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Plan

I propose

a new method (based on “visible actions”) to

prove/find/construct

multiplicity-free representations

for finite/infinite dimensional representations.
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Multiplicity-free theorems

Multiplicity-freeness

=each building block is used no more than once

The structure of “multiplicity-free representations”

may be hidden in classical mathematical methods.

E.g. the Taylor series, the Fourier transform,

the expansion into spherical harmonics, etc.

Multiplicity-free property is ‘rare’ in general.

How to find such a structure systematically ?
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New approach — “visible action”

Aim . . .

To give a new simple principle that explains the property MF

for both finite and infinite dimensional reps

Propagation of MF property from fiber to sections

⇑ (Progr. Math 2013)

Analysis on complex mfd with group action

having ∞ many orbits

(Strongly) Visible Action (K– 2004)

http://www.ms.u-tokyo.ac.jp/~toshi/pub/99.html
http://www.ms.u-tokyo.ac.jp/~toshi/pub/78.html
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Ex.1 (Eigenspace decomposition)

H : Vector sp./C, dim < ∞

A ∈ EndC(H)

s.t. all eigenvalues are distinct. 1©

=⇒H = Ce1 ⊕ · · · ⊕ Cen ≃ C
n (canonical)

1© & det A , 0

⇓

πA : Z −→ GLC(H) is MF (multiplicity-free)

∈ ∈

n 7−→ An
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π : G
group
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Def. (naive) (π,H) is MF

multiplicity-free

if dim HomG(τ, π) ≤ 1 (∀τ: irred. rep. of G).

{irreducible representations}

∩

{MF representations}
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Taylor series (MF rep.)

Ex.2 (Taylor expansion, Laurent expansion)

f (z1, . . . , zn) =
∑

α=(α1 ,...,αn)

aαz
α1

1
. . . z

αn
n

Point (too obvious ♣ ref.)
∃1aα ∈ C for each α

⇑

dim Hom(C×)n(τ,O({0}) ≤ 1

(∀τ = τα: irred. rep. of (C×)n)

i.e. (C×)nyO({0}) is MF

http://www.ms.u-tokyo.ac.jp/~toshi/pub/83.html
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Fourier series

Ex.3 (Fourier series expansion)

L2(S 1)≃
∑

n∈Z

⊕
Ceinx ∃1

←֓ einx

f (x)=
∑

n∈Z

aneinx

Translation (=⇒ rep. of the group S 1)

f (·) 7→ f (· − c) (c ∈ S 1 ≃ R/2πZ)

S 1y L2(S 1) is MF (multiplicity-free)
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Ex.4 (Peter–Weyl)

G: compact (Lie) group

L2(G) ≃
∑

τ∈Ĝ

⊕
τ ⊠ τ∗

irred. rep. of G ×G

⇑

Translation f (·) 7→ f (g−1
1
· g2)

=⇒ G ×G
y

L2(G) is MF
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Spherical harmonics

M: compact Riemannian manifold

∆M : Laplace–Beltrami operator on M

⇒

L2(M) =
∑⊕

λ: countable

Ker(∆M − λ)

(direct sum of eigenspaces)

Ex.5 M = S n−1 (unit sphere)

∆S n−1 f = λ f , f , 0

⇒

λ = −l(l + n − 2) for some l ∈ N.
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Fourier series =⇒ spherical harmonics

O(n)
y

S n−1 ⊂ Rn

∆S n−1 : Laplacian on S n−1

Ex.6 (Expansion into spherical harmonics)

Hl :=
{

f ∈ C∞(S n−1) : ∆S n−1 f = −l(l + n − 2) f
}

L2(S n−1) ≃

∞∑⊕

l=0

Hl

O(n) irred.

⇓

O(n)
y

L2(S n−1) is MF

G
y

L2(G/K) is MF (E. Cartan (’29)–I. M. Gelfand (’50))
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⊗-product rep.

SL2(C)

πk
y

irred.
S k(C2) (k = 0, 1, 2, . . . )

Ex.7 (Clebsch–Gordan)

πk ⊗ πl

MF

≃ πk+l ⊕ πk+l−2 ⊕ · · · ⊕ π|k−l|



Notation (finite dimensional reps)

G = GLn(C)

Hightest weight

λ = (λ1 . . . , λn) ∈ Zn, λ1 ≥ λ2 ≥ · · · ≥ λn

⇓

Irreducible rep.

π
GLn

λ
≡ πλ

Ex.8

λ = (k, 0, . . . , 0) ↔ GLn(C)
y

S k(Cn)

λ = (1, . . . , 1︸  ︷︷  ︸
k

, 0, . . . , 0) ↔ GLn(C)
y
Λ

k(Cn)
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⊗-product rep. (GLn-case)

Ex.9 (Pieri’s rule)

π(λ1,...,λn) ⊗ π(k,0,...,0) ≃
⊕

µ1≥λ1≥···≥µn≥λn∑
(µi−λi)=k

π(µ1,...,µn)

⇑

MF as a GLn-module.

Ex.10 (counterexample)

π(2,1,0) ⊗ π(2,1,0) is NOT MF as a GL3(C)-module.
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⊗-product for GL3

π{2,1,0} ≃ Adjoint reprsentation

(up to central character)

π(2,1,0) ⊗ π(2,1,0)

≃ π(4,2,0) ⊕ π(4,1,1) ⊕ π(2,2,0)

⊕ 2π(3,2,1) ⊕ π(2,2,2)
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MF = multiplicity-free

Plan of Today

• finite-dimensional examples (continued)

• infinite-dimensional examples



Notation (finite dimensional reps)

G = GLn(C)

Hightest weight
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When is πλ ⊗ πν MF?

