina, H=Hcosa+ Esina
with the generator
3
Zo=E- %—H-%EZ(Ekagk—H‘f@Zk) (1.5)

Furthermore, Egs. (1.1)-(1.2) admit, due to their homogeneity and lin-
earity, the dilation generators

0 & p 0
Zi=E- -+ H- ——EanEk+§ 1 5 (1.6)
and
0 0 8 8

and the superposition generator

S = E.(x,t) - i—|—H (x,t) -

o (1.8)

OH’

where the vectors
E=E.(x,t), H=H,(x,t)

solve Egs. (1.1)-(1.2).
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Finally, Eqs. (1.1)-(1.2) admit the conformal transformations with the
generators

0 0 0
+ 233y8 + 20— + 20t~

0
:(IQ—y2—22—|—t2) - 5

ox

= (2B + 2B + 2:E7) ooy — (dnH' + 2yH” + 2:H7) oy

— (42E? — 2yE" — 2tH?) aaE? (42H? — 2yH' + 2tE°) RTE
g,

— (42E° — 2zE" + 2tH?) 55 (4oH® — 2zH' — 2tE2)@ :

0 0 0 0
Y2—2mya (y —x?—z —I—t2)8—y+2yza—+2ytat

— (4yH' — 22H” + 2tE®)

— (4yE' — 22F” — 2tH®) — 0

OFE! OH!

— (4yE? 4+ 22E" + 22E%) — — (4yH* + 2zH" + 2zH°)

OE? OH?
— (4yE® — 22E” + 2tH") — Yo — (4yH® — 2zH* — 2tE") RTTER
0 0 0 0
Yy = 202— + 2yz— -z’ - )= + 22t~ 1.9
3 x28x+ yzay—ir(z x? — P+ )8z+ o, (1.9)
0 0
— (42E" — 22E® + 2tH?) FTor (4zH' — 2zH® — 2tE”) 3
0
— (42E° — 2yF® — 2tH") — Yo7 — (42H? — 2yH® + 2tE") — 5172
— (42E° + 2yE® + 22E") — T — (4zH® + 2yH* + 22H Do

0 0 0 0
Y4:2tx—+2tya—+2tz— (2 + 9+ 22+ %)=

O 0z ot
— (4tE" + 2yH® — 22H°) % = (4H = 2yE 4 2:B7) o
— (45 +2:H" = 20H°) 5y — (4H — 225" + 20F°) aip
— (4B — 2y H" + 20 H?) 5 — (4H" + 2y B — 20 E?) 82{3

It has been proved in [27] that the operators (1.3)—(1.9) span the Lie
algebra of the maximal continuous point transformation group admitted
by Egs. (1.1)—(1.2). This algebra comprises the 17-dimensional subalgebra
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spanned by the operators (1.3)-(1.7) and (1.9), and the infinite-dimensional
ideal consisting of the operators (1.8).

1.3 Conservation equations

Conservation laws for the Maxwell equations are written in the differential
form as

(Dy(7) + divx)]| =0, (1.10)

(1.1)—(1.2)

where 7 and x = (x}, X2, x?) are termed the density of the conservation law
and the fluz, respectively. The divergence div x of the flux vector is given
by

diVXEV'X:Dz(X1)+Dy(X2)+DZ(X3)' (1.11)

The symbol | (1.1) means that Eq. (1.10) is satisfied on the solutions of

—(11
the Maxwell equat(im)ls (1.1)-(1.2). The density 7 and flux x may depend,
in general, on the variables ¢,  as well as on the electric and magnetic fields
E, H and their derivatives.

It is assumed in what follows that the time derivatives of E, H have
been eliminated by using Eqs. (1.1), and hence 7 and x!, %, x* depend,
in general, on t,xz, E,H ,E, E, E, H,,H, H,,.... Then Eq. (1.10) is
written:

(Dt(7)|(1.1) + div X) ’(1.2) =0, (1.12)

where D, ()] (L1) 18 obtained from D,(7) by substituting the values of E,, H,
given by Egs. (1.1), whereas the sign ‘ (1.2) indicates that the terms propor-

tional to divE and divH have been eliminated by using Eqs. (1.2).
Often the differential conservation law (1.10) is written, using the diver-
gence theorem, in the integral form:

d
7 /dedydz = 0. (1.13)

The integral form of conservation laws is preferable from physical point of
view because is has a clear physical interpretation. Namely, Eq. (1.13)
means that the integral

d
— 1.14
dt/dedydz (1.14)

taken for any solution of Maxwell’s equations is constant in time.
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1.4 Test for conservation densities of Egs. (1.1)

Sometimes conservation laws are formulated by stating that the integral
(1.14) with a certain 7 is constant in time, but the corresponding flux x is
not given. In this case, one can verify that the conservation equation (1.13)
is satisfied by using the tests for conservation densities given in this and
the next sections. We will need the following property of divergencies.

Lemma 11.1. Let
x'=x'(t,z,E,H,E,,E,,E.,H, H, H,, .., (I=1,23)

be any smooth functions. Then the following equations are satisfied:

%(V%):O, %(v.x):o, (1.15)

Here the vector valued Euler-Lagrange operators (variational derivatives)
are given by

4} 0 0 0
5E_8—E_Di8—E+DiDj8Tij_”" (1.16)
o 0 0 0
SH = 9H DiaHi +DiDja— H, - (1.17)

where the indices i, j assume the values 1, 2, 3, and the following notation
is used:

Dy=D,, Dy=D, D3y=D,,

E,=E, E=E, E=EFE,

H -H, H,-H, H;=H, (1.18)
E,=E,, FE,=E,, ..., E3=FE_,

H,=-H,, H,=H,, ... 6 Hs;=H,.

Proof. The Lemma is a particular case of the general result (see [39)],
Section 8.4.1, Exercise 3; see also [46], p. 747, Lemma 2.3) stating that a
function f(z,u,uq)),...,uw)) is a divergence, i.e.

f=divg =) Di(¢),
i=1
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where ¢ = (¢!,..., ¢") is an n-dimensional vector with components

gbl = ¢1(I7u7u(1)>a s 7“(5—1))7 s 7¢n = ¢n($7uau(l))7 s 7u(8—1))7
if and only if

)
—f =0, a=1,...,m.
ou®
Here x = (2',...,2") are independent variables, u = (u',...,u™) are de-

pendent variables, u(;) is the set of the first-order derivatives u§* of u® with
respect to z¢, uz) is the set of the second-order derivatives, etc.

I give below an independent proof of Eqs. (1.15). Let us write these
equations in the expanded form used in (1.11):

5% [Da(x") + Dy(x*) + D=(x*)] =0,
2= (D00 + D00 + D) =0 (1.15)

Due to linearity of the variational derivatives (1.16) -(1.17) and the
symmetry of Eqs. (1.15") with respect to the variables x,y, z, it suffices
to prove that

)
OE oH
Let us begin with the case when x! do not depend on derivatives of E
and H, i.e.

D,(x") =0, D.(x) =0, 1=1,23. (1.19)

X' =x'(t,z, E,H), 1=1,2,3. (1.20)
In this case the variational derivatives (1.16)-(1.17) reduce to
J 0 0 0 0
-9 pY% p-2 _p 9. 1.21
SE _OE < "0E, 'OE, = ‘OE. (1.21)

0 0 0 0 0
o'~ o Prom,  Pram,  Prom. (1.22)

and have the components

o 0 9] 0 0
e~ opr  PDramr ~ Pvamr ~ Peamr
o _ 9 5 9 59 D, 0 k=1,2,3.

SHF — OHF  TToHF TYOHE TTOHE’
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It is manifest that the total differentiation D, with respect to z,

0 0 0
D,=—+E, -—+H, —
T R ) - &
commutes with the partial differentiations with respect to E and H :
0 0 0 0
—D,—D,— = —D,—D,— =0. 1.2
OE " "OF 0 oOH * "OH 0 (1.23)

The similar equations hold for the total differentiations D, and D, with
respect to y and z, respectively. The equation

axl axl 8Xl
D, =2+ E, -~ + H, -
)= P B g T He G
yields:
0 . _axl 0 n 0 N
o5, -0 =75 IE, D.(x') = 3E. D.(x') =0. (1.24)

Using the variational derivative (1.21) and invoking Eqs. (1.24), (1.23) we
have:

J

l
SED00 = 5 Da0) = D55 = (5D - D) =0

OE - T'9E  \OE " TUOE

The proof of the second equation (1.19) is similar.
One can use an alternative proof of Egs. (1.19) in coordinates. Then
one has, e.g.

