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C. ÖZGÜR Inequalities for Submanifolds of Product Spaces



Introduction
Product Manifolds

Submanifolds
Chen First Inequality

Ricci curvature
Scalar Curvature

In ([Chen 1993]), B.-Y. Chen recalled that ”The Riemannian
invariants are the DNA of the Riemannian manifolds and one of
the basic interests of submanifold theory is to establish simple
relationships between the main extrinsic invariants and the main
intrinsic invariants of a submanifold. The main extrinsic invariant
is the squared mean curvature and the main intrinsic invariants
include the classical curvature invariants namely the Ricci
curvature and the scalar curvature. There are many works in the
literature related to basic inequalities involving the squared mean
curvature and one of the classical curvature invariants namely the
scalar curvature, the sectional curvature and the Ricci curvature
for different kinds of submanifolds of real space forms, complex
space forms and contact space forms, etc.
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The first results related to basic inequalities were proved by B.-Y.
Chen in ([Chen 1993]), ([Chen 1996]) and ([Chen 1999]). In
([Chen 1999]), B.-Y. Chen extends the notion of Ricci curvature to
k-Ricci curvature (2 ≤ k ≤ n) in an n-dimensional Riemannian
manifold. In this talk we give some relations between main
extrinsic invariants and main intrinsic invariants for submanifolds
of the product of two real space forms. For a collection of the
results in this direction we refer to B.-Y. Chen’s book ([Chen
2011]) and references therein.
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Let Mn1(c1) and Mn2(c2) be two real space forms of constant
curvatures c1, c2 with dimensions n1 and n2, respectively. Let us
consider the product space (Mn1(c1)×Mn2(c2), g̃). Assume that
(Mm, g) be a Riemannian manifold isometrically immersed into the
product space (Mn1(c1)×Mn2(c2), g̃). Denote by ∇̃ and F the
Levi-Civita connection of Mm and the product structure of the
product space (Mn1(c1)×Mn2(c2), g̃), respectively. The product
structure F : TMn1(c1)×TMn2(c2) −→ TMn1(c1)×TMn2(c2) is a
(1, 1)-tensor field defined by

F (X1 + X2) = X1 − X2

for any vector field X = X1 + X2, X1,X2 denote the parts of X
tangent to the first and second factors, respectively.
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It is easy to see that F satisfies

F 2 = I (and F 6= I ), (1)

g̃(FX ,Y ) = g̃(X ,FY ), (2)

∇̃F = 0, (3)

see ([Yano and Kon 1984]). By an easy calculation, we obtain the
curvature tensor of (Mn1(c1)×Mn2(c2), g̃) as

R̃(X ,Y )Z =
c1 + c2

4
[g̃(Y ,Z )X − g̃(X ,Z )Y

+g̃(FY ,Z )FX − g̃(FX ,Z )FY ]

+
c1 − c2

4
[g̃(Y ,Z )FX − g̃(X ,Z )FY + g̃(Y ,FZ )X − g̃(X ,FZ )Y ],

(4)
([Dillen and Kowalczyk 2012]).
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Now let X ∈ TMm and ξ ∈ T⊥Mm. The decompositions of FX
and F ξ into tangent and normal components can be written as

FX = kX + hX and F ξ = sξ + tξ, (5)

where k : TMm −→ TMm, h : TMm −→ T⊥Mm,
s : T⊥Mm −→ TMm, and t : T⊥Mm −→ T⊥Mm are (1, 1)-tensor
fields. It is easy to see that k and t are symmetric and satisfy the
following properties:
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k2X = X − shX , (6)

t2ξ = ξ − hsξ, (7)

ksξ + stξ = 0, (8)

hkX + thX = 0, (9)

g̃(hX , ξ) = g̃(X , sξ), (10)

see ([Yano and Kon 1984]).
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Let Mn be an n-dimensional submanifold of an
(n + m)-dimensional Riemannian manifold M̃n+m. The Gauss and
Weingarten formulas are given respectively by

∇̃XY = ∇XY + h (X ,Y ) and ∇̃XN = −ANX +∇⊥XN

for all X ,Y ∈ TMn and N ∈ T⊥Mn, where ∇̃, ∇ and ∇⊥ are the
Riemannian, induced Riemannian and normal connections in M̃,
Mn and the normal bundle T⊥Mn of Mn, respectively, and h is the
second fundamental form related to the shape operator AN by
g (h (X ,Y ) ,N) = g (ANX ,Y ). The equation of Gauss is given by

R̃(X ,Y ,Z ,W ) = R(X ,Y ,Z ,W ) (11)

−g (h(X ,W ), h(Y ,Z )) + g (h(X ,Z ), h(Y ,W ))

for all X ,Y ,Z ,W ∈ TMn, where R is the curvature tensor of Mn.
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The mean curvature vector H is given by H = 1
n trace(h). The

submanifold M is totally geodesic in M̃n+m if h = 0, and minimal
if H = 0 ([Chen 1973]).
The Gauss equation for the submanifold Mn of a product space
(Mn1(c1)×Mn2(c2), g̃) is