G = GLn

λ = (λ1, . . . , λn), ν = (ν1, . . . , νn)

(Necessary Condition)

If πλ ⊗ πν is MF

then at least one of λ or ν is of the form

(a, . . . , a︸  ︷︷  ︸
p

, b, . . . , b︸  ︷︷  ︸
n−p

),

for some a ≥ b and some p



⊗-product rep. (continued)

λ = (a, · · · , a︸   ︷︷   ︸
p

, b, · · · , b︸   ︷︷   ︸
q

) ∈ Zn, a ≥ b, p + q = n

Ex.11 (Stembridge 2001)

πλ ⊗ πν is MF as a GLn(C)-module

iff one of the following holds

1) min(a − b, p, q) = 1 (and ν is any),

2) min(a − b, p, q) = 2 and

⋆
ν is of the form ν = (x · · · x︸︷︷︸

n1

y · · · y︸︷︷︸
n2

z · · · z︸︷︷︸
n3

) (x ≥ y ≥ z)
,

3) min(a − b, p, q) ≥ 3, ⋆ &

min(x − y, y − z, n1, n2, n3) = 1.
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⋆
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n1

y · · · y︸︷︷︸
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) (x ≥ y ≥ z)
,
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min(x − y, y − z, n1, n2, n3) = 1.

Geometric interpretation (K–, 2004)
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λ = (a, · · · , a︸   ︷︷   ︸
p

, b, · · · , b︸   ︷︷   ︸
q

) ∈ Zn, a ≥ b, p + q = n

Ex.11 (Stembridge 2001)

πλ ⊗ πν is MF as a GLn(C)-module

iff one of the following holds

1) min(a − b, p, q) = 1 (and ν is any),

2) min(a − b, p, q) = 2 and

⋆
ν is of the form ν = (x · · · x︸︷︷︸

n1

y · · · y︸︷︷︸
n2

z · · · z︸︷︷︸
n3

) (x ≥ y ≥ z)
,

3) min(a − b, p, q) ≥ 3, ⋆ &

min(x − y, y − z, n1, n2, n3) = 1.

Geometric interpretation (K–, 2004) · · · visible action
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Restriction (GLn ↓ Gn1
× GLn2

× GLn3
)

Ex.12 (GLn ↓ (GLp × GLq)) n = p + q

π
GLn

(x, . . . , x︸  ︷︷  ︸
n1

,y, . . . , y︸  ︷︷  ︸
n2

,z, . . . , z︸  ︷︷  ︸
n3

)
|GLp×GLq

is MF

if min(p, q) ≤ 2 or

if min(n1, n2, n3, x − y, y − z) ≤ 1

(Kostant n3 = 0; Krattenthaler 1998)



Restriction (GLn ↓ Gn1
× GLn2

× GLn3
)

Ex.12 (GLn ↓ (GLp × GLq)) n = p + q

π
GLn

(x, . . . , x︸  ︷︷  ︸
n1

,y, . . . , y︸  ︷︷  ︸
n2

,z, . . . , z︸  ︷︷  ︸
n3

)
|GLp×GLq

is MF

if min(p, q) ≤ 2 or

if min(n1, n2, n3, x − y, y − z) ≤ 1

(Kostant n3 = 0; Krattenthaler 1998)

Ex.13 (GLn ↓ (GLn1
× GLn2

× GLn3
)) ([5])

n = n1 + n2 + n3

π
GLn

(a, . . . , a︸  ︷︷  ︸
p

,b, . . . , b︸  ︷︷  ︸
q

)
|GLn1

×GLn2
×GLn3

is MF

if min(n1, n2, n3) ≤ 1 or

if min(p, q, a − b) ≤ 2

http://www.ms.u-tokyo.ac.jp/~toshi/pub/78.html


“Triunity”

MF results for

Ex.11 πλ ⊗ πν
Ex.12 GLn ↓ GLp × GLq (p + q = n)

Ex.13 GLn ↓ GLn1
× GLn2

× GLn3
(n1 + n2 + n3 = n)



“Triunity”

MF results for

Ex.11 πλ ⊗ πν
Ex.12 GLn ↓ GLp × GLq (p + q = n)

Ex.13 GLn ↓ GLn1
× GLn2

× GLn3
(n1 + n2 + n3 = n)

can be proved by combinatorial methods (e.g. Littlewood–

Richardson rule) but

will be explained by “triunity” of visible actions on flag varieties:



G
y

(G ×G)/(L × H) (diagonal action)

L
y

G/H

H
y

G/L

for H ⊂ G ⊃ L.
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π
GLn

(λ1,...,λn)
|GLn−1

≃
⊕

λ1≥µ1≥···≥µn−1≥λn

π
GLn−1

(µ1,...,µn−1)

=⇒ restrictions is MF as a GLn−1(C)-module

GLn ⊃x

MF

GLn−1 ⊃x

MF

GLn−2 ⊃x

MF

. . . ⊃x

MF

GL1

=⇒ Gelfand–Tsetlin basis
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Restriction (GLn ↓ GLn−1)

Finite dimensional rep.

Ex.14 (GLn ↓ GLn−1)

π
GLn

(λ1,...,λn)
|GLn−1

≃
⊕

λ1≥µ1≥···≥µn−1≥λn

π
GLn−1

(µ1,...,µn−1)

=⇒ restrictions is MF as a GLn−1(C)-module

Infinite dimensional version

Ex.15 ♣ ref. (U(p, q) ↓ U(p − 1, q))
∀π: irred. unitary rep. of U(p, q) with higest weight

=⇒ restriction π|U(p−1,q) is MF as a U(p − 1, q)-module

http://www.ms.u-tokyo.ac.jp/~toshi/pub/94.html
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=⇒ GLm × GLn
y

S (CN) ≃ S (M(m, n;C))

This rep. is MF

⇓ generalization 1

Hidden symmetry⇐⇒ Broken symmetry



GL–GL duality

N = mn

Ex.16 (GL–GL duality à la R. Howe)