5 82Xl ) aQXl ) aQXl axl
—D, () = El— H_—2 __D, | ==2).
e 000 = gap Y Eegmar T e amian <8E1)
It follows that 5
_ l —
5E1Dx(x) 0

since

8Xl 62Xl ; 82Xl ; 62Xl
D <8E1> = owor " Pegpior T amont

Consider now the case when 7 and x! involve the first derivatives of the
vectors E and H :

r=r(t,x,E,H,E,,E, E., H, H, H.), (1.25)
Xl:Xl(ta$>E>HaEa:aEyaEzaﬂmHyaHz)a l:17273
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The equation

Oy ox! Oy ox! ox!
W)=y T B gt He g+ oF; OH,

0 N _ aXl aXl
oE, -0 = 5E Dm(@Em ’

0 AN 8Xl

oF, D,(x') = D, (aEy) : (1.26)

d AN axl
oz 20 = - (55 )

Using the notation (1.18) and the Kronecker symbol %, one can write

Egs. (1.26) as
0 N oy Oy

Egs. (1.16), (1.27) yield:

0 . O ox! X!
D) = 5Pa0) 01 o 3+ 2 (57 )| + 2o (3

0 ! oy oy oy
= a—EDz(X ) — D, (6—E> - D;D, (G—EZ + D, D, (9_E, .

Using the commutation relations (see the first equation (1.23))

0
’E

0 0
D,D,=D,D;, —D,=D,—
2 x x 79 aE x IaE
we obtain the first equation (1.19):
J
—D,(x") =0.
s e 00)

The proof of the second equation (1.19) is similar. The general case when
x! depend on higher derivatives is treated likewise.

We turn now to a characterization of conservation densities. Let us first
prove the necessary and sufficient conditions for conservation densities for
the equations (1.1) taken alone, without Egs. (1.2).
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Theorem 11.1. A function7(¢t,x, E, H, E,, H,,...) is a conservation den-
sity for Egs. (1.1) if and only if it satisfies the equations

5% D7) ] =0, 5% D) 1] =0 (1.28)

Proof. The differential equation defining conservation laws for Eqs. (1.1),
considered without Eqs. (1.2), is written (cf. Eqgs. (1.12))

Dt(T)\(M) +divx =0,
Let us write it, using the notation (1.11), as follows:

Di(7)] 43, + Da(x') + Dy(x*) + D:(x*) = 0. (1.29)

(1.1)
Taking the variational derivatives and using Eqgs. (1.15) we arrive at Egs.
(1.28).

Example 11.1. Let us test 7 = 1(|E|* + |H|?) for conservation density.
We have:
Dt(T)}(l.l) - (E B+ H - Ht)’(l.l)
—E- (VxH)-H-(VxE)
_ g3 2 2/ 71 3 3012 1
= FE(H, — H)+ E*(H, — H;) + E°(H; — H,)
13 2 2/ 1 3 3¢ 2 1

— H'(E} — E?) — HX(E! — E%) — H¥(E? - E)).

Therefore
5Dt<7')‘

(1.1) 3 2 2 3
T:Hy—HZ—FDZ(H )—Dy(H ) =10,
5Dt(7')|

(LY gl g3 1 3y _

52 H,—-H,—-D,(H)+ D,(H’) =0,
5Dt<7')‘

(11
= H? - H, + D,(H") — D,(H?) = 0.

Thus, the first equation (1.28) is satisfied. Verification of the second equa-
tion (1.28) is similar. Hence,

r = S(BP +|HP) (1.30)
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is a conservation density and therefore the integral
1 2 2
5(\E| + |H|?)dzdyd= (1.31)

is constant in time. It is commonly accepted (after J.C. Maxwell’s “A
Treatise on Electricity and magnetism”, see also [98]) as the electromagnetic
energy for Egs. (1.1). The differential equation for conservation of energy
has the form (see also Section 3.5)

E|?+ |H|?
p, (BT

5 +div (E x H) = 0. (1.32)

(1.1)

The reckoning shows that Eq. (1.32) is satisfied identically, without using
Egs. (1.2).

Example 11.2. Let us check if the Poynting vector o = E x H is a
conservation density for Egs. (1.1). Consider, e.g. its first component,

o1 =E*H® - EB°H?

Its time derivative is (see further Eq. (1.38))

Di(0)] ) = EX(Ey — E}) + H*(H! - H}) + E*(E! - E) + H*(H, — H7).
Therefore, e.g.
5Dt(0-1)|
any _ 2 3

Egs. (1.28) are not satisfied, and hence o' is not a conservation density

for Egs. (1.1) considered without Eqs. (1.2). The same is true for all
components of o = E x H. See also further Example 11.3.

1.5 Test for conservation densities of Eqs. (1.1)-(1.2)

The following theorem provides convenient necessary conditions for conser-
vation densities for the Maxwell equations (1.1)-(1.2).

Theorem 11.2. Let 7(t,z, E, H, E,, H,, E,, H,, ...) be a conservation den-
sity for the Maxwell equations (1.1)-(1.2). Then the following equations are
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satisfied:
i 5Dt< )‘(1 1) —0 0 5Dt(7)’(1.1) —0
OF OF 7 SH OF -
L (1.2)_ | (1.2)_
[ 6D,(7) | [ 5D,(7) |
3| PDay| | _ 0, L |2 s 0. (1.33)
OE oH oH oH
L (1.2) | i (1.2) |

Proof. The conservation equation (1.12) can be equivalently written in the
form

Dy(7)| 1y +V-x=aV -E+3V-H (1.34)
with certain coefficients o« = «a(t,xz, E,H,...), f = (B(t,xz,E.H,...).
Therefore, using Eqgs. (1.15) we obtain:

0 Dy(7) )

—5E’(“) = (V- E+ (V- H),

0Dy(7) 4]

51{‘(1'1) = < (aV-E+ 3V -H). (1.35)

Let us first assume that a and 8 do not depend upon derivatives of E
and H :
O{:a(t7w7E7H)7 /8:/3<t7w7E7H)7

and calculate, e.g.

5 0 0
(V- E+3V-H) = (@—Dja—E;)(aV-E%—ﬁV-H).
We have:
9 0 da 08 )
(955~ Piggy) (V- B9V H) = 5 V- Bt 5 - H = Do),

where 07 is the Kronecker symbol (cf. Eq. (1.27)). Therefore

aV-E+3V- H)

= —D,(a),

(1.2)

of
oE!
and hence, invoking the first equation (1.35):

5Dt (T) ‘ (1.1)

SE = —D,(a).

(12)
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It is manifest now that

5Dt(7—)| 1.1
(12)
5Dy (1) .
—(SHk( 1) = —Di(B), k=1,2,3.
(1.2)
Therefore Egs. (1.19) provide the coordinate form of Egs. (1.33),
) 5Dt(7—)|(1‘1) —0 ) 5Dt(7—)’(1,1) —0
B! JEF T OHY JEF ’
(1.2) (1.2)
) 6Dt(7—)|(1.1) —0 ) 5Dt(7—)’(1.1) —0
B! dH* T OHY SH* ’
(1.2) (1.2)

where i, k = 1,2, 3. This completes the proof of the theorem.

Example 11.3. Let us test for conservation density the Poynting vector
o = E x H (cf. Example 11.2). Consider, e.g. its first component,

0’1 = E2H3 — E3H2. (137>
We have:
Dt(al)‘(l.l) = (E°H} + HE{ — E°H; — H2E3)|(1~1)
= E*(E} - E2) + H*(H! — H?)
3 1 3 2 1 2
+E°(E. - E;) + H°(H, — H). (1.38)
Hence
%——EQ—E?’ %:El %:El
SEL v TE S E? v SE? .
DNy o pys PN Py
L oH? W OH? -

Therefore Eqgs. (1.33) are satisfied, and we have in accordance with Egs.

(1.36):
(1.1) _ gl 5Dt(01)|(1.1) _ E;,

§Dt<01)‘ 5Dt(0'1)‘(1'1) B El
OE! T OE? 0E3 -

(1.2) (1.2) (1.2)
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dDy(01) ‘

(1.1) 5Dt(01
OH!

_ )’(1,1) g 5Dt(01)|(1.1) _Hl
v 0H? v 0H3 ?

