
1 Differentials and Tensor-valued Differentials

f(x1, x2, . . . , xn)
—-
dxi(i = 1, 2, . . . , n)

dxi ∧ 1 = dxi, dxi ∧ a = a ∧ dxi (a ∈ r)(i = 1, 2, . . . , n)

dxi ∧ dxk + dxk ∧ dxi = 0 (i, k = 1, 2, . . . , n)

—-

u = a + ai · dx
i +

1

2
aik · ∧dx

k + . . .

... a, ai, ai,k, . . . ∈ r

u = u0 + u1 + u2 + . . .+ un
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ηu =
n

∑

p=0

(−1)p · up, ζu =
n

∑

p=0

(−1)(
p

2
) · up

—-

elu
j1...jp
i1...ip

=

n
∑

h=0

a
j1...jqlk1...kh
i1...ip

∧ . . . ∧ dxkh

u
j1...jp
i1...ip

=

n
∑

h=0

a
j1...jqk1...kh
i1...ip

∧ . . . ∧ dxkh

—

(du)
j1...jq
i1...ip

= dxl ∧ dlu
j1...jq
i1...ip

—-
dxl ∧ ∂u

∂xl

–
ωk
i = Γk

ij · dx
j
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(du)
j1...jq
i1...ip

= dxl ∧
∂

∂xl
u
j1...jq
i1...ip

+ ωj1
m ∧ u

mj2...jq
i1...ip

+ . . .+

− ωm
i1
∧ u

j1...jq
mi2...ip

− . . .

Ωk
i = d(øki )− ømi ∧ ωk

m =
1

2
Rk

ijl · dx
j ∧ dxl

—
(dΩ)ki = 0.

el(u ∧ v) = elu ∧ v + ηu ∧ elv, (1.1)

d(u ∧ v) = du ∧ v + ηu ∧ dv

—-
elζ = ηζel, eld+ del = dl, ζd = dηζ ,
— dxi, dxi ∧ dxk, gik, dxi = gik · dx

k, dxi ∧ dxk

dlu = 0, (l = 1, 2, . . . , n)

—-

z =
√

|gik| · dx
1 ∧ dx2 ∧ . . . ∧ dxn.

2 Interior Multiplication and Differentiation
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u ∨ v =
n

∑

m=0

(−1)(
m

2
) η

m

m!
ei1...eimu ∧ ei1 . . . eimv, (ei = gikek)

—- (u ∨ v) ∨ w = u ∨ (v ∨ w).

u ∧ v = ηpv ∧ u

—–

u ∨ v =
n

∑

m=0

(−1)(
m

2
) 2

m

m!
ei1 . . . eimη

p+mv ∨ ei1 . . . eimu

—- dxi ∨ dxk ∨ . . . ∨ dxl

dxi ∨ dxk + dxk ∨ dxi = 2gik

–
el(u ∨ v) = elu ∨ v + ηu ∨ elv.

— ∗u = u ∨ z. – du = dxl ∧ dlu

δu = dxl ∨ dlu
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δu = du+ eldlu

–
δu = du+ d∗u d∗u = ∗−1d ∗ u = (−1)(

n

2
)d(u ∨ z) ∨ z

—
δ(u ∨ v) = δu ∨ v + ηu ∨ δv + 2enu ∨ dhv (2.1)

—-
ζδζu = dlu ∨ dxi.

—
δel + elδ = dl

3 Scalar Products

(u, v) = (ζu ∨ v) ∧ z,

—
∑n

m=0
(ζu ∨ v)m.... (ζu ∨ v)m —-

(u, v) = (v, u) = (ηu, ηv) = (ζu, ζv) = (u ∨ z, v ∨ z) = (z ∨ u, z ∨ v),
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(u ∨ w, v) = (u, v ∨ ζw),

(w ∨ u, v) = (u, ζw ∨ v).

— u =
n
∑

m=0

um, v =
n
∑

m=0

vm —

(u, v) =
∑

m

(um, vm) =
∑

m

(ζum ∧ ∗vm), (∗vm = vm ∨ z)

(u, v)p =
1

p!
ei1 . . . eip(dx

ip) ∨ . . . ∨ dxi1 ∨ u, v)

—

(v, u)p = (−1)(
p

2
)(u, v)p, (ηu, ηv)p = (−1)p · (u, v)p, (u∨w, v)p = (u, v∨ζw)p,

—
(u, v)1 = ei(dx

i ∨ u, v) = (ζu ∨ dxi ∨ v)0 · eiz

—–
d(u, v)1 = (u, δv) + (v, δu).

4 Lie Operators and Differentials

A = αi(x1, . . . , xn)
∂

∂xi

Au = ai
∂u

∂xi
+ d(αi) ∧ eiu
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Au = αi · diu+ (dα)i ∧ eiu

—-
A(u ∧ v) = Au ∧ v + u ∧ Av, dAu = Adu, (4.1)

— α = αi · dx
i = gik · α

k · dxi.

diαk + dkαi = 0

αi = 0(i < n), αn = 1

Au = αi · diu+
1

2
(dα ∨ u− u ∨ dα)

—
A(u ∨ v) = Au ∨ v + u ∨Av, δAu = Aδu.