=⇒ GLm × GLn
y

S (CN) ≃ S (M(m, n;C))

This rep. is MF

⇓ generalization 1

Hidden symmetry⇐⇒ Broken symmetry

Ex.17 (Progress in Math. 2008)

Branching law of holomorphic discrete

series rep. with respect to symmectric pair

Hua–Kostant–Schmid
finite dim

compact subgp

, K–
∞ dim

non-compact subgp

U(m, n) ↓ U(m) × U(n)

U(m, n) ↓ U(m1, n1) × U(m2, n2)

http://www.ms.u-tokyo.ac.jp/~toshi/pub/94.html


GL–GL duality

N = mn

Ex.16 (GL–GL duality à la R. Howe)
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y
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GL–GL duality

N = mn

Ex.16 (GL–GL duality à la R. Howe)

=⇒ GLm × GLn
y

S (CN) ≃ S (M(m, n;C))

This rep. is MF

⇓ generalization 2

MF space: G
y

X =⇒ G
y
O(X)

Ex.18 (Kac’s MF space ’80)

S (CN) is still MF as a GLm−1 × GLn module

Ex.19 (counterexample)

S (CN) is no more MF as a GLm−1 × GLn−1 module
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MF for unitary rep (definition)

Observation

n ≤ 1⇐⇒ End(Cn) is commutative.

(π,H): unitary rep. of G ⇓ (Schur’s lemma)

Def.

(π,H) is MF if EndG(H) is commutative.

⇓

Prop. The irreducible decomp. of π is unique, and

mπ(τ) ≤ 1 for almost every τ with respect to dµ.

In particular, multiplicity for any discrete spectrum ≤ 1

π ≃

∫

Ĝ

mπ(τ) τ dµ(τ) (direct integral)



MF for unitary rep (definition)

Observation

n ≤ 1⇐⇒ End(Cn) is commutative.

(π,H): unitary rep. of G ⇓ (Schur’s lemma)

Def.

(π,H) is MF if EndG(H) is commutative.

(π,U): continuous rep.

Def. We say (π,U) is (unitarily) MF

if, for any unitary rep. (̟,H) s.t.

there exists an injective continuous G-mapH ֒→U,

(̟,H) is MF.



Fourier transform (MF rep.)

Ex.21 (Fourier transform)

L2(R)≃

∫ ⊕

R

Ceiζxdζ

(direct integral of Hilbert spaces)

f (x)=

∫

R

f (ζ)eiζxdζ

Regular rep. of R on L2(R) by f (∗)→ f (∗ − c)
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Fourier transform (MF rep.)

Ex.21 (Fourier transform)

L2(R)≃

∫ ⊕

R

Ceiζxdζ

(direct integral of Hilbert spaces)

f (x)=

∫

R

f (ζ)eiζxdζ

Regular rep. of R on L2(R) by f (∗)→ f (∗ − c)

EndR(L2(R)) ≃ L∞(R) (ring of multiplier operators)

continuous rep. R
y
S′(R) is also MF
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MF = multiplicity-free (definition)

π : G
group

→ GLC(H)

Def. (naive) (π,H) is MF

multiplicity-free

if dim HomG(τ, π) ≤ 1 (∀τ: irred. rep. of G).



MF for unitary rep (definition)

Observation

n ≤ 1⇐⇒ End(Cn) is commutative.

(π,H): unitary rep. of G ⇓ (Schur’s lemma)

Def.

(π,H) is MF if EndG(H) is commutative.

Def. EndC(H)= {T : H → H continuous linear maps}

∪

EndG(H) := {T ∈ EndC(H) : T ◦ π(g) = π(g) ◦ T, ∀g ∈ G}



Fourier transform (MF rep.)

Ex.21 (Fourier transform)

L2(R)≃

∫ ⊕

R

Ceiζxdζ

(direct integral of Hilbert spaces)

f (x)=

∫

R

f (ζ)eiζxdζ

Regular rep. of R on L2(R) by f (∗)→ f (∗ − c)

EndR(L2(R)) ≃ L∞(R) (ring of multiplier operators)

=⇒ unitary rep. R
y

L2(R) is MF
continuous spectrum
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Ex.22 (Harish-Chandra, Helgason) G/K = SL(n,R)/SO(n)
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∫ ⊕
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cont. spec.
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Hλ: ∞-dim, irred. rep. of G

=⇒ The regular representation of G on L2(G/K) is MF
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Plancherel formula for Riemannian symm. space G/K

Ex.22 (Harish-Chandra, Helgason) G/K = SL(n,R)/SO(n)

L2(G/K) ≃

∫ ⊕

∑
λi=0, λ1≥···≥λn

Hλ dλ

cont. spec.

MF
Hλ: ∞-dim, irred. rep. of G

=⇒ The regular representation of G on L2(G/K) is MF

MF still holds for vector bundle case of ‘small’ fibers,

V := G ×K ∧
k(Cn)→ G/K (0 ≤ k ≤ n),

associated to the SO(n)-representation on the exterior power

Λ
k(Cn), but no other cases (Deitmar, K– 2005)

http://www.ms.u-tokyo.ac.jp/~toshi/pub/83.html


Plancherel formula for Riemannian symm. space G/K

Ex.22 (Harish-Chandra, Helgason) G/K = SL(n,R)/SO(n)

L2(G/K) ≃

∫ ⊕

∑
λi=0, λ1≥···≥λn

Hλ dλ

cont. spec.

MF
Hλ: ∞-dim, irred. rep. of G

=⇒ The regular representation of G on L2(G/K) is MF

MF still holds under certain deformation of G-regular

representation of L2(G/K)

deformation coming from hidden symmetry.

E.g. Gelfand–Vershik’s canonical rep of SL2(R).



