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The isoperimetric extremals of rotation

We suppose that Vo = (M, g) is a (pseudo-) Riemannian manifold
belongs to the smoothness class C™ if its metric g € C7, i.e. its
components g;;(x) € C"(U) in some local map (U,z) U C M.

Differentiability class r is equal to 0,1,2,...,00,w, where 0,00 and w
denote continuous, infinitely differentiable, and real analytic functions,
respectively.
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The isoperimetric extremals of rotation

Let ¢: (so,s1) — M be a parametric curve with the equation
x = x(s), we construct A = dx/ds the tangent vector and s is the arc
length.

The following formulas were developed by analogy with the Frenet
formulas for a manifold V5:

VsidA=k-n and Vgn=-ce, k-A, J

in these equations represents k the Frenet curvature; n is the unit
vector field along ¢, orthogonal to the tangent vector A, Vg is an
operator of covariant derivative along ¢ with the respect to the
Levi-Civita connection V; €, €, are constants £1.
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The isoperimetric extremals of rotation

That is to say

d\" o dzP(s)
V! =~ + 2ATg (a(s)) ==
dn” dzB(s)
h aph
s = 5 r )
Vsn P + ap ((s)) s

where F’; 3 are the Christoffel symbols of V5, i. e. components of

Levi-Civita connection V; M* and n are components of the vectors A
and n. We suppose that A and n are non-isotropic vectors and

<)\,>\> = gij)\i)\j =& = :|:1,

(n,n) = gijn'n? = ¢, = £1.
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The isoperimetric extremals of rotation

Remind assertion for the scalar product of the vectors A, £ is defined
by

(A, €) = giN'€.
Denote

s[¢] :/:\Mds and 0[/] :/:1 k(s) ds

0

functionals of length and rotation of the curve ¢: x = x(s). And

IAl = |9apA*N?| is the length of a vector A and k(s) is the Frenet
curvature.
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R
The isoperimetric extremals of rotation

Definition

A curve / is called the isoperimetric extremal of rotation if £ is
extremal of #[¢] and s[¢] = const with fixed ends.
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The isoperimetric extremals of rotation

G.S. Leiko [2] proved

Theorem

A curve £ is an isoperimetric extremal of rotation only and only if, its
Frenet curvature k and Gaussian curvature K are proportional

k=c-K,

where ¢ = const.
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The isoperimetric extremals of rotation

J. Mike§, M. Sochor and E. Stepanova proved the following

Theorem

The equation of isoperimetric extremal of rotation can be written in the
form
VsdA=c-K-F\ (1)

where ¢ = const.

It can be easily proved that vector F'A is also a unit vector orthogonal
to a unit vector A and if ¢ = 0 is satisfied then the curve is geodesic.

Structure F' is the tensor (1, 1) which satisfies the following conditions
(in the invariant form)
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The isoperimetric extremals of rotation

F?=¢.1d, ¢g(X,FX)=0, VF=0. J

o for a Riemannian manifold V5 € C? is e = —1 and F is a complex
structure.

e for (pseudo-) Riemannian manifold is e = +1 and F' is product
structure.

The tensor F' is uniquely defined with using skew-symmetric and
covariantly constant discriminant tensor e.

' 0 1
Fz'h = &ij .th and Eij = lg11922 — 9%2‘ ) < ~1 0 >
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The isoperimetric extremals of rotation

Analysis of the equation (1) convinces of the validity of the following

theorem which generalizes and refines the results by G.S. Leiko.
J. Mikes proved

Theorem

Let Va be a (non-flat) Riemannian manifold of the smoothness class C°.
Then there is precisely one isoperimetric extremal of rotation going

through a point xg € Va in a given non-isotropic direction A\g € TVa and
constant c.
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The fundamental equations of rotary diffeomorphisms

Assume to be given two - dimensional (pseudo-) Riemannian manifolds
Vo = (M,g) and Vo = (M, g) with metrics g and g, Levi-Civita
connections V and V, structures F' and F', respectively.
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The fundamental equations of rotary diffeomorphisms

Definition

A diffeomorphism f : Vo — V5 is called rotary if any geodesic 7 is
mapped onto isoperimetric extremal of rotation of manifold V5.
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The fundamental equations of rotary diffeomorphisms

Assume a rotary diffeomorphism f: Vo — V5. Since f is a
diffeomorphism, we can impose local coordinate system on M and M,
respectively, such that locally f: Vo — V5 maps points onto points with
the same coordinates x, and M = M.

