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The Lax pair
An example
The linear system of the Liouville equation

What does integrability mean ?

Notation:
The two dimensional coordinates are z and z̄. The derivatives are
∂ = ∂

∂z and ∂̄ = ∂
∂z̄

The linear system: {
(∂ +A) Ψ = 0(
∂̄ + Ā

)
Ψ = 0

The zero curvature condition:[
∂ +A , ∂̄ + Ā

]
= 0

=⇒ The equations of motion of the theory
Conserved quantities:

∂µJ (n)
µ = ∂ Tr

(
ĀΨn

)
− ∂̄ Tr (AΨn) = 0
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]
= 0

=⇒ The equations of motion of the theory
Conserved quantities:

∂µJ (n)
µ = ∂ Tr

(
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)
Ψ = 0

The zero curvature condition:[
∂ +A , ∂̄ + Ā
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ĀΨn

)
− ∂̄ Tr (AΨn) = 0

N. Mohammedi Integrable sigma models



Introduction
Scalar fields in flat space-time
The non-linear sigma model

Scalar field in curved space-time
Outlook

The Lax pair
An example
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The Liouville equation

The equation:

∂̄∂ϕ = 2 eϕ

The solution

ϕ (z , z̄) = ln

[
∂f ∂̄f̄(
f + f̄

)2
]

with f = f(z) and f̄ = f̄(z̄)
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The Lax pair
An example
The linear system of the Liouville equation

Liouville equation from a linear system

A linear system:

H =

(
1 0
0 −1

)
, E+ =

(
0 1
0 0

)
, E− =

(
0 0
1 0

)
,

Ψ =

(
ψ1

ψ2

)

{
(∂ + eϕE+) Ψ = 0(
∂̄ − 1

2 ∂̄ϕH + E−
)

Ψ = 0

A little algebra: {
∂P = eQ

∂̄Q = eP
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The Lax pair
An example
The linear system of the Liouville equation

Solving the linear system

Implications: {
∂̄∂ (P +Q) = 2 eP+Q

∂̄∂ (P −Q) = 0

The second equation =⇒

P (z , z̄) = Q (z , z̄) + g (z) + ḡ (z̄)

∂P = eQ =⇒

Q = −g(z)− ln

(
−
∫
dze−g(z) + h̄(z̄)

)
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The Lax pair
An example
The linear system of the Liouville equation

Solving the linear system

∂̄Q = eP =⇒

h̄(z̄) = −
∫
dz̄eḡ(z̄)

Extracting the Liouville field:

ϕ = P +Q = −g(z) + ḡ(z̄)− 2 ln

(
−
∫
dze−g(z) −

∫
dz̄eḡ(z̄)

)

g(z) = − ln (−∂f(z)) , ḡ(z̄) = ln
(
−∂̄f̄(z̄)

)
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The model
Integrability conditions

The theory

The action:

S =

∫
dzdz̄

[
ηij∂ϕ

i∂̄ϕj − V (ϕ)
]
.

The equations of motion:

E i ≡ ∂̄∂ϕi +
1

2
ηij∂jV = 0 .

The linear system:

[
∂ + αi (ϕ) ∂ϕi + γ (ϕ)

]
Ψ = 0[

∂̄ + βj (ϕ) ∂̄ϕj + ρ (ϕ)
]

Ψ = 0 .
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The model
Integrability conditions

The theory

The requirement:

F = E iµi = 0

F =
[
∂ + αi (ϕ) ∂ϕi + γ (ϕ) , ∂̄ + βj (ϕ) ∂̄ϕj + ρ (ϕ)

]

The conditions:

βi − αi = µi

∂iβj − ∂jαi + [αi , βj ] = 0

∂iρ+ [αi , ρ] = 0

∂jγ + [βj , γ] = 0

[γ , ρ] = 1
2η
kl∂lV µk .
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The model
Integrability conditions

The master equations

A little algebra:

[Hi , Hj ] = 0

The determination of the potential:[
e−Hiϕ

i

ω̂0 e
Hjϕ

j

, ρ0

]
=

1

2
ηkl∂lV Hk

Are there other solutions beyond Toda type theories ????
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The theory
The integrability conditions
An example

A simplified model

The action:

S =

∫
dzdz̄ gij (ϕ) ∂ϕi∂̄ϕj .

The equations of motion:

E l ≡ ∂̄∂ϕl + Γlij∂ϕ
i∂̄ϕj = 0 .

The Christoffel symbols

Γkij =
1

2
gkl (∂iglj + ∂jgli − ∂lgij)
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The theory
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An example

A simplified model

Notation:

J = (Ki − Li) ∂ϕi

J̄ = (Ki + Li) ∂̄ϕ
i .

The Lax pair:

[
∂ +

1

1 + λ
J

]
Ψ = 0[

∂̄ +
1

1− λ
J̄

]
Ψ = 0 .
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The geometry

The consistency conditions:

∂iKj + ∂jKi − 2Γlij Kl = 0

∂iLj − ∂jLi = 0 =⇒ Li = ∂iΛ

∂iLj + ∂jLi − 2Γlij Ll − [Li , Kj ]− [Lj , Ki] = 0

∂iKj − ∂jKi + [Ki , Kj ] = [Li , Lj ] ,

Interpretation:

∂J̄ + ∂̄J = 2Ki E i

∂J̄ − ∂̄J +
[
J , J̄

]
= 2Li E i .
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The theory
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An example

A deformation of the SU(2) principal chiral sigma model

The SU(2) Lie algebra:

[Ta , Tb] = f cabTc

The SU(2) theory:

S (g) =

∫
dzdz̄

[
Tr
(
g−1∂g g−1∂̄g

)
− 2C Tr

(
T3g

−1∂g
)

Tr
(
T3g

−1∂̄g
)]

,

The currents of the Lax pair

J = ∂gg−1 +
√
C ∂

(
gT3g

−1
)

J̄ = ∂̄gg−1 −
√
C ∂̄

(
gT3g

−1
)
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The theory
The solution to the master equations

A unique model ??

The action:

S =

∫
dzdz̄

[
Qij (ϕ) ∂ϕi∂̄ϕj − V (ϕ)

]
.

The metric tensor and the torsion

gij =
1

2
(Qij +Qji) , bij =

1

2
(Qij −Qji) .

Question:

Are there integrable theories of this type ???
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Are there integrable theories of this type ???
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The answer:

S =

∫
∂Σ

dzdz̄ < h−1∂h , h−1∂̄h >

+
1

6

∫
Σ

d3yεµνσ < h−1∂µh ,
[
h−1∂νh , h

−1∂σh
]
>

+ 2

∫
∂Σ

dzdz̄ < ρ0 , h
−1ω0h >
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The theory
The solution to the master equations

A unique model ??

Equations of motion:

∂
(
h−1∂̄h

)
−
[
ρ0 , h

−1ω0h
]

= 0 .

The linear system:

(
∂ + λh−1ω0h

)
Ψ = 0(

∂̄ + h−1∂̄h+
1

λ
ρ0

)
Ψ = 0 .
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Things to do

The general solution to the master equations of integrability

The equivalent of the G/H coset theories
Relation to Poisson-Lie duality
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Thank you for your attention

N. Mohammedi Integrable sigma models


	Introduction
	The Lax pair
	An example
	The linear system of the Liouville equation

	Scalar fields in flat space-time
	The model
	Integrability conditions

	The non-linear sigma model
	The theory
	The integrability conditions
	An example

	Scalar field in curved space-time
	The theory
	The solution to the master equations

	Outlook