Plancherel formula for Riemannian symm. space G/K

Ex.22 (Harish-Chandra, Helgason) G/K = SL(n,R)/SO(n)

L2(G/K) ≃

∫ ⊕

∑
λi=0, λ1≥···≥λn

Hλ dλ

cont. spec.

MF
Hλ: ∞-dim, irred. rep. of G

=⇒ The regular representation of G on L2(G/K) is MF

Other real forms of SL(n,C)/SO(n,C):

Ex.23 (T. Oshima, Delorme) G/H = SL(n,R)/SO(p, n − p)

Multiplicity of most cont. spec. in L2(G/H)

=
n!

p!(n − p)!
> 1 if 0 < p < n.

=⇒ NOT MF
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Broken symmetry and hidden symmetry

Hidden symmetry

G ⊂ G̃
π
−→

unitary rep
GLC(H)

Broken symmetry

Branching law

= description of broken symmetry
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Prop For any classical reductive G, there exist

G̃ (% G) and an irreducible unitary rep π̃ of G̃ s.t. π̃|G = π

E.g. G = GL(n,R) ֒→ G̃ = Sp(n,R)

π̃ lies in a continuous family {̃πλ} of irred unitary reps of G̃

=⇒ πλ := π̃λ|G is a continuous family of (non-irreducible)

representations of G
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Deformation of G
y

L2(G/K)

G

π
y

L2(G/K)

∩
∃G̃

∃π̃

Prop For any classical reductive G, there exist

G̃ (% G) and an irreducible unitary rep π̃ of G̃ s.t. π̃|G = π

E.g. G = GL(n,R) ֒→ G̃ = Sp(n,R)

π̃ lies in a continuous family {̃πλ} of irred unitary reps of G̃

=⇒ πλ := π̃λ|G is a continuous family of (non-irreducible)

representations of G

=⇒ deformation of G
y

L2(G/K) (still MF)

Sometimes discrete spectrum may appear!



Known methods

Various techniques have been used in proving

various MF results, in particular, for finite dim’l reps

For example, one may

1. look for an open orbit of a Borel subgroup.

2. apply Littlewood–Richardson rules and variants.

3. use computational combinatorics.

4. employ the Gelfand trick (the commutativity of the Hecke

algebra).

5. apply Schur–Weyl duality and Howe duality.
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for both finite and infinite dimensional reps
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New approach

Plan:

To give a new simple principle that explains the property MF

for both finite and infinite dimensional reps

Propagation of MF property from fiber to sections

⇑

Analysis on complex mfd with group action

having ∞ many orbits

Theory of visible actions on complex manifolds
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H-equivariant holomorphic vector bundle
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Hx
y
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↓ ↓  H
y
O(D,V)

{x} ⊂ D

H-equivariant holomorphic vector bundle

Properties of

Hx
y
Vx

fiber

Propagation ?
============⇒

Properties of

H
y
O(D,V)

sections
=
⇒

Geometry of

the base space D



Propagation Theorem

Hx
y
Vx ⊂ V

↓ ↓  H
y
O(D,V)

{x} ⊂ D

H-equivariant holomorphic vector bundle

Theorem

Irreducibility

Hx
y
Vx

fiber

Propagation
==========⇒

Irreducibility

H
y
O(D,V)

sections
=
⇒

H acts transitively on

the base space D



Propagation Theorem

Hx
y
Vx ⊂ V

↓ ↓  H
y
O(D,V)

{x} ⊂ D

H-equivariant holomorphic vector bundle

Theorem (Progress in Mathematics, 2013)

MF

Hx
y
Vx

fiber

Propagation
==========⇒

MF

H
y
O(D,V)

sections
=
⇒

H acts strong visibly on

the base space D

http://uk.arxiv.org/abs/math.DG/0607004
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Automorphism of group action

H
Lie group

y
D

manifold

Def σ ∈ Aut(H; D)

⇐⇒



σ
y

H automorphism of Lie group

σ
y

D diffeomorphism

σ(g · x) = σ(g) · σ(x) (∀g ∈ H, ∀x ∈ D)

=⇒ σ preserves every H-orbit

permutes H-orbits

Write simply σ
y

D instead of σ ∈ Aut(H; D)
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D anti-holomorphic s.t.

σ preserves every H-orbit.

V ⊃ Vx ≃ V
(1)
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(m)
x

↓ ↓ MF as an Hx module

D ∋ x

Assumption 2 σ lifts to an anti-holomorphic

bundle map ofV → D s.t.

σ(V
(i)
x ) = V

(i)
x (∀i) if σ(x) = x
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(1)
x , . . . ,V

(m)
x if σ(x) = x.



Assumptions of MF theorem

V → D: H-equivariant

Assumption 1 ∃σ
y

D anti-holomorphic s.t.

σ preserves every H-orbit.

V ⊃ Vx ≃ V
(1)
x ⊕ · · · ⊕ V

(m)
x

↓ ↓ MF as an Hx module

D ∋ x

Assumption 2 σ lifts to an anti-holomorphic

bundle map ofV → D s.t.

σ(V
(i)
x ) = V

(i)
x (∀i) if σ(x) = x

Note: Assumption 2 is automatic for line bundles



Propagation of MF property

Progr. Math (2013)

H: Lie group

H-equiv. holo. vector b’dle:

V → D

⇓

H
y
O(D,V) = {holo. sections}

Theorem (Propagation theorem)

Hx
y
Vx MF (∀x ∈ D)

=⇒ H
y
O(D,V) MF

if assumptions 1 & 2 hold.

http://uk.arxiv.org/abs/math.DG/0607004
http://uk.arxiv.org/abs/math.DG/0607004
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Observations of MF theorem

Points: H has infinitely many orbits on D

• propagation of MF property

H
y
y

V

↓

D

=⇒ H
y
O(D,V)

fiber MF sections MF

⇑

geometry of base space

. . . ‘(strongly) visible action’
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Examples of MF theorem

Ex.20 H = U(m) × U(n)

D = M(m, n;C) ≃ Cmn

σ(z) := z =⇒ Assumption 1 O.K.