(1.2) (1.2) (1.2)

Accordingly, o7 is the density of the conservation equation of the form
(1.34):

Dy(01)] 1y + Do(T}) + Dy(T?) + D.(T}) = —E'V - E—H'V - H, (1.39)

(1.1)

where

T) = S[(B?) + (B — (B'? + (H)? + (HO)? — (H'Y),

N | —

Tf:—(E1E2+H1H2), X?:—(ElE?’—l—HlH?’),

or
. ) . 1 ..
Ti=—E'F'— H'H' + 55;(;15|2 +|H|?], i=1,2,3. (1.40)

The obvious generalization of (1.40) is written:
Ti=—-E"E'— H'H' + 55,@(|E|2 +|H)?), k,i=12,3. (1.41)

It is called Mazwell’s tension tensor.
Eq. (1.39) together with the similar conservation equations associated
with the components

oy =FE*H'— E'H®, 03 =E'H? — E*H" (1.42)

of the vector & = E x H provide the following three conservation equations
for the Maxwell equations (1.1)-(1.2):

Di(0)|y 1y + Dul(T}}) + Dy(T2) + D.(T7) = —E*V-E — H*V - H, (1.43)

(1.1)
where k& = 1,2, 3. The quantities o are determined by Eqs. (1.37), (1.42),
and T} is Maxwell’s tension tensor (1.41).

Thus, the vector o = E x H is a conservation density for the system of
equations (1.1)-(1.2), and hence the integral (known in physics as the linear
momentum)

/ (E x H)dzdydz (1.44)

is constant in time for the Maxwell equations.
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Example 11.4. Let us test for conservation density the vector
p=zx(Ex H).
Consider, e.g. its first component,
p' =y(E'H* — E°HY) — 2(E*H' — E'H?). (1.45)

We have:

Dt(“1)|(1.1)

=y[H*(H, — H) + E'(E; — E,) + H'(H;; — H;) + E*(E; — E7)]

+z[H'(H, — H) + E*(E) — EZ) + H*(H} — HZ) + E'(E, — EJ)],

whence
%EI)J(“) =yE? — 2E2,
%;'(“) = yE, + E° + 2E + zE,,
% = —yE, —yE, - E* — zE.

Hence, Eqgs. (1.28) are not satisfied. However Eqs. (1.33) are satisfied
because, e.g.

5Dt(u1)|

(1.1) _ 3 2

—— | = DayE - 2B,
(1.2)

5Dt(:u1)| 1.1

5 (1-1) = yE;j’ + B3 — zEj = D,(yE® — 2E?),
(1.2)

0Dy (p')

T'“'” = yE? — B> — 2E® = D,(yE® — 2E?).
(1.2)

Therefore, the integral (known in physics as the angular momentum)
/ [z x (E x H)|dzdydz (1.46)

is constant in time for the Maxwell equations (1.1)-(1.2).
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2 Evolutionary part of Maxwell’s equations

The Maxwell equations in vacuum (1.1)-(1.2) contain six dependent vari-
ables, namely, the components of the electric and the magnetic fields,

E=(E'E* E*, H=(H'H* H?,

and eight equations. Hence, the system (1.1)-(1.2) is over-determined and
therefore it does not have a Lagrangian. In this section we will single out
the evolutionary part (1.1),

OH

VXE—FE:O,
(1.1)
vxH-2Z_
ot

of Maxwell’s equations and discuss the Lagrangian and the symmetries of
the system (1.1). Note that If Egs. (1.2), V- E =0, V-H = 0, are satisfied
at the initial time ¢ = 0, then Eqgs. (1.1) guarantee that they hold at any
time ¢. Hence, Eqs. (1.2) are merely initial conditions.

2.1 Lagrangian

Let us test Egs. (1.1) for self-adjointness. In order to find the adjoint system
to (1.1), we introduce six new dependent variables

V=WVLVEV?, W=W W2 Ww?

and consider the formal Lagrangian*

0H OE
£:V-(curlE+ﬁ)+W-(cur1H—E). (2.1)

The variational derivatives of the formal Lagrangian (2.1) provide the sys-
tem (1.1) together with its adjoint, namely:

oL OH oL oFE
W:CurlE—f-ﬁ—O, W:CUTlH—E—O, (22)
oL ow oL ov
5_E:CUI1V+W:0’ m:cuer—E:O. (23)

* Author’s note to this 2009 edition: For definition of formal Lagrangians see Paper
10 in this volume.
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If weset V=E W = H, Egs. (2.3) coincide with (2.2). Hence, the
the system (1.1) is self-adjoint. Therefore we set V.= E, W = H in (2.1)
and obtain the following Lagrangian for Eqs. (1.1) (see [46]):

OH OF

For Egs. (1.1) represented in the coordinate form (1.1):
E}—E2+H/ =0, H)—H!-E =0,
E!-E:+H}=0, H!-H-FE}=0, (1.1)
E—E,+H})=0, H;—H,—E =0,

the Lagrangian (2.4) is written:
L=E'"(ES-FE:+H)+E*(E! - E}+ H})+ E*(E2 — E, + H})
+H'(H, — H? - E})+ H?(H, — H, — E{)+ H*> (H} — H, — E}).

However, by separating Eqs. (1.1) from Eqs. (1.2) we loose certain
symmetries of the Maxwell equations. This is discussed in the next section.

Remark 11.1. In the case of the Maxwell equations with electric charges
and currents,

oH oE

V.-E=p, V-H=0, (2.6)

the Lagrangian (2.4) is replaced by*

ﬁZE-(VXE—Fa&—iI)—l—H-(VXH—%—?—Zj). (2.7)

2.2 Symmetries

We know that the Lie algebra L admitted by the Maxwell equations (1.1)—
(1.2) is spanned by the operators (1.3)—(1.9).

*Recently I learned that the Lagrangian (2.7) was noted in [2] and in [100]. It was
also used in [102]. I thank Professor Bo Thidé for drawing my attention to these papers.
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Theorem 11.3. The maximal subalgebra K C L admitted by the evolu-
tionary equations (1.1) of Maxwell’s system comprises the 10-dimensional
algebra spanned by the operators (1.3), (1.5), (1.6), (1.7) and the infinite
dimensional ideal (1.8).

Proof. It is geometrically evident that Eqgs. (1.1) admit the operators (1.3),
(1.6), (1.7) and (1.8). In order to verify that they admit also the duality
rotations, let us write the duality generator (1.5) in the prolonged form:

0 0 0 0 0 0

Zo=F

Acting by the operator (2.8) on the left-hand sides of Eqgs. (1.1) we have:

Zo(VXE+Ht>:Et—VXH,
Zo(Vx H—E;) =V x E+ H,. (2.9)

Hence, Z, is admitted by Eqs. (1.1).

It remains to show that the generators (1.4) of the Lorentz transfor-
mations and the generators (1.9) of the conformal transformations are not
admitted by Eqgs. (1.1) if one takes Egs. (1.1) alone, without Eqs. (1.2).

Let us begin with the Lorentz transformations. Consider, e.g. the first
operator Xo; from (1.4) and verify that it is not admitted by Eqgs. (1.1).
Computing the first prolongation of Xy; and denoting the prolonged oper-
ator again by Xy, we have:

Xo1 = ta% +x% +E2823 +H38f«72 - E?’% — HQ%
_ E;a?E; _E;a‘?Etl (e —Ef)aij% +H§’aij§ +H§aiE§
+ (H} — E;)a%t2 — (H2+ Ef’)aiEg — Hja%g — Hja%g (2.10)
(17 + B — B e — i — (B2 + 1) 5o
B~ Flgg — (B4 ) g (1 ) 5
+E} OZS + E? aifg + (Ef — HY) 8;-

Acting by the operator (2.10) on the left-hand sides of Egs. (1.1") we get:
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Xor(E2 — B2+ HY) = —(H: + H? + H?),

Xoi(EL — E2+ HY) =0,

Xo(E; - E,+ H}) =0,

Xo(H} —H? - E})=E, + E. + E,

Xoi(H) — H2 — E7) =0, (2.11)
Xoy (H? — H} - E}) =

Therefore, Egs. (1.2") are required for the invariance of Eqgs. (1.1’). Hence,
Xo1 is not admitted by Egs. (1.1). The same is true for all operators (1.4).