R(X ,Y ,Z ,W ) =
c1 + c2

4
[g(Y ,Z )X − g(X ,Z )Y

+g(FY ,Z )FX − g(FX ,Z )FY ]

+
c1 − c2

4
[g(Y ,Z )FX − g(X ,Z )FY + g(Y ,FZ )X − g(X ,FZ )Y ]

+g (h(X ,W ), h(Y ,Z ))− g (h(X ,Z ), h(Y ,W )) . (12)
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Let π ⊂ TxM
n, x ∈ Mn, be a 2-plane section. Denote by K (π) the

sectional curvature of Mn. For any orthonormal basis {e1, ..., em}
of the tangent space TxM

n, the scalar curvature τ at x is defined
by

τ(x) =
∑

1≤i<j≤n
K (ei ∧ ej).
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We recall the following algebraic Lemma:

Lemma 1 (Chen 1993)

Let a1, a2, ..., an, b be (n + 1) (n ≥ 2) real numbers such that(
n∑

i=1

ai

)2

= (n − 1)

(
n∑

i=1

a2i + b

)
.

Then 2a1a2 ≥ b, with equality holding if and only if
a1 + a2 = a3 = ... = an.
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Let Mn be an n-dimensional Riemannian manifold, L a k-plane
section of TxM

n, x ∈ Mn, and X a unit vector in L.
We choose an orthonormal basis {e1, ..., ek} of L such that e1 = X .
Ones define ([Chen 1999]) the Ricci curvature (or k-Ricci
curvature) of L at X by

RicL(X ) = K12 + K13 + ...+ K1k ,

where Kij denotes, as usual, the sectional curvature of the 2-plane
section spanned by ei , ej . For each integer k , 2 ≤ k ≤ n, the
Riemannian invariant Θk on Mn is defined by:

Θk(x) =
1

k − 1
inf
L,X

RicL(X ), x ∈ Mn,

where L runs over all k-plane sections in TxM
n and X runs over all

unit vectors in L.
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Recall that the Chen first invariant is given by

δMn(x) = τ(x)− inf {K (π) | π ⊂ TxM
n, x ∈ Mn, dimπ = 2} ,

(see for example ([Chen 1993]), where Mn is a Riemannian
manifold, K (π) is the sectional curvature of Mn associated with a
2-plane section, π ⊂ TxM

n, x ∈ Mn and τ is the scalar curvature
at x .
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For submanifolds of a product space (Mn1(c1)×Mn2(c2), g̃) we
establish the following optimal inequality, which will call Chen first
inequality.
Firstly we define

Ω = g(fe2,e2)g(fe1,e1)− g2(fe1,e2).
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Theorem 4.1

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
(n1 + n2)-dimensional product space Mn1(c1)×Mn2(c2). Then we
have:

τ − K (π) ≤ n2 (n − 2)

2(n − 1)
‖H‖2 (13)

+
c1 + c2

4

[
−1− Ω +

λ

2

]
+

c1 − c2
4

[
(n − 1)trf − (trf )|π

]
,

where
λ = n2 − 2n + (trf )2 + tr(sh)

and π is a 2-plane section of TxM
n, x ∈ Mn.
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The equality case of inequality (13) holds at a point x ∈ Mn if and
only if there exists an orthonormal basis {e1, e2, ..., en} of TxM

n

and an orthonormal basis {en+1, ..., en1+n2} of T⊥x Mn such that
the shape operators of Mn in Mn1(c1)×Mn2(c2) at x have the
following forms:

Aen+1 =


a 0 0 · · · 0
0 b 0 · · · 0
0 0 µ · · · 0
...

...
...

. . .
...

0 0 0 · · · µ

 , a + b = µ,
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Aen+i =


hr11 hr12 0 · · · 0
hr12 −hr11 0 · · · 0
0 0 0 · · · 0
...

...
... · · ·

...
0 0 0 · · · 0

 , 2 ≤ i ≤ n1 + n2 − n,

where we denote by hrij = g(h(ei , ej), er ), 1 ≤ i , j ≤ n and
n + 1 ≤ r ≤ n1 + n2.
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Hence we can state the following corollaries:

Corollary 4.2

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Sp(1)× Sm−p(1). Then we have:

τ − K (π) ≤ n2 (n − 2)

2(n − 1)
‖H‖2 +

1

2

[
−1− Ω +

λ

2

]
. (14)
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Corollary 4.3

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Sp(1)× Hm−p(−1). Then we have:

τ − K (π) ≤ n2 (n − 2)

2(n − 1)
‖H‖2 +

1

2

[
(n − 1)trf − (trf )|π

]
. (15)
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Corollary 4.4

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Hp(−1)×Hm−p(−1). Then we have:

τ − K (π) ≤ n2 (n − 2)