V = D × C =⇒ Assumption 2 O.K.

⇓ Propagation theorem

H
y

Pol(D) MF

GLm × GLn
y

Pol(M(m, n;C))
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Totally real submanifold

(D, J) complex manifold

Jx : TxD→ TxD, J2
x = −id. (x ∈ D)

Definition A real submanifold S of D

is totally real if

TxS ∩ Jx(TxS ) = {0} for any x ∈ D,

or equivalently, if

TxS does not contain any complex subspace.

Example Let k ≤ n

Cn ⊃ Rk totally real

Cn ⊃ Ck not totally real

Rem We do not request S to be of

maximal dimension (e.g. S = Rn in Cn.)



§3 Visible actions

(D, J) complex mfd, connected

Def. A real submanifold S of D is totally real if TxS does not

contain any complex subspace.
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§3 Visible actions

H

holomorphic
y

(D, J) complex mfd, connected

Def.(2003) A holomorphic action of H is visible w.r.t. a slice S if
∃D′ ⊂

open
D,

∃S ⊂ D′

totally real
s.t.

{
S meets every H-orbit

Jx(TxS ) ⊂ Tx(H · x) (x ∈ S )

Def. A real submanifold S of D is totally real if TxS does not

contain any complex subspace.

http://dx.doi.org/10.1023/B:ACAP.0000024198.46928.0c


Example of visible actions

H = T := {a ∈ C : |a| = 1} (≃ S 1)



Example of visible actions

H = T := {a ∈ C : |a| = 1} (≃ S 1)

Ex.21 T
y

C ⊃ R

∈

a z 7→ az



Example of visible actions

H = T := {a ∈ C : |a| = 1} (≃ S 1)

Ex.21 T
y

C ⊃ R

∈

a z 7→ az



Example of visible actions

H = T := {a ∈ C : |a| = 1} (≃ S 1)

Ex.21 T
y

C ⊃ R

∈

a z 7→ az



Example of visible actions

H = T := {a ∈ C : |a| = 1} (≃ S 1)

Ex.21 T
y

C ⊃ R

∈
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Example of visible actions

H = T := {a ∈ C : |a| = 1} (≃ S 1)

Ex.21 T
y

C ⊃ R

∈

a z 7→ az

R meets every T-orbit

R

=⇒ T-action on C is visible
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Def. ♣ ref. A holomorphic action is strongly visible
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Strongly visible actions

H

holomorphic
y

D complex mfd, connected

Def. ♣ ref. A holomorphic action is strongly visible

if

∃σ
y H as Lie group auto
y

D as anti-holomorphic diffeo

in a compatible way

i.e. σ(g · x) = σ(g) · σ(x)

s.t. H · Dσ contains a non-empty open set of D.

(generic H-orbits meets the fixed point set Dσ)

Dσ := {x ∈ D : σ(x) = x}

Remark. Not necessarily σ2
= id

http://dx.doi.org/10.2977/prims/1145475221
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H = T = {a ∈ C : |a| = 1} (≃ S 1)

Ex.21 T
y

C ⊃ R

∈

a z 7→ az

R meets every T-orbit

R

σ(a) := a, σ(z) := z anti-holomorphic.

Then σ(a · z) = σ(a) · σ(z) (compatibility), and σ|R = id.



Example of strongly visible actions

H = T = {a ∈ C : |a| = 1} (≃ S 1)

Ex.21 T
y

C ⊃ R

∈

a z 7→ az

R meets every T-orbit

R

=⇒ T-action on C is strongly visible
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Strongly visible actions with slice S

H

holomorphic
y

D complex mfd, connected

Def. ♣ ref. A holomorphic action is strongly visible w.r.t. a slice S

if

∃σ
y H
y

D anti-holomorphic

in a compatible way

s.t.

σ|S = id

H · S contains a non-empty open set of D.

Remark. S is automatically totally real.

Point Try to find a smallest possible S ⊂ Dσ.

http://dx.doi.org/10.2977/prims/1145475221
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Proposition Strongly visible =⇒ Visible
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Strongly visible actions

Proposition Strongly visible =⇒ Visible

To be more precise,

strongly visible w.r.t. a slice S

=⇒ visible w.r.t. S ′ for some S ′ ⊂
open dense

S .

R meets every T-orbit

R

http://dx.doi.org/10.2977/prims/1145475221
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Ex.22 G = SL(2,R)

K = SO(2)

H =
{(

a 0
0 a−1

)
: a > 0

}

N =
{(

1 x
0 1

)
: x ∈ R

}

G/K ≃ {z ∈ C : |z| < 1}

K
y

G/K visible H
y

G/K visible N
y

G/K visible

K-orbits H-orbits N-orbits



Visible actions on symmetric spaces

Theorem (Transf. Groups (2007))

Assume


G/K Hermitian symm. sp.

(G,H) symmetric pair

=⇒ H
y

G/K is (strongly) visible

http://dx.doi.org/10.1007/s00031-007-0057-4
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{
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Complex / Riemannian / symplectic

H

isometric
y

(D, g) Riemannian mfd

Def. Action is polar if ∃S ⊂
closed submfd

D s.t.