Let us apply the similar procedure to the operator Y7 from (1.9). In order
to calculate the action of the prolonged operator Y; on the first equation of
the system (1.1"), we compute the prolongation to the variables E3 E? H}

and obtain:
o) %) %) %)
Vi= (2" -y =22 +1%)— Ee + Z:Uya + sza— + 2xt§ (2.12)
JE! 4 2yE? 4 2:5%) -0 _ (4zH' + 2yH? + 2:HY) -2
— (4zE" + 2y +2)8E1 (4zH' + 2y +z)8H1
%)
2 3 2 1 3
— (4zE° — 2yE" — 2tH®) — oI — (4zH? —2yH" + 2tE®) — 5
— (42E° — 2zE" + 2tH?) — 0 — (4zH? — 2zH"' — 2tE”) — 0
OF3 OH?3
— (62 H/} +2yH} + 2zH} + 2tH)) I — (6zE;) — 2yE?
1 2 2 1 2 3
—22E, + 2tH )@ — (62E7 — 2yE, — 2z2E7 — 2tHz)a—EZQ :
Therefore
Vi (B3 —E2+ H})=—6x (E5 — E+ H}) — 2y (E! — E2 + H})

C9u (B E' 4 HY) 2t (H' 4 H? + HY).
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Applying the procedure to all equations (1.1"), we obtain the following:

Vi (ES —E2+ H}) =—6x (E) — E2+ H}) — 2y (E! — E2 + H})
—2z(E} —E,+ H}) =2t (H, + H} + H?),

Vi (B} — E} + H}) =—6x (E, — E, + H}) + 2y (E} — E2 + H})

Vi (B — E, + H}) =—6x (E} — E, + H}) +2z (E; — E+ H}), (2.13)

Y: (H? — H? — E}) = — 62 (H? — H? — E}) — 2y (H! — H® — E?)
—2z(H} —H, — E})+2t(E, + E] + E),

Y, (H! — H? — E}) = — 6z (H! — H2 — E}) + 2y (H) — H? — E}),

Vi (H} - H, — E}) =—6x (H, — H, — E}) + 2z (H) — H2 — E}) .

The first and fourth equations (2.13) show that the infinitesimal tes for
the invariance of Eqgs. (1.1) under Y] requires Egs. (1.2). Making similar
calculations for all operators (1.9), one can verify that the conformal group
is not admitted by Egs. (1.1) taken alone. This completes the proof of the
theorem.

Remark 11.2. The complete form of the prolonged operator Y7 is

0 0 0 0
Y, = (22 — N 49 Qs — + Qrt—
1 (;1: y? z+t)x+ myy+ Tz +a:tt

— (6zE} + 2yE} + 22E} + 2tE,)

OE}
9
H/ +2yH{ + 2zH; + 2tH
— (62 H} +2yH} + 22 H} + 2t )8[_]1
0
— (60B + 4B + 2y B2 + 220 4 By + 2: B} + 2AE}) 5
0

— (62H, +4H" + 2y H; + 22 H; + 2yH, + 22H, + 2tH}) =

1 2 2 3 1
— (62E, +2E® + 2yE> + 22E, — 2yE,) o)
Y

1 2 2 3 1
— (62H, +2H" + 2yH, + 22H, — 2yH;) =

Y
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9
— (62E! 4+ 2F% 4+ 2yE? + 22E% — 22E!
(62E; +2B° + 2B + 225, = 225,)
0
— (G + 2H" + 2y H2 + 22 HY = 22H,) =
0
— (6zE} — 2H® — 2yE} — 2tH} + 2tE?) —
OE;
9
— (6zH} + 2E° — 2yH| + 2tE} + 2tH?) ——
OH;
o)
— (62E2 + 4E* — 2yE} — 2tH} + 2y E; + 22E2 + 2tE}) Yo
o)
— (62 H} +4H? — 2yH, + 2tE} + 2yH} + 2zH? + 2t H}) FTE
9
2 1 1 3 2
— (62E; — 2E' — 2yE, — 2tH, — 2yE?) oE
2 1 3 2
— (62H; —2yH, —2H' + 2tE} — 2yH?) RTeE
Y
o)
— (62E2 — 2yE} — 22E2 — 2tH?) R (6zH?
—yH' — 2:H? + 2tE?
Yyii, ZH + z) OH?
o)
— (62E} +2H* — 22E/ + 2tH} + 2tE?) ——
— (6zH; — 2E° — 2zH} — 2tE} + 2tH?)
OH;

— (62E. + 4AE° — 2zE, + 2tH? + 2yE) + 22E7 + 2t E}) 5B

3
— (6o H} 4+ 4H® — 22H} — 2B + 2yH} + 22H? + AH) =

3 3 1 2
— (62E, — 2yE} — 22, + 2LH,) =0y

Y

— (62H, — 2yH} — 2zH,, — 2tE)

O3

)
— (6zE? —2E" — 22E} — 22E2 4+ 2tH?) T

z

— (62H? —2H" — 2zH] — 2zH? — 2tE?)

OH3

z
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Remark 11.3. Acting by the operator (2.10) on the left-hand sides of Egs.
(1.2") we get:

Xo(Ey+E}+E}) = H) — H? - E/, (2.14)
Xo(Hy + H} + H}) = —(E} — E? + H}).

Egs. (2.11) and (2.14) show that Xg; is admitted by the simultaneous
system (1.1)—(1.2).

Remark 11.4. Acting by the prolonged operator Y; (see Remark 11.2) on
Egs. (1.2') we have:

—6x (B, + E; + E3) — 2t (H) — H2 — E})

Y (E, + E. + E2)
Vi (Hy + H} + H}) = —6x (H, + H, + H}) + 2t (E, — E? + H') . (2.15)
Egs. (2.13) and (2.15) show that Y is admitted by the simultaneous system

(1.1)-(1.2).

The counterparts of Egs. (2.13) for the operators Y3 and Y3 are obtained
from (2.13) by the cyclic permutations of (z,y,z) and the corresponding
coordinates of E and H.

Remark 11.5. For the operator Y; Eqs. (2.13) are replaced by the follow-
ing equations:

Yi(ES—E2+H})=—-6t(ES—EX+ H/)— 2z (H,+ H + HY),

Vi (Bl - E2+ H})=—6t(E. - EX+ H}) — 2y (H, + H, + H?),

Yy (E} - E,+ H}) =—6t (E2—E,+ H}) —2z (H, + H; + H}) , (2.16)
Yy (H)} — H? - E})=—6t(H, — H — E}) 4+ 2z (E, + E. + E?) ,
Yi(H; — H}— E})=—06t(H} — H — E}) + 2y (E, + E, + E?),
Yy(H; - H,— E})=—6t(H; - H, — E}) + 2z (E, + E; + E)
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3 Calculation of conservation laws for the
evolutionary part of Maxwell’s equations

3.1 Notation

I will denote by z° (i = 0, 1,2, 3) the independent variables:

=t al=z 2=y 2=z, (3.1)

u'=E', W=E W}=FE u'=H' J’=H? u=H (32)

and write the symmetry generators (1.3), (1.4), (1.6), (1.5) and (1.8) in the
form

, 0 0
X=¢ . o — 3.3
€ () ) (33)
For the symmetries leaving invariant the variational integral with the La-
grangian L, the conserved vectors C' = (C?, ..., C3) are calculated by
, A . oL
C' = €L+ (o - ) g 34

Note that the infinitesimal test for the invariance of the variational integral
Is written

X(L) + LD;(¢) =0, (3.5)

where the first prolongation of X is understood. If the invariance condition
(3.5) is replaced by the divergence condition

X(L) + LD(&) = Di(BY), (3.6)
then Eq. (3.4) for the conserved vector is replaced by

C'=¢L+ (n" - gjug)% - B (3.7)
U
Since it suffices to require validity of Eq. (3.5) or Eq. (3.6) on the
solutions of Maxwell’s equations and since the Lagrangian (2.4) vanishes on
the solutions of Egs. (1.1), one can use Egs. (3.5), (3.6), (3.4) and (3.7) in
the reduced forms

X(L) =0, (3.8)
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X (L) = Dy(B"), (3.9)
7 a e a‘c .
C'=(n _fjuj)(?—u?’ 1=20,...,3, (3.10)
and or
CW:@W{%ﬁ&E—BZi:QHW& (3.11)
respectively. I will denote
C'=71, Cl=x', C=x, =) (3.12)

and write the conservation laws in the form (1.12):

Dy(1) 4+ divx = 0.

3.2 Time translation

Let us apply the formula (3.10) to the geometric symmetries (1.3) of Eqgs.