——-

dγ =
1

4
(dα ∨ dβ − dβ ∨ dα) + 2αi · βk · Ωik.

5 Dirac Equations

δu = a ∨ u
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δv = −ζa ∨ v,

d(u, v)1 = 0,

6 Spherical Differentials

w = dx1 ∨ dx2 ∨ dx3 wi = dxi ∨ w = w ∨ dxi

— Xiu = xk ∂u
∂xlx

l ∂u
∂xk + 1

2
wi ∨ u− 1

2
u ∨ wi, –

XkXlXlXk = −Xi

—
(K + 1)u =

∑

i

Xiu ∨ wi
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X2

1 +X2

2 +X2

3 = −K −K2

—
K(u ∨ w) = Ku ∨ w,

–

(K + 1)u = −ζδζu ∨ rdr +

3
∑

i=1

xi ∂u

∂xi
+

3

2
(u− ηu) + gηu

—–
X1u = X2u = X3u = 0

—
δu = 0,

—- Pm
k = Pm

−k−1

Y m
k = Pm

k (cosϑ) · eimϕ

–
Sm
k = r1−k · d(rk · Y m

k ),

—-

δSm
k =

1− k

r
dr ∨ Sm

k

—-
KSm

k = k · Sm
k .
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X3S
m
k = im · Sm

k ,

—

delta(R ∨ Sm
k ) = (δR + ηζR ∨

1− k

r
dr) ∧ Sm

k

—-
δu = 0

—
u =

∑

Rm
k ∨ Sm

k

—
a · rk−1 + a′ · rk−1w + a′′ · r−k−1 · dr + a′′′ · r−k−1 · dr ∨ w

– a, a′, a′′, a′′′

7 Dirac Equation in Space and Time

(dx1)2 + (dx2)2 + (dx3)2 − c2 · (dt)2

—
dxi ∨ dt = −dt ∨ dxi = dxi ∧ dt, dt ∨ dt = −c−2.
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z = dx1 ∨ dx2 ∨ dx3 ∨ icdt = w ∨ icdt = w ∧ icdt

– ε± ∨ ε± = ε±, ε± ∨ ε∓ = 0, ε+ + ε− = 1

e± =
1

2
∓

ic

2
dt

— δu = a ∨ u, a = α + β ∨ icdt
∂a
∂t

= 0

Hu = −
h

2πi

∂u

∂t
——

u = p ∨ T±, T± = ε± · e−
2πi
h

E·t

δp = α ∨ p∓ (
2π

hc
E + β) ∨ ηp (7.1)

8 Spherically symmetric Dirac Equation
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p = R ∨ S

—

δR = α ∨ R± (
2π

hc
E + β) ∨ ηR +

k − 1

r
dr ∨ ηζR

— R = f0(r) + f1(r) · dr + f2(r) · w + f3(r) · dr ∨ w –

df1

dr
+

1 + k

r
f1 ∓

2π

hc
E · f0

= (α0 ± β0)f0 + (α1 ∓ β1)f1 + (−α2 ± β2)f2 + (−α3 ∓ β3)f3,

df0

dr
+

1− k

r
f0 ±

2π

hc
E · f1

= (α1 ± β1)f0 + (α0 ∓ β0)f1 + (−α3 ± β3)f2 + (−α2 ∓ β3)f3, (8.1)

df3

dr
+

1 + k

r
f3 ±

2π

hc
E · f2

= (α2 ± β2)f0 + (α3 ∓ β3)f1 + (α0 ∓ β0)f2 + (α1 ± β1)f3,

df2

dr
+

1− k

r
f2 ∓

2π

hc
E · f3

= (α3 ± β3)f0 + (α2 ∓ β2)f1 + (α1 ∓ β1)f2 + (α0 ± β0)f3,

—–

α = α0(r) + α1(r) · dr + α2(r) · w + α3(r) · dr ∨ w,

β = β0(r) + β1(r) · dr + β2(r) · w + β3(r) · dr ∨ w,

9 The Dirac Equation of the Electron

ω = A1 · dx
1 + A2 · dx

2 + A3 · dx
3 − c · Φ · dt

—
dω = Θ

—-

Θ = H1 · dx
2 ∧ dx3 +H2 · dx

3 ∧ dx1 +H3 · dx
1 ∧ dx2,

c · E1 · dx
1 ∧ dt+ c · E2 · dx

2 ∧ dt+ c · E3 · dx
3 ∧ dt
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dΘ = 0, δΘ = 0

—
dω = δω

—-
h

2πi
δu =

1

c
(iE0 + eω) ∨ u

—
u ∨ ε− = u, u ∨ ε+ = 0,

—
u ∨ ε+ = u, u ∨ ε− = 0

—–
|e| · (u, ηu)1 = ρ · w − (i1 · w1 + i2 · w2 + i2 · w3) ∧ dt,

—
d(u, ηv)1 = 0,
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v = e
2πi
hc

efu

—
u → e

2πi
hc

efu

—–
u = R ∨ S ∨ T,

—- α = α0 = −2π
hc
E0, αk = 0(k 6= 0), β = β0 =

2π
hc

Ze2

r
, βk = 0(k 6= 0)

— h
2πi

Xk, (k = 1, 2, 3)
– h

2πi
(Xk +

1

2
wj)
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