S meets every H-orbit

TxS ⊥ Tx(H · x) (x ∈ S )

H

symplectic
y

(D, ω) symplectic mfd

Def. (Guillemin–Sternberg, Huckleberry–Wurzbacher)

Action is coisotropic (or multiplicity-free)

if Tx(H · x)⊥ω ⊂ Tx(H · x) for principal orbits H · x in D
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§5 Making examples of visible actions

Ex.20 H = U(m) × U(n)

D = M(m, n;C)

⇒ Every H-orbit is preserved by z 7→ z

Proof Let m ≤ n. Set

S :=





a1 0
. . . 0

0 am


: a1, . . . , am ∈ R


⊂ M(m, n;R)

⇒ Every H-orbit meets S , i.e. H · S = D

⇒ Any H-orbit is of the form H · x (∃x ∈ S )

H · x = H · x = H · x
compatibility x ∈ M(m, n;R) �



§5 Making examples of visible actions

Ex. H = U(m) × U(n)

D = M(m, n;C)

⇒ Every H-orbit is preserved by z 7→ z

In general,

Strongly visible

(i.e. ∃σ anti-holo s.t. (H · Dσ)◦ , ∅)

⇒ Assumption 1 of Theorem

(i.e. ∃σ anti-holo s.t. σ preserves generic H-orbits)
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Analysis on ∞-many orbits

V → X : H-equiv. holo vector bundle.

Vx → {x} : Fiber

Theorem (Propagation thm of MF property)

Fiber Sections☛

✡

✟

✠

Hx
y
Vx

multiplicity-free
=⇒

☛

✡

✟

✠

H
y
O(X,V)

multiplicity-free

=
⇒

☛

✡

✟

✠
H
y

X
(strongly) visible

Base sp.

∞ many orbits

http://www.ms.u-tokyo.ac.jp/~toshi/pub/99.html
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σ ∈ Aut(GC) involution⇔ σ2
= id

One involution ←→ GR ⊂
real simple Lie group
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Visible actions on symmetric spaces

Theorem (Transf. Groups (2007))

Assume
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Assume
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G/K Hermitian symm. sp.

(G,H) symmetric pair

=⇒ H
y

G/K is (strongly) visible

⇓ Propagation theorem

Ex.19 πλ, πµ highest wt. modules of scalar type

=⇒ πλ ⊗ πµ is MF

Ex.20

πλ highest wt. module of scalar type

(G,H) symmetric pair

=⇒ πλ|H is MF

http://dx.doi.org/10.1007/s00031-007-0057-4


Visible actions on symmetric spaces

Theorem ( geometry of three involutions ’07)

Assume


G/K Hermitian symm. sp.

(G,H) any symmetric pair

=⇒ H
y

G/K is (strongly) visible

http://www.ms.u-tokyo.ac.jp/~toshi/pub/100.html


Visible actions on symmetric spaces

Theorem ( geometry of three involutions ’07)

Assume


G/K Hermitian symm. sp.

(G,H) any symmetric pair

=⇒ H
y

G/K is (strongly) visible

⇓ Propagation theorem

Thm Vλ = U(g) ⊗U(p) Cλ (λ generic) is an algebraic

MF direct sum of irreducible g′-modules if

• nilradical of pR is abelian

• G′
R
· o is closed in GR/PR

• (GR,G
′
R

) is symmetric pair.

http://www.ms.u-tokyo.ac.jp/~toshi/pub/100.html


Visible actions on symmetric spaces

Theorem ( geometry of three involutions ’07)
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G/K Hermitian symm. sp.

(G,H) any symmetric pair

=⇒ H
y

G/K is (strongly) visible

⇓ Propagation theorem

Thm Vλ = U(g) ⊗U(p) Cλ (λ generic) is an algebraic

MF direct sum of irreducible g′-modules if

• nilradical of pR is abelian

• G′
R
· o is closed in GR/PR

• (GR,G
′
R

) is symmetric pair.

G′
R

⊂ GR ⊃ PR
subgp real reductive real parabolic

http://www.ms.u-tokyo.ac.jp/~toshi/pub/100.html


Finite dimensional case

Also, for finite dimensional case

⇓ Propagation theorem

Eg.23 (Okada, ’98, rectangular shaped rep)

gC = gl(n,C)

λ = (a, · · · , a︸   ︷︷   ︸
p

, b, · · · , b︸   ︷︷   ︸
n−p

) ∈ Zn, a ≥ b

πλ |hC is MF if



Finite dimensional case

Also, for finite dimensional case

⇓ Propagation theorem

Eg.23 (Okada, ’98, rectangular shaped rep)

gC = gl(n,C)

λ = (a, · · · , a︸   ︷︷   ︸
p

, b, · · · , b︸   ︷︷   ︸
n−p

) ∈ Zn, a ≥ b

πλ |hC is MF if

hC =



gl(k,C) + gl(n − k,C) (1 ≤ k ≤ n)

o(n,C)

sp(n
2
,C) (n : even)



G/K Hermitian symm. space

Ex.22 G = SL(2,R)

K = SO(2)

H =
{(

a 0
0 a−1

)
: a > 0

}

N =
{(

1 x
0 1

)
: x ∈ R

}

G/K ≃ {z ∈ C : |z| < 1}

K
y

G/K visible H
y

G/K visible N
y

G/K visible

K-orbits H-orbits N-orbits



Non-reductive example

Theorem N ⊂ G ⊃ K

Assume


G/K Hermitian symm. of non-cpt. type

N max. unipotent subgp.

=⇒ N
y

G/K (strongly) visible

⇓ Propagation theorem

Ex.24 πλ: highest wt. module of scalar type

=⇒ πλ|N is MF



Classification theory of visible actions

Methods to find visible action

Want to find visible actions systematically

• Structure theory

• geometry of three involutions (symmetric case)

• generalized Cartan decomposition (non-symmetric case)

• Make new from old

• make ‘large’ from ‘small’

• make ‘three’ from ‘one’ (triunity)
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(Generalized) Cartan involutions

Observation

D = G/K

Suppose we have a decomposition

G = H A K

Set S := A · o ⊂ D

H-orbits

S = A · o

=⇒ S is a candidate of ‘slice’ for (strongly) visible action
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Grassmannian U(n)/(U(p) × U(q)) ≃ Grp(Cn) (n = p + q)

Ex.(symmetric case) n1 + n2 = p + q = n

=⇒ U(n1) × U(n2) acts on Grp(Cn)

in a strongly visible fashion
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=⇒ U(n1) × U(n2) acts on Grp(Cn)
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Ex.34 (JMSJ 2007)

n1 + n2 + n3 = p + q = n

U(n1) × U(n2) × U(n3) acts on Grp(Cn)

in a strongly visible fashion

⇐⇒ min(n1 + 1, n2 + 1, n3 + 1, p, q) ≤ 2

For type B, C, D and exceptional groups (Y. Tanaka, Tohoku J.