(1.1). Taking the generator
0

Xy — —
7 ot

of time translations we have:
f=1===0, =0, n*—¢&uj=—u.

Denoting the density 7 of the conservation law provided by X, by m, we
obtain from Egs. (3.10), using the coordinate form of the Lagrangian (2.4):

3

aa kaﬁ ka[’ k mk krrk
WF?%aE:—tmﬁfmaﬁzng&—Eﬂn,
or
TOZH'Et—E‘Ht. (313)

The flux components are calculated likewise. Egs. (3.10), (3.12) and (2.4)
yield, e.g.

oL
Xo = —ui 5= = E°E} — E°E} + H*H] — H°H}

xT
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or ) )

Xo=(Ex E;) + (H x Hy) .
Computing the other components of x we obtain the flux

Xo = (E X Et) + (H X Ht)- (3.14)

Summarizing Equations (1.12), (3.13) and (3.14), we arrive at the following
equation:

Di(H -E,—E-H,)+V . (ExE +HxH,)=0. (3.15)

Remark 11.6. Verification of Eq. (3.15) is straightforward. Using Egs.
(1.1) we have:

D/(H -E,~FE-H)=H-E,—E-H,
=H (VxH)+E-(VxE)
and
V- (ExE,+HxH,)=V-(ExE)+V-(Hx H,)

=E,-(VXE)-E-(VxE)+H, (VxH)-H-(VxH).
Therefore

D(H-E,—~E -H)+V-(ExE +H x H,)

=E,-(VxE)+H, - (VxH)=-E,-H,+H,-E,=0.

Representing the differential conservation equation (3.15) in the integral
form (1.13), we can formulate the result as follows.

Lemma 11.2. Time translational invariance of Egs. (1.1) leads to the
conservation law

d

& | (H-E —E-H))dudydz =0. (3.16)

Remark 11.7. Eliminating in (3.13) the time-derivatives by using Egs.
(1.1), one has:
to=E-(VxE)+H-(Vx H). (3.17)

Then the differential conservation law (3.15) is written*

D/[E-(VxE)+H-(VxH)|+div[ExE,+Hx H] =0. (3.18)

*Eq. (3.18) was discovered by Lipkin [84] (see his Eq. (1)). He expressed his new
conservation law in a tensor notation and found nine additional new conservation laws

akin to Eq. (3.18). See also [102].
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3.3 Spatial translations

For the operator

0
X, = =
Y7 or

from (1.3) we have:

=0 g=1 €=¢=0 9"=0 " —&uf=-u

Denoting the density 7 of the conservation law provided by X; by m, we
obtain from Egs. (2.4), (3.10):

3

oL oL oL

— 0= — k2= gk - H*EF — E*HF).
T T "OEF T OH} ,; (HEE; :)
Hence,
m=H -E,—FE-H,. (3.19)
Let us find the corresponding flux x;. Proceeding as above, we have:
oL oL oL
1 a k k
= — = — —_ H
A= T g TQEF T OHE

= E°E® — E*E® + H*H? — H*H?.

Thus,
X\ =(ExE,) +(Hx H,)".

Computing the other components of x; we have:
x1 = (ExE,)+ (H x H,). (3.20)

Let us verify that (3.19) and (3.20) satisfy the conservation law (1.12).
We have:

D|H-E,-E-H,)=H -E,+H, -E,—E H,—E-H, (321)

=H (VxH,)-E, (VxE)+E-(VxE,)—H, (VxH)
and

V- (ExE,)+V-(Hx H,) (3.22)

—E, (VXE)-E-(VXE,)+H, - (VxH)-H-(VxH,).
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It is manifest from Eqs. (3.21), (3.22) that the conservation equation (1.12)
is satisfied.

Thus, the invariance under the z-translation group with the generator
X provides the following conservation equation (1.12):

D/(H-E,~E-H,)+V-(ExE,+HxH,) =0,

Applying the above procedure to X5 and X3 from (1.3), we arrive at the
densities

m=H E,—E-H,
m=H-E,—E-H, (3.23)
m=H E,—E-H

z

N

and the corresponding fluxes

x1 = (E x E,)+ (H x H,),
X2 = (E x E,) + (H x H,), (3.24)
xs = (E x E.) + (H x H.)

of the following differential conservation laws:

Di(m) +V - (Ex E,+H x H,) =0, k=123, (3.25)
where SE OH
Be=gr He=g0

Using the integral form (1.13) of conservation laws, I formulate the result
as follows.

Lemma 11.3. The invariance of Egs. (1.1) under the translations with
respect to the spatial variables leads to the vector valued conservation law

%/ﬂ'dxdydz =0, (3.26)

where 7 = (7, m9, m3) is the vector with the components (3.23).

Remark 11.8. According to Egs. (3.21), (3.23), we have:
Di(m)=H-(VxH,)—E,- (VXE)+E-(VxE,)—H, (VxH),
Dym)=H-(VxH,)—E,- (VxE)+E-(VxE,)—H, - (VxH),
Dyms)=H-(VxH,) —E.-(VXE)+E-(VxE,)—H,-(VxH).
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3.4 Rotations

Applying the formula (3.10) with ¢ = 0 to the rotation generator

19) 0 0 0 0
Xip = y— — x— + F? — F! H? — H!
=Y T ey T oe T Mo T o oH?
from (1.3) we obtain the conservation density
o C oy OL
T2 = (77 —éjuj)a—utaa
which upon substitution of the coordinates of X5 becomes:
oL oL
2 1 1 1 2 2
Tio = (E + :EEy — yEI)_(?Etl — (E — xEy + yEx) OE?
oL oL
3 3 2 1 1
+ (q:Ey — yEx)—aE? + (H + SL’Hy — sz)aHtl
oL oL
— (H' — xH? 4+ yH? H? —yH? :
( x y+y $)8H1t2+($ Y Y w)aHt?)

Invoking the coordinate expression for the Lagrangian (2.4), we obtain
T2 = (E' —2E. + yE2)H? — (E* + 2E) —yE,)H' — (2E} — yE2)H®
+ (H?+zH), —yH.)E' — (H' — 2H, + yH.)E* + (¢ H} — yH>) E®,

or

T2 =2(E'H* - E*H')+y(H-E, - E-H,)—2(H-E,— E-H,).
Using the notation (3.23), we write it in the form

To =2(E'H?> — E*H") + ym — a7, (3.27)

or in terms of the vector 7 = (7, ma, 73) :

T2 = 2(E x H)’ 4 (z x 7" (3.28)
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The components of the flux x12 = (xiy, X3, X3,) are computed by the
formulae

Ao = (0" = €) 9= = (o — y B2 — B') 55+ (o) —yEY) S
+ (¢H, —yH; — H') 68;2 + (zH] — yHY) aalfg ,
o = (0 — gjuy)g—é — (zE! —yE! + EQ)% + (¢E - yEi’);—]gg,
+ (zH) — yH, + H?) ;;1 + (zH) —yH?) 88153 ,
= (0" = €05) 51 = () = yEL+ B) 5+ (0B} —yE2 — B') o
(o] = gL H2) s (e = g = 1Y)

Substituting here the expression (2.4) for the Lagrangian £, we obtain the
following flux components:

X1 = (zE; —yE2 — E')E® — (2B} — yE}) E?
+ (zH. —yH? — H')H® — (zH] — yH2)H?,
)(%2 = —(mE; — yE'; + E2)E3 + (xES — yE'i)E1
— (zHy —yHy + H*)H? + (zH} —yH2)H'
X?Q = (xE; - yE; + E2)E2 — (J:Ej - yE’i — EI)E1
+ (zHy —yHy + H*)H? — (¢H} —yH, — H")H" -
It is useful to rewrite them by collecting the terms with x and y :
Xio = —(E'E’ + H'H®) + 2(E°E; — E°E, + H°H} — H*H,)
—y(E*E} — B’ES + H°H? — H2H3),
Xi» = —(F°E°+ H*H?) + 2(E'E)} — E°E, + H'H) — H’H,))
( H,)

—y(E'E? - E°E} + H'H? —

bl
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X = (BY) + (B*)+ (HY) + (H?)? (3.29)
+a(E’E, - E'E, + H*H, — H'H_)
—y(E*E, — E'E: + H*H, — H'H?).