2(n − 1)
‖H‖2 +

1

2

[
−1− Ω +

λ

2

]
. (16)
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We first state a relationship between the sectional curvature of a
submanifold Mn of an (n1 + n2)-dimensional product space
Mn1(c1)×Mn2(c2) and the associated squared mean curvature
‖H‖2. Using this inequality, we prove a relationship between the
Ricci curvature and k-Ricci curvature of Mn (intrinsic invariant)
and the squared mean curvature ‖H‖2 (extrinsic invariant), as
another answer of the basic problem in submanifold theory which
we have mentioned in the introduction.
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Denote by

N(x) = {X ∈ TxM
n : h(X ,Y ) = 0, ∀Y ∈ TxM

n} .
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Theorem 5.1

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
(n1 + n2)-dimensional product space Mn1(c1)×Mn2(c2). Then the
following statements are true.
i) For each unit vector X in TxM

n we have

Ric(X ) ≤ 1

4
n2 ‖H‖2+

c1 + c2
4

[n − 2 + tr(f )g(fX ,X ) + g(shX ,X )]

+
c1 − c2

4
[trf + (n − 2)g(fX ,X )]. (17)
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ii) If H(x) = 0 then a unit tangent vector X at x satisfies the
equality case of (17) if and only if X ∈ N(x).
iii) The equality case of inequality (17) holds identically for all unit
tangent vectors at x if and only if either x is a totally geodesic
point, or n = 2 and x is a totally umbilical point.
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Hence we can state the following corollaries:

Corollary 5.2

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Sp(1)× Sm−p(1). Then for each unit
vector X in TxM

n we have

Ric(X ) ≤ 1

4
n2 ‖H‖2+

c1 + c2
4

[n − 2 + tr(f )g(fX ,X ) + g(shX ,X )]
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Corollary 5.3

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Sp(1)× Hm−p(−1). Then we have:

Ric(X ) ≤ 1

4
n2 ‖H‖2 +

1

2
[trf + (n − 2)g(fX ,X )].

C. ÖZGÜR Inequalities for Submanifolds of Product Spaces



Introduction
Product Manifolds

Submanifolds
Chen First Inequality

Ricci curvature
Scalar Curvature

Corollary 5.4

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Hp(−1)×Hm−p(−1). Then we have:

Ric(X ) ≤ 1

4
n2 ‖H‖2 − 1

2
[n − 2 + tr(f )g(fX ,X ) + g(shX ,X )] .
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Theorem 5.5

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
(n1 + n2)-dimensional product space Mn1(c1)×Mn2(c2). Then we
have

‖H‖2 ≥ 2τ

n(n − 1)
− c1 + c2

4n(n − 1)
λ− c1 − c2

2n
tr(f ). (18)
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Hence we can state the following corollaries:

Corollary 5.6

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Sp(1)× Sm−p(1). Then we have:

‖H‖2 ≥ 2τ

n(n − 1)
− λ

2n(n − 1)
. (19)
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Corollary 5.7

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Sp(1)× Hm−p(−1). Then we have:

‖H‖2 ≥ 2τ

n(n − 1)
− 1

n
tr(f ). (20)
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Corollary 5.8

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Hp(−1)×Hm−p(−1). Then we have:

‖H‖2 ≥ 2τ

n(n − 1)
+

λ

2n(n − 1)
. (21)
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Theorem 5.9

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
(n1 + n2)-dimensional product space Mn1(c1)×Mn2(c2). Then, for
any integer k , 2 ≤ k ≤ n, and any point x ∈ Mn, we have

‖H‖2 ≥ Θk(p)− c1 + c2
4n(n − 1)

λ− c1 − c2
2n

tr(f ). (22)

C. ÖZGÜR Inequalities for Submanifolds of Product Spaces



Introduction
Product Manifolds

Submanifolds
Chen First Inequality

Ricci curvature
Scalar Curvature

Hence we can state the following corollaries:

Corollary 5.10

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Sp(1)× Sm−p(1). Then we have:

‖H‖2 ≥ Θk(p)− λ

2n(n − 1)
. (23)
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Corollary 5.11

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Sp(1)× Hm−p(−1). Then we have:

‖H‖2 ≥ Θk(p)− 1

n
tr(f ). (24)

C. ÖZGÜR Inequalities for Submanifolds of Product Spaces



Introduction
Product Manifolds

Submanifolds
Chen First Inequality

Ricci curvature
Scalar Curvature

Corollary 5.12

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
m-dimensional product space Hp(−1)×Hm−p(−1). Then we have:

‖H‖2 ≥ Θk(p) +
λ

2n(n − 1)
. (25)
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Theorem 6.1

Let Mn, n ≥ 3, be an n-dimensional submanifold of an
(n1 + n2)-dimensional product space Mn1(c1)×Mn2(c2). Then

τ(x) ≤ 1

2
n2 ‖H‖2 +

c1 + c2
8

λ+
c1 − c2

4
(n − 1)tr(f ).

The equality is satisfied if and only if x is a totally umbilical point.
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C. ÖZGÜR Inequalities for Submanifolds of Product Spaces


	Introduction
	Product Manifolds
	Submanifolds
	Chen First Inequality
	Ricci curvature
	Scalar Curvature