(2013), J. Math. Soc. Japan (2013), B. Austrian Math Soc. (2013),

J. Algebra (2014))

http://www.ms.u-tokyo.ac.jp/~toshi/pub/101.html


⇓ Propagation theorem

MF property of the following

• GLm × GLn
y

S (Cmn) Ex.16

• GLm−1 × GLn
y

S (Cmn) Ex.18 (Kac)

• the Stembridge list of πλ ⊗ πν Ex.11

• GLn ↓ (GLp × GLq) Ex.12

• GLn ↓ (GLn1
× GLn2

× GLn3
) Ex.13

• ∞-dimensional versions

. . . . . .
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Make ‘large’ from ‘small’

Idea: induced action preserving visibility

H ⊂ G

H
y

Y visible w.r.t. S

 

⇐ certain assumption

G
y

X := G ×H Y visible w.r.t. S ≃ [{e}, S ]

Ex. H = U(p) × U(q), Y = M(p, q;C) (p ≥ q)

G = U(p + q), X = T ∗(G/H) = T ∗(Grp(Cp+q))

 

momentum map
nilpotent orbit for GL(p + q,C)

for partition (2q, 1p−q) is spherical (Panyushev)
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Ex.22 T
y
C ⊃ R is visible.

⇓

Ex.23 TnyCn ⊃ Rn is visible.

⇓

Ex.24 TnyPn−1C ⊃ Pn−1R is visible.

Ex.25 U(1) × U(n − 1)
y
Bn (full flag variety) is visible.

Ex.26 U(n)
y
Pn−1C × Bn is visible.



Triunity of visible actions
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Examples of visible actions

Ex.22 T
y
C ⊃ R is visible.

⇓

Ex.23 TnyCn ⊃ Rn is visible.

⇓

Ex.24 TnyPn−1C ⊃ Pn−1R is visible.

Ex.25 U(1) × U(n − 1)
y
Bn (full flag variety) is visible.

Ex.26 U(n)
y
Pn−1C × Bn is visible.



⇓ Propagation theorem

Three kinds of MF results:

• (Taylor series) TnyO(Cn) Ex.2

• (GLn ↓ GLn−1) Restriction π|GLn−1
Ex.14

• (Pieri) π ⊗ S k(Cn) Ex.9



⊗-product rep.

λ = (a, · · · , a︸   ︷︷   ︸
p

, b, · · · , b︸   ︷︷   ︸
q

) ∈ Zn, a ≥ b

Ex.11 (Stembridge 2001, K– 2002)

πλ ⊗ πν is MF as a GLn(C)-module if

1) min(a − b, p, q) = 1 (and ν is any),

or

2) min(a − b, p, q) = 2 and

⋆
ν is of the form ν = (x · · · x︸︷︷︸

n1

y · · · y︸︷︷︸
n2

z · · · z︸︷︷︸
n3

) (x ≥ y ≥ z)
,

or

3) min(a − b, p, q) ≥ 3, ⋆ &

min(x − y, y − z, n1, n2, n3) = 1.

http://www.ms.u-tokyo.ac.jp/~toshi/pub/78.html


Restriction (GLn ↓ Gn1
× GLn2

× GLn3
)

Ex.12 (GLn ↓ (GLp × GLq)) n = p + q

π
GLn

(x, . . . , x︸  ︷︷  ︸
n1

,y, . . . , y︸  ︷︷  ︸
n2

,z, . . . , z︸  ︷︷  ︸
n3

)
|GLp×GLq

is MF

if min(p, q) ≤ 2 or

if min(n1, n2, n3, x − y, y − z) ≤ 1

(Kostant n3 = 0; Krattenthaler 1998)

Ex.13 (GLn ↓ (GLn1
× GLn2

× GLn3
)) ([5])

n = n1 + n2 + n3

π
GLn

(a, . . . , a︸  ︷︷  ︸
p

,b, . . . , b︸  ︷︷  ︸
q

)
|GLn1

×GLn2
×GLn3

is MF

if min(n1, n2, n3) ≤ 1 or

if min(p, q, a − b) ≤ 2
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Analysis on ∞-many orbits

V → X : H-equiv. holo vector bundle.

Vx → {x} : Fiber

Theorem (Propagation thm of MF property)

Fiber Sections☛

✡

✟

✠

Hx
y
Vx

multiplicity-free
=⇒

☛

✡

✟

✠

H
y
O(X,V)

multiplicity-free

=
⇒

☛

✡

✟

✠
H
y

X
(strongly) visible

Base sp.

∞ many orbits

http://www.ms.u-tokyo.ac.jp/~toshi/pub/99.html
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Heuristic idea of Theorem

Setting V → D: G-equiv. holomorphic vector bundle

 Rx := EndGx
(Vx) ⊂

subring
EndC(Vx)

R :=
∐
x∈D
Rx ⊂ End(V)

Assumption G
y

D strongly visible w.r.t. S (⊂ D)

G
y
O(D,V) ⊃

Hilbert sp.
H

Optimistic Statement Γ(S ,R|S )։ EndG(H)

Ex. S = {pt}, Gx
y
Vx irred. ⇒ G

y
H irred.