To verify that 115 given by (3.27) is a conservation density, we differen-
tiate (3.27) with respect to ¢, use Egs. (1.1") and Remark 11.8, and obtain:

Dy(712) (3.30)
=2(E'(E} - E})+H*(H, — H?) — E*(EZ - E}) — H'(H — HJ)]
+y[H- (VxH,)—E,- (VxE)+E-(VxE,)—H, - (VxH)]
—zH- (VxH,))—E,-(VxE)+E-(VxE,)—H, (VxH)]|.

Calculating of the divergence of the vector x12 = (X1a, X32, X3p) With the
components (3.29) one can check that V - x1o is equal to the right-hand
side of (3.30) taken with the opposite sign. Hence, (3.27), (3.29) satisfy the
conservation equation (1.12).

Proceeding likewise with other rotation generators and using the integral
form (1.13) of conservation laws, we arrive at the following result.

Lemma 11.4. The invariance of Egs. (1.1) under the rotations with the
generators Xio, X13, Xo3 from (1.3) provides the conservation law

d

o | [2(B x H) + (z x )] dzdydz = 0, (3.31)

where 7w = (7, me, m3) is the vector with the components (3.23).

3.5 Duality rotations

Consider the duality rotations with the generator (1.5). Acting by the
prolonged operator Z, given by (2.8) on the Lagrangian (2.4) and using
Egs. (2.9) we have:
Zo(L)=—-H - (VXE+H,)+E-(VxH-E,)
+E- (-VXH+E)+H-(VxE+H)=0.

Hence, Eq. (3.8) is satisfied, and Eq. (3.10) yields:

or or
5 g% _pE_H. (H-E E+H H
oH, OFE, (—H) +

T=F
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Therefore, 7 is identical (up to the inessential factor 1/2) with the energy
density (1.30),

1
The reckoning shows that the flux x is the Poynting vector
o= (Ex H).

Thus, the invariance of Eqs. (1.1) with respect to the duality rotations
provides the differential equation (1.32) for the conservation of energy,

E|?+ |H|?
p, (1EELHEY

5 +V-(ExH) =0,

(1.1)

or Eq. (1.31) in the integral form:

d [1
o 5(|E|2 +|H|*)dvdydz = 0. (1.31)

3.6 Dilations

The invariance test (3.8) is satisfied for the dilation generators Z; and Z,
given by (1.6) and (1.7), respectively. The reckoning shows that for 7,
Eq. (3.10) yields 7 = 0,x = 0. Hence, the invariance with respect to the
dilations of the dependent variables with the generator Z; does not provide
a nontrivial conservation law.

Let us consider the dilations of the independent variables with the gen-
erator Z,. For this operator, Eq. (3.10) for 7 = C? is written

oL oL

It follows:

T

(tE,+zE, +yE,+zE.)-H — (tH, + «H, +yH, + zH,) - E
t(H-E,—E-H,)+z(H-E,—E-H, +y(H-E,—E-H,)
+Z(H-EZ—E-HZ) =tmo + xm + ymy + 73,

or
T=1ln+x- (3.32)
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where 7y is given by (3.13) or equivalently by (3.17), and 7 = (my, mo, 73) is
the vector with the components (3.23). The flux components are computed
likewise, e.g.

oL

oL
Xl = —(tEt +zE, +yE, + ZEZ)_ - (th +aoH, +yH, + ZHZ) OH

OFE,
= (tE} + zE2 + yES + 2E2)E® — (tE} + 2E> + yE, + 2E2) E®

= (tH} +xH} + yH, + zH})H? — (tH{ + xH. + yH + zH2)H".
Collecting the like terms, we have:

x' =t(E*E} — E°E} + H*H} — H H;}

3 3 2 27173 3172
E’E} - E°E; + H*H} — H*H
B}~ E*E? + H°H? — H*H?),

2
2
x
2
Y
2

)
o(E2ES — BSE? + H2H? — HYH?)
)
)

+ o+ +

(
(E

z

or, using the vectors xo = (x4, X3, Xg) and xi = (xi»x{,x7), @ = 1,2,3,
defined by Eqgs. (3.14) and (3.24), respectively:

X' =t +ax1 Y+ .
Computing the other flux components, we obtain the following flux:
X =1xo +2x1+yxe + 2X3- (3.33)
Thus, we have arrived at the following differential conservation equation:
Dy(tmo+ - 7) + V- (Exo + 2x1 + yx2 + 2x3) = 0. (3.34)
Representing it in the integral form, we can formulate the result as follows.

Lemma 11.5. The invariance of Egs. (1.1) with respect to the group of
dilations of the independent variables with the generator Z, leads to the
conservation law

d
7 (tmo + @ - ) dzdydz = 0. (3.35)
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3.7 Conservation laws provided by superposition

For the superposition generator (1.8),

0 0

Eq. (3.10) for calculating the conservation density is written

oL oL
=F, H,
T 5eE T,
and yields:
T=H,-E—FE, -H. (3.36)

The flux components are computed likewise, e.g.

' = Efj—é + Hf;—é = FE?F* - E*FE* + H?H® — H?H”
— (E.xE)' + (H.xH)".
Hence, computing the other flux components, we obtain the following flux:
X = (E* ><E)+(H* ><H). (3.37)
Thus, we have arrived at the following differential conservation equation:
D/(H.,-E—-E, H)+V.-(E.xE+H, xH)=0. (3.38)

Representing it in the integral form, we can formulate the result as follows.

Lemma 11.6. The linear superposition principle provides the infinite set
of conservation laws*

d
o (H.-E - E,-H)dxdydz =0 (3.39)

involving any two solutions, (E, H) and (E,, H.), of Egs. (1.1)-(1.2).

*This conservation law should not be confused with the Lorentz reciprocity theorem
expressed by the equation V- (E x H, — E, x H) = 0, see [26], Section 3-8.
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Example 11.5. Taking the trivial solution
E, = const., H, = const.

we obtain from (3.39) the conservation equations
i/Ed:cddz—O i/deddz—O (3.40)
dt YEER = '

corresponding to the particular cases of the superposition symmetry (1.8),
namely,

0 0

N=5E 2T oE

Example 11.6. Substituting in (3.39) the travelling wave solution

0 0
E.=| flz=t) |, He=| —glr—1)
g(z =) fle—=1)

of Egs. (1.1)-(1.2) we obtain the conservation law
/{fx—t — H?| — g(z — t) [E* + H?|} dadydz = 0 (3.41)

with two arbitrary functions, f(z —t) and g(z — ).

4 Conservation laws for Egs. (1.1)—(1.2)

4.1 Splitting of conservation law (3.31) by Egs. (1.2)

Comparing 72 given by Eq. (3.27) with o3 given in (1.42), and the flux
components (3.29) with the quantities

Xéz—(ElES—l—HlH?’), X%z—(E2E3+H2H3),
[(E1>2+(E2)2—(E3)2+(H1)2+(H2)2—(H3)2}

N

Xi =

given by Eqgs. (1.41), we conclude that the conservation equation with the
density (3.27) and the flux (3.29) satisfied for for Eqgs. (1.1) splits into two
conservation equations for Egs. (1.1)-(1.2). One of them is the conservation
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equation (1.43) for the linear momentum with the density o = E x H. The
other has the density

T = YT — Ty (4.1)

and the flux x, with the components

X» = E'E®+ H'H® + z(E°E. — E*E) + HH, — H*H,)

—y(E°E. — E’E} + H*H_ — mmy

= E’E*+ H*H® + »(E'E, — E*E, + H'H, — H’H,)
—y(E'E} — E*E, + H'H? — H°H}), (4.2)

= (B + (B%) + 2(E*E! — E'E? + H*H! — H'H?)

—y(E°E} — E'E2+ H°H), — H'H?).

Proceeding likewise with all components of the vector valued conserva-
tion equation (3.31) we arrive at the following result.

Lemma 11.7. The equations (1.2) of Maxwell’s system split the conser-
vation equation (3.31) into two equations. In consequence, the group of
rotations generated by X2, X3, X3 from (1.3) provide two vector valued
conservation laws for the Maxwell equations (1.1)-(1.2), namely (cf. the
linear momentum (1.44)):

- (E x H) dedydz =0 (4.3)
and

d

p (z x 7) dedydz = 0, (4.4)

where 7 = (7, 79, m3) is the vector with the components (3.23).

4.2 Conservation laws due to Lorentz symmetry

Acting by the operator (2.10) on the Lagrangian (2.4) and using Eqgs. (2.11)
we obtain:

Xo1(L —E'(V-H)+ H'(V-E).

