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LECTURE 1: INTRODUCTION TO LS CATEGORY 

What is Lusternik-Schnirelmann Category? 

Goal of Algebraic Topology and Differential 

Geometry:  

Define invariants (algebraic, topological, 

geometric) which describe the complexity of a 

space. 

LS category is such an invariant originally 

defined in terms of open (or closed) covers 

of a space. 



Motivations of Lusternik and Schnirelmann:  

• Relate open covers and LS category to the 

existence of critical points for smooth functions on 

manifolds. This is a kind of “Morse Theory” in the 

degenerate case; 

• Prove that the 2-sphere (with any metric) has at 

least 3 closed geodesics. 

LS category has developed into an invariant that 

is useful not only in critical point theory, but in 

topology, differential and symplectic geometry 

and, most recently, robotics.  



Example: The sphere is the union of two n-cells. 
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Theorem. LS category is a homotopy invariant. 



(Algebraic) Homotopy Invariants: 





The Basic Estimate for LS category is given by 

where, in the second inequality, M is (n-1)-
connected (i.e.  

Proof of First Inequality. 







Examples: 

Let’s actually prove a theorem. 





This is a contradiction since  



The Lusternik-Schnirelmann Critical Point Theorem 



Example. S2

The height function on the sphere is a function 

with 2 critical points, so we have 

This looks simple, but BEWARE! 



Next time we will look at the critical point 

theorem in the context of symplectic geometry 

and a conjecture of V. Arnold. 