Ex. Gx
y
Vx MF ⇒ G

y
H MF



Reproducing kernel

Prototype (Scalar valued) holomorphic functions

Cn ⊃ D complex domain



Reproducing kernel

Prototype (Scalar valued) holomorphic functions

Cn ⊃ D complex domain

H ⊂ O(D)

Hilbert space {holomorphic functions on D}



Reproducing kernel

Prototype (Scalar valued) holomorphic functions

Cn ⊃ D complex domain

H ⊂ O(D)

Hilbert space {holomorphic functions on D}

Definition (reproducing kernel)

Let {ϕl} be an orthonormal basis of H .

KH (z,w) :=
∑

l

ϕl(z)ϕl(w)

is independent of the choice of the basis.
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Example 1 (weighted Bergman space)

D := {z ∈ C : |z| < 1}

Fix λ > 1.

H := { f ∈ O(D) : ‖ f ‖λ < ∞}

‖ f ‖λ :=

(∫

D

| f (x + iy)|2(1 − x2 − y2)λ−2dxdy

) 1
2

(zl, zm)λ =
πΓ(λ − 1)

Γ(λ + l)
δlm

KH (z,w) =

∞∑

l=0

Γ(λ + l)

πΓ(λ − 1)
zlwl

=
λ − 1

π
(1 − zw)−λ
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Examples of reproducing kernels

{ϕ j} ⊂ H ⊂ O(D)

orthonormal basis Hilbert space

KH (z,w) =
∑

l

ϕl(z)ϕl(w)

Example 2 (Fock space)

D = C

F := { f ∈ O(C) : ‖ f ‖F < ∞}

‖ f ‖F :=

(∫

C

| f (x + iy)|2e−x2−y2

dxdy

) 1
2

(zl, zm)F = πl! δlm

KF (z,w) =

∞∑

l=0

zlwl

πl!

=
1
π
ezw
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Properties of reproducing kernel
O(D)

∪

H

Hilbert space

 KH (z,w) =
∑

j

ϕ(x)ϕ(w)

• KH (z,w) is holomorphic in z; anti-holomorphic in w

• KH (z,w) recovers the Hilbert space H

(i.e. subspace of O(D) & inner product on H)

Corollary Suppose a group G acts on D

as biholomorphic transformations.

Then G acts on H as a unitary representation

if and only if

KH (gz, gw) = KH (z,w) ∀g ∈ G, ∀z, ∀w ∈ D. (⋆)

(⋆)⇐⇒ KH (gz, gz) = KK (z, z) ∀g ∈ G, ∀z ∈ D



Scalar-valued reproducing kernel

H
Hilbert space

⊂ O(D)

Assume that for each x ∈ D,

evx : H → C

∈ ∈

f 7→ f (x)

is continuous.



Scalar-valued reproducing kernel

H
Hilbert space

⊂ O(D)

Assume that for each x ∈ D,

evx : H → C

∈ ∈

f 7→ f (x)

is continuous.

ev∗x : C→ H adjoint



Scalar-valued reproducing kernel

H
Hilbert space

⊂ O(D)

Assume that for each x ∈ D,

evx : H → C

∈ ∈

f 7→ f (x)

is continuous.

ev∗x : C→ H adjoint

KH (z,w)= evw ◦ ev∗z

=

∑

j

ϕ j(z)ϕ j(w)
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V → D : holomorphic vector bundle
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Hilbert space

O(D,V)

Assume that for each x ∈ D,
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Operator-valued reproducing kernel

V → D : holomorphic vector bundle

H ֒→
Hilbert space

O(D,V)

Assume that for each x ∈ D,

evx : H → Vx is continuous

∈ ∈

f 7→ f (x)

ev∗x : V∗x → H adjoint

KH (x, y) := evy ◦ ev∗x ∈ HomC(V∗x,Vy)

operator-valued reproducing kernel
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Operator-valued reproducing kernel

V =
∐

x∈D

Vx −→ D

Hom(V∗,V) =
∐

x,y

Hom(V∗x,Vy) −→ D × D

H ֒→
Hilbert space

O(D,V)

m one to one

KH ∈ O(D × D,Hom(V∗,V))

positive definite operator-valued reproducing kernel

H : unitarity, irreducibility, MF, . . .⇐⇒ Properties on KH
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‘Visible’ approach to multiplicity-free theorems

Thm (K– ’08) π|H is multiplicity-free if

π: highest wt. rep. of scalar type

(G,H): semisimple symmetric pair

(Hua, Kostant, Schmid, K– : explicit formula)

Fact (É. Cartan ’29, I. M. Gelfand ’50)

L2(G/K) is multiplicity-free

Hermitian symm sp. (K– ’07)տ ր Crown domain✞

✝

☎

✆
Theorem

Vector sp. (Sasaki ’09)ւ ց Grassmann mfd. (K– ’07)

Multiplicity-free space

Kac ’80, Benson–Ratcliff ’91
Leahy ’98

Stembridge’s list (2001) of

multiplicity-free ⊗ product of

finite dim’l reps (GLn)

fiber
visible action
−−−−−−−−−−−−→ sections

http://dx.doi.org/10.1007/978-0-8176-4646-2_3
http://dx.doi.org/10.1007/s00031-007-0057-4
http://uk.arxiv.org/abs/math.DG/0607004
http://dx.doi.org/10.1093/imrn/rnp060
http://dx.doi.org/10.2969/jmsj/05930669


‘Visible’ approach

To give a simple principle that explains the property MF

for both finite and infinite dimensional reps

MF (multiplicity-free) theorem

Propagation of MF property

from fiber to sections

⇑

Visible actions on complex mfds

Analysis of group action with infinitely many orbits
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Thank you !!

(Short story by Soseki, 1908)

“He uses the hammer and chisel without any forethought, and he can make

the eyebrows and nose as live.”

“Ah, they are not made by hammer and chisel. The eyebrows and nose are

buried inside the tree. It is exactly the same as digging a rock out of the earth —

there is no way to mistake.”

∃ 1
←֓