It holds

Theorem

Let Vo admits rotary mapping onto Va. If Vo and Vo belong to class C?,
then Gaussian curvature K on manifold Vs is differentiable.
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The fundamental equations of rotary diffeomorphisms

Let 7: 2 = x(3) be a geodesic on V5 for which the following equation is

valid -
d°x dxt dxd
ds? +F ( () ds ds =0 (2)

and let v: z = x(s) be an isoperimetric extremal of rotation on V3 for
which the following equation is valid

d\"

—o HTG(() NN = e K (a(s)) - Fl'(a(s)) - X', (3)

where I‘?j and ff-;- are components of V and V, parameters s and 5 are

arc lengthes on v and 7, A" = dz"(s)/ds and V= dz"(s)/ds.
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The fundamental equations of rotary diffeomorphisms

Evidently s = 5(s). We modify equation (2)

h
% + Tl (w(s)) NN = os) - X, (4)

where o(s) is a certain function of parameter s.

We denote .
h h T
Pij(fU) = Fij(x) - Fij(x)
the deformation tensor of connections V and V defined by the
rotary diffeomorphism.
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The fundamental equations of rotary diffeomorphisms

By subtraction equations (3) and (4) we obtain
h iNj h i h
Pij(@) NN = c- K(x(s)) - ' (2(s)) - A" = o(5) - A (5)
Because V3 € C? from formulas (4) follows that o(s) € C!. After

differentiation formulas (5) we obtain that K (z(s)) € C'. And because
these properties apply in any direction, then K is differentiable.
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The fundamental equations of rotary diffeomorphisms

We proved the following
Theorem

If Gaussian curvature K ¢ C1 then rotary diffeomorphism f:Va — Va
does not exist.
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The fundamental equations of rotary diffeomorphisms

Assume that for the rotary diffeomorphism f : Vo — V5 formulas (5)
hold. Contracting equations (5) with gp; A" we obtain

—eccK =F\N Pl )\ (6)

After subsequent differentiation of equations (6) along the curve, we
obtain (7)

—eecKg\ = ey Py AN NN G K ey, PR (2F) XN HEI AN N),
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The fundamental equations of rotary diffeomorphisms

The part of equation (7), which contains the components of the sixth
degree, has the form

I=1 -1y (8)
where I1 = c- K; Io = e, PO}[LB(2F§)\O‘)\5>\7 + Fg)\a)\g)\‘s).

At the point g we can metric tensor diagonalize, such that

Gij = < é 2 ), where ¢ = 1 (by the metric signature).

Thus from condition |\| = 1 follows that (A\?)? = ce — e(A)2.
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The fundamental equations of rotary diffeomorphisms

With detailed analysis the highest degrees of (A!)% in the equation (8),
we get

A=3e-C B=3e-D, (9)

where

A =3e(—2P}, — P}y +eP3,), B =3e(ePf, — Pj, —2Py),

C = (—2PhL — P}, +eP3,), D= (eP] — P —2Ph).
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The fundamental equations of rotary diffeomorphisms

From this it follows A% + B2 = 0, and evidently A = B = 0, and hence
we have in this coordinate system

—2P% — P}y +ePh =0 and eP} — P — 2P}, =0.

We denote 91 = P4, 13 = Py, 0' = P4, and 6? = P%. We can rewrite
the above mentioned formula (5) equivalently to the following tensor
equation

Pl = 6Mpj + i + 0"gy;, (10)

where 1); and 0" are covectors and vector fields.
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The fundamental equations of rotary diffeomorphisms

On the other hand, we use the same analysis, as in the previous part for

this equation ‘
0" =ce K '\ — ¢ (0 — 20a2) A (11)

Further, obtain the following
h=0"Fr=ecc K\N'—¢ (5 — 202\ N'E!

and after differentiation along curve ¢ and with analysis after the
highest degrees we get

Vol A —0" 0o\ —0" Ko\ | K = N (V0o AN —0,050° N —0, 0" Kg)\° /1
and by similar way we obtain the following formulas
Vj9i=9i<9j+Kj/K)+I/gij, (12)

where v is a function on V5.
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The fundamental equations of rotary diffeomorphisms

Theorem
The equations
Pl = 6 + 61i + 0" gy, (10)
Vb =000, + K;/K) + v gij, (12)
where 1;, 8" are covector and vector fields, v is a function on Vs,

are necessary and sufficient conditions of rotary diffeomorphism Vs
onto Va.

This proof is straightforward than the one proposed by G.S. Leiko [3].
We note that the above considerations are possible when V5 € C? and
VQ e C?
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The fundamental equations of rotary diffeomorphisms

The vector field 6; is torse-forming. Under further conditions on
differentiability of the metrics it has been proved in [3] that 6; is
concircular.

Theorem

Let f : Vo — Vi be a rotary diffeomorphism, metrics of (pseudo-)
Riemannian manifolds Vo and Vo have differentiability class C? on own
coordinate system; then manifolds Vo and Vo are equidistant and
1sometric of revolution surfaces and metrics are positive definite.
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Thank You for Your time.
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