’(11
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Therefore the operator Xy, satisfies the invariance test (3.8) for the solutions
of the Maxwell equations (1.1)—(1.2):

X()l(L) - O

(1.1)—(1.2)

This is true for all generators Xo;, i = 1,2,3, (see (1.4)) of the Lorentz
transformations. Consequently, the conservation laws associated with the
Lorentz transformations can be computed by means of Egs. (3.10). I will
calculate here only the densities 7o; of these conservation laws.

Let us consider Xo;. Egs. (3.10) yield:

101 = (tE) + EH' — (H® —tE? — xE?)H* + (H* + tE? + o E})H?
— (tH. + zH})E' — (E* + tH? + «H})E* + (E* — tH. — xH})E®.
We rewrite it in the form
0 =z (H'E/ + H?E; + HE} — E'H} — E*H} — E°H})
+t(H'E, + H°E} + H’E? — E'H} — E>H? — E*H?)
=s(H-E,~E-H)+t(H-E,—E-H,).

Finally, using the conservation densities 7y and m; given by Eqs. (3.13) and
(3.23), respectively, we obtain:

Tol1 — X7 — tﬂ'l.

Proceeding likewise with all generators Xo; from (1.4), we arrive at the
following.

Lemma 11.8. The Lorentz invariance of Maxwell’s equations (1.1)—(1.2)
provides the vector valued conservation law

d
p (mox — tr) dxdydz = 0, (4.5)

where
7 = (7, T, T3) (4.6)

is the vector with the components (3.23).
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4.3 Conservation laws due to conformal symmetry

Acting by the operator Y; from (1.9) on the Lagrangian (2.4) and using
Eqgs. (2.13) we see that the invariance test (3.8) is satisfied:

Yi(£) 0.
(1.1)—(1.2)

Therefore the conservation laws associated with the conformal transforma-

tions can be computed by means of Egs. (3.10). Let us calculate the density

7 of the conservation law provided by the operator Y;. Egs. (3.10) yield:

- o\ OL
T :(no‘ — Sju;”‘) s = [4mE1 +2yE? + 22F% + (2% — y* — 2* +t*)E}
Uy
1 1 1] 9L 3 1 2
+ 22yl + 202E) + 2xtEt} e [4.75}[ —2:H' —2E
t
2 2 2 42\773 3 3 5] 9L
+ (2" —y” — 2" + ) H, + 2wy H, + 2v2H; + 23:th] Erii
i
Substituting
oL oL
—— =_f',... == =F
OE} U OHP

and arranging in terms of different powers of x,y, 2, t, we have:
T=4y(E*H' — E'H?) + 42(E’H' — E*H?)
+ (@ =y =2 +1*) (H'E, + HE + H°E} — E'H, — E*H. — E*H})
+2zy (H'E, + H°E} + H°E, — E'H, — E*H; — E*H,)
+ 22z (H'E! + H?E? + H'E? — E'H, — E*H. — E°H})
+ 22t (H'E} + H*E} + H°E} — E'H} — E’H} — E*H})
or
7= —4y(Ex H)’ +42(E x H)”
+(2*—y*—2*+t)(H-E,—E-H,)+2xy(H-E,— E-H,)
+202(H-E.—E-H,)+22t(H-E,—E-H,).

Finally, using the quantities mg and 7y, mo, w3 given by Eq. (3.13) and
Egs. (3.23), respectively, we write the resulting conservation density in the
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form

T:—4[a:><(EXH)]1+(t2—x2—y2—22)7r1 )
—|—2.CE(ZC7T1 + ymo + 273 +t7T0). .

Using the test for conservation densities (Section 1.5) one can verify that
the terms of (4.7) that are linear in the independent variables and those
quadratic in these variables provide two independent conservation densities
(cf. Example 11.4). Treating likewise the operators Y> and Y3 we arrive at
the following result.

Lemma 11.9. The invariance of Maxwell’s equations (1.1)—(1.2) with re-
spect to the conformal transformations generated by Y7, Y5, Y3 provides two
vector valued conservation laws. Namely, the conservation of the angular
momentum (1.46):

d
pr [z x (E x H)|dzdydz = 0, (4.8)

and the following new vector valued conservation law:

d

p [2(z - 7+ tmo)x + (17 — 2* — y* — 2°) 7| dadydz = 0, (4.9)

where
x=(x,y,2), ™= (m,m,m3).

The reckoning shows that the operator Y; from (1.9) leads to the follow-
ing conservation density instead of (4.7):

T = 2t(zm + yme + 2ms) + (2 + 22 + oy + 227, (4.10)
Hence, we have the following result.

Lemma 11.10. The invariance of Maxwell’s equations (1.1)—(1.2) with re-
spect to the conformal transformations generated by Y, provides the con-
servation law

d

o [2t(z - ) + (* + 2 + y* + 2°)mo | dadydz = 0. (4.11)
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5 Summary

It is exhibited that the Noether theorem can be applied to overdetermined
systems of differential equations, provided that the system in question con-
tains a sub-system admitting a variational formulation. In the case of the
Maxwell equations the appropriate sub-system is provided by the evolu-
tion equations (1.1) of Maxwell’s system. Using the Lagrangian (2.4) of
this sub-system, one obtains an infinite set of conservation laws containing
the conservation of the classical electromagnetic energy, linear and angular
momenta, as well as Lipkin’s conservation laws. This set of conservation
laws does not contain, however, the relativistic center-of-mass theorem and
the five conservation laws associated by Bessel-Hagen with the conformal
transformations.
Tests for conservation densities are proved in Sections 1.4 and 1.5.

5.1 Conservation laws

The results on conservation laws obtained in the previous sections are sum-
marized in the following theorem. For the sake of brevity, the conservation
equations are written in the integral form.

Theorem 11.4. The symmetries (1.3)—(1.9) applied to the Lagrangian (2.4)
of the evolutionary part (1.1) of Maxwell’s vacuum equations provide the
following conservation laws for the Maxwell equations (1.1)—(1.2):

Classical conservation laws:

d
pr (|E|* + |H|*)dzdydz =0 (energy conservation), (5.1)

d
pr (E x H) dedydz =0 (linear momentum), (5.2)

d
%/ [ x (E x H)|dzdydz =0 (angular momentum). (5.3)
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Non-classical conservation laws:

d
T /7r0 dzxdydz = 0, (5.4)
d
pr /71' dxdydz, (5.5)
d
pr ( x ) dedydz = 0, (5.6)
d
pr (tmo + @ - ) dadydz = 0, (5.7)
d
pr (mox — tar) dedydz = 0, (5.8)
d 2 _ 2 2 2
p [2(z - 7 + tmo)x + (£ — 2® — y? — 2°) 7| dadydz = 0, (5.9)
d 2, 2., 2 2
p [2t(z - ) + (t* + 2 + y* + 2°)mo| dadydz = 0, (5.10)
d
- (H.-E—E. - H)dxdydz = 0. (5.11)

In Eqgs. (5.4)—(5.10), my is given by Eq. (3.13) and @ = (my,m,m3) is
the vector with the components (3.23). The infinite set of conservation
equations (5.11) involves two arbitrary solutions, (E, H) and (E., H,), of
the Maxwell equations (1.1)—(1.2).

Remark 11.9. If the solution (E, H) is identical with the solution (E., H.,),
then the conservation law (5.11) is trivial, i.e. its density

H., .F—-FE,-H
vanishes. This is in accordance with the fact that in the case
E.=FE, H,=-H

the superposition generator S coincides with the dilation generator Z; which
does not provide a nontrivial conservation law (see Section 3.6).
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5.2 Symmetries associated with conservation laws

The correspondence between the conservation laws summarized in Section
5.1 and the symmetries (1.3)-(1.9) of the Maxwell equations is given in the
following table.

Conservation law Symmetry

Energy conservation (5.1) | Duality symmetry Z; (1.5)
Linear momentum (5.2) Rotation symmetries X1z, X153, Xo3 (1.3)
Angular momentum (5.3) | Conformal symmetries Y7, Ys, Y3 from (1.9)

(
Conservation law (5.4 Time translation X, from (1.3)

Conservation law (5.5 Spatial translations X, X, X3 from (1.3)

2.6

Conservation law

Conservation law Space-time dilation Z5 (1.7)

5.8 Lorentz symmetries Xg;, Xo2, Xoz (1.4)

2.9

)
)
) Rotation symmetries Xz, X13, Xo3 (1.3)
)
)
Conservation law )

5.7
. Conformal symmetries Y7, Y5, Y3 from (1.9)

(
(
(
(
Conservation law (
(
Conservation law (5.10) Conformal symmetry Y, from (1.9)
(

Conservation law (5.11) Superposition symmetry S (1.8)




Paper 12

Quasi-self-adjoint equations

UNABRIDGED DRAFT OF THE PAPER [51]

1 Adjoint equations
Consider a system of m differential equations (linear or non-linear)
Fo(z,u,uay, ... ue) =0, a=1,...,m, (1.1)

with m dependent variables
and n independent variables

Egs. (1.1) involve first-order partial derivatives

uqy = {ug'}

and higher-order derivatives up to sth-order derivatives u ).
The adjoint equations to Egs. (1.1) are defined in [46] by

F;(x,u,v,...,u(s),v(s)) =0, a=1,...,m, (1.2)
where

(S(U’BFB) )

du®

(1.3)

F;‘(x,u,v, e ,u(s),v(s)) =

309
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Here v = (v',...,v™) are new dependent variables, v(q),. ..,V are their
1) (s)

derivatives, v/ F = Zg;l vPFg, and §/du® is the Euler-Lagrange operator
for the variational derivatives:

6(v°Fg)  O(v’Fp) (v Fp) d(v° Fp)
Sue  due D: ou? + DiDy ou$, -

2 Self-adjointness

The system (1.1) is said to be self-adjoint[46] if the system of adjoint equa-
tions (1.2) becomes equivalent to the original system (1.1) upon the substi-
tution

v = u. (2.1)

It means that the following equations are satisfied
Fi(z,uyu, ... ue), we)) = A3 Fa(z,u,...,ue), a=1,....m, (2.2)

with undetermined coefficients A\?. In general, the coefficients A’ may be
variable. This definition of self-adjoint equations was motivated by the fact
that if a linear equation L(u) = 0 is self-adjoint, then the adjoint equation
L.(v) = 0 coincides with the original equation after substituting v = u,
namely, L,(u) = L(u).

Remark 12.1. Self-adjoint equations have remarkable properties. For ex-
ample, the “nonlocal” variables v can be eliminated from conservation laws.
This important fact was applied in [45] to the Korteweg-de Vries equation.

The following examples illustrate the approach to determining self-adjoint
equations. They are taken from [45].

Example 12.1. Consider the second-order evolution equations of the form

ur = f(U)Ugy. (2.3)
According to Eq. (1.3), we have:

9 [(ut — f(u)um)v} = —vp — f'(w)vug, — Dy (vf(u))

ou
= v — f'(u vum—Dx(f U:z“"‘ff u)u )

= v — 2f (u) Ve — F(U) Ve — 2f (W) upvy — vf" (u)u?.
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Therefore, the adjoint equation (1.2) to Eq. (2.3) is
vy = —2f (W0t — F(W)0re — 2F (W, — vf" (W (2.4)
Upon setting v = u it becomes:
up = —[2uf () + f()]tae — [2F' () + uf"(u)]u. (2.5)
In our case Eq. (2.2) is written:
wp + [2uf'(u) + f(w)] gy + [2f () +uf"(w)]uf = Mg — Af (w)tize, (2.6)
whence A =1 and
2uf'(u) + f(u) = —f(u), 2f'(u) +uf’(u) = 0. (2.7)

The second equation in (2.7) is the differential consequence of the first one.
Therefore, we solve the first equation in (2.7),

wf'(u) + f(u) =0,

and obtain
f(u) =—, a = const.

Hence, Eq. (2.3) is self-adjoint if and only if it has the form

Uy = 4 Ugp, @ = const. (2.8)
U

Example 12.2. Let us find all self-adjoint equations among the equations

u = f(U)Ugpg- (2.9)

We have:

i (uy — f(u)umm)v] = —v; — [ (U)VUgey + D? [vf(u)}

ou
= —U + fUze + 3[[ Vs + [ 0U) sy + 3 UgVas + 3f vl + [ 00
Hence, the adjoint equation to Eq. (2.9) is

U = fUpge + 3[ 00 + [ 0U | Uy + B[ Upvpe + 3f vl + fMoud. (2.10)
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Letting in (2.10) v = u, we have:
U = Fltgee + 32F + 0f Vgt + Bf" +uf VS =0, (211)
Comparison of Eqgs. (2.11) and (2.9) yields the system
2f' +uf"=0, 3f" +uf"=0.

Since the second equation of this system is obtained from the first one by
differentiation, we integrate the equation

2f +uf”" =0

and obtain: a
f(u) =—=40b, a,b= const.
u

Hence, the general self-adjoint equation of the form (2.9) is
T (g + b)umz, a,b = const. (2.12)
u

These examples show that, e.g. the nonlinear equations
Up = Uy (2.13)

and
Uy = uguxa:ac (214)

having remarkable symmetry and physical properties (see, e.g. [99] and [34],
Section 20) are not self-adjoint. Therefore one cannot eliminate the nonlocal
variables from conservation laws of these equations by setting v = w.

I will generalize the concept of self-adjoint equations by introducing the
notion of quasi-self-adjoint equations. Then Egs. (2.13) and (2.14) will be
self-adjoint in the generalized meaning.

3 Quasi-self-adjoint equations

Definition 12.1. The system (1.1) is said to be quasi-self-adjoint if the
adjoint system (1.2) is equivalent to the system (1.1) upon the substitution

v = p(u) (3.1)

with a certain function ¢(u) such that ¢'(u) # 0.
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Example 12.3. Consider again Eq. (2.3) from Example 12.1:
u = f(Wuge, f'(u)#0. (3.2)
We substitute
v=p(u), v, = U, Ve =P Uy, Vep = O Uge + U2
in the adjoint equation (2.4) and obtain:
Oup 4 2f Uy + [PUze + Q") [+ 2f Q'ul + o f"ul = 0. (3.3)
Eq. (3.3) is equivalent to Eq. (3.2) if (see Eq. (2.2))
up + 2 PUas + [0 tar + Q"I [+ 21 0% + of Ul = Ny — A ftigs,
whence A = ¢’ and
2f' o+ fe=—f¢', fo"+2f¢ +of" =0 (3.4)

The second equation in (3.4) is the differential consequence of the first one.
The first equation in (3.4) is written

flot+fo=(fe) =0

and yields
o(u) = —, a = const.

We can take a = 1. Hence, Eq. (3.2) is quasi-self-adjoint for any function
f(u). Namely, the adjoint equation (2.4) becomes equivalent to the original
equation (3.2) upon the substitution

1
v = m . (3.5)

In particular, the adjoint equation v; + 4uvtyy + UV, + 4ut v, + 20u2 = 0
to Eq. (2.13), us = uug,, is mapped to the original equation Eq. (2.13) by
the substitution v = v 2.

Example 12.4. Proceeding as above, one can verify that the equation
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is quasi-self-adjoint for any function f(u). The adjoint equation (2.10) be-
comes equivalent to the original equation (3.6) upon the substitution
1
V= —" (3.7)
f(u)

In particular, the adjoint equation to Eq. (2.14), u; = u3 gy, is

V= Upps + 9 [uzvx + 2uvur] Upy + O ULV + 18uvxui + GUui.

It is mapped into Eq. (2.14) by the substitution v = u=3.

Example 12.5. The following simple approach allows one to obtain the
more general result. Consider the equation

w = f(wuw f(u) #0, (3.8)

where w1y = Uy, U©2) = Uzz, UE) = Upge, U4) = Ugees, ebe. If we write the
adjoint equation in the form

J n
5 v(ug — flu)um) | = —v — f(w)vugy — (— Dy)" (vf(u)) =0
we see that it is becomes identical with Eq. (3.8) upon setting
1
V= ——" 3.9
7w .

Indeed, then vf(u) = 1 and hence (— D,)" (vf(u)) = 0. Furthermore

fd s E o)

Remark 12.2. Any equation

—vy — f'(u)vue,

Up = Un) + F(ZE, U, U(y, - - - ,U(n_l)) (310)
with even n, in particular the heat equation, is not quasi-self-adjoint. It is
manifest from the observation that the substitution (3.1) yields

ve = (W, vy = (Wum + -
and hence after the substitution (3.1) we will have:

)
@[U(“t — Ufn) —F)} = v = v+ = = () [u ]+
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