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Section 0

Talk plan



Talk plan

1 The deformation quantization with separation

of variables→Our main theorem!
2 One and two dimensional cases

→One:trivial but · · ·
3 A metric of a complex Grassmann manifold
4 Deformation quantization for complex
Grassmann manifold :CPn:not so hard but · · ·
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Section 1

The deformation quantization with
separation of variables



Locally symmetric Kähler manifold

Definition (Locally symmetric Kähler manifold)

A Riemannian(Kähler) manifold (M, g) is called a locally symmetric
Riemannian(Kähler) manifold when

∇mRijk
l = 0 (∀i , j , k, l ,m).

Example (Locally symmetric Kähler manifold)

Examples

Symmetric Kähler manifold
(Kähler homogeneous space with a transitive action)
Compact Riemann surface
Complex Grassmann manifold (including projective space CPn)
and more · · ·
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Deformation quantization

Definition (Deformation quantization of Poisson manifolds)

F is defined as a set of formal power series:

F :=
{
f
∣∣∣ f =

∑
k fk~k , fk ∈ C∞ (M)

}
. A star product ∗ : F × F → F ,

is defined as
f ∗ g =

∑
k

Ck(f , g)~k

such that the product satisfies the following conditions.

1 (F ,+, ∗) is a (noncommutative) algebra.
2 Ck (·, ·) is a bidifferential operator.
3 C0 and C1 are defined as

C0(f , g) = fg , C1(f , g)− C1(g , f ) = {f , g}, (1)

where {f , g} is the Poisson bracket.
4 f ∗ 1 = 1 ∗ f = f .
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A star product with separation of variables

Definition (A star product with separation of variables)

∗ is called a star product with separation of variables on a Kähler manifold
M when

a ∗ f = af , f ∗ b = fb

where ∂̄a = ∂b = 0.

Definition (Def of Lf ,Rf )

Lf g := f ∗ g , Rg f := f ∗ g

Remark (Associativity⇐⇒Commutativity)

(f ∗ g) ∗ h = f ∗ (g ∗ h)
⇐⇒ Rh (Lf g) = Lf (Rhg) ⇐⇒ [Lf ,Rh] = 0
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Our main theorem

We use
S :=

{
A | A =

∑
α

aαD
α, aα ∈ C∞ (M)

}
,

where D l̄ := g l̄k∂k and α is a multi-index α = (α1, α2, . . . , αn). In this
article, we also use the Einstein summation convention over repeated
multi-indices and aαD

α :=
∑

α aαD
α.

Our main theorem
When the star product with separation of variables for smooth functions f
and g on a local symmetric Kähler manifold is given as

f ∗ g =
∞∑
n=0

∑
~αn

~β∗
n

T n
~αn

~β∗
n

(
D ~αn f

)(
D

~β∗
n g
)
,

these smooth functions T n
~αn

~β∗
n

, which are covariantly constants, are

determined by the following recurrence relations for ∀i :
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Recurrence relations of our main theorem

Recurrence relations of our main theorem

N∑
d=1

~gīdT
n−1

~αn− ~ed ~β∗
n−~ei

= βiT
n
~αn

~β∗
n

+
N∑

k=1

N∑
p=1

~ (βn
k − δkp − δik + 1) (βn

k − δkp − δik + 2)

2
Rp̄

k̄ k̄
ī T

n
~αn

~β∗
n−~ep+2~ek−~ei

+
N−1∑
k=1

N−k∑
l=1

N∑
p=1

~ (βn
k − δkp − δik + 1)

(
βn
k+l − δ(k+l),p − δi ,(k+l) + 1

)
× Rp̄

k+l k̄
ī T

n
~αn

~β∗
n−~ep+~ek+ ~ek+l−~ei

.
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Karabegov1996

Theorem

[Karabegov [15]]. For an arbitrary Kähler form ω, there exist a star
product with separation of variables ∗ and it is constructed as follows. Let
f be an element of F and An ∈ S be a differential operator whose
coefficients depend on f i.e.

An = an,α(f )D
α, Dα =

n∏
i=1

(D ī )αi , D ī = g ī l∂l , (2)

where α is an multi-index α = (α1, α2, . . . , αn). Then,

Lf =
∞∑
n=0

~nAn (3)

is uniquely determined such that it satisfies the following conditions.
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following conditions

Theorem (following conditions)

For R∂l̄Φ
= ∂l̄Φ+ ~∂l̄ ,[

Lf ,R∂l̄Φ

]
= 0 , Lf 1 = f ∗ 1 = f . (4)

Then the star products are given by Lf g := f ∗ g and the star products
satisfy the associativity;

Lh(Lg f ) = h ∗ (g ∗ f ) = (h ∗ g) ∗ f = LLhg f . (5)

Recall that each two of D ī commute each other, so if a multi index α is
fixed then the An is uniquely determined. (4)-(5) imply that Lf g = f ∗ g
gives deformation quantization.

Fact (Transition maps)

The following formulas are given in [30].For Ua ∩ Ub 6= ∅

f ∗b g (w , w̄) = φ∗
a,bf ∗a g (w , w̄) = φ∗

a,bf (w (z) , w̄ (z̄)) ∗a g (w (z) , w̄ (z̄))
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We need to solve

Remark

We need to solve [
Lf ,R∂l̄Φ

]
= [Lf , ∂l̄Φ] + [Lf , ~∂l̄ ] = 0.

Definition (Twisted symbol)

A map from differential operators to formal polynomials is defined as

σ (A; ξ) :=
∑
α

aαξ
α,

where
A =

∑
α

aαD
α.

This map is called “twisted symbol”. It becomes easier to calculate
commutators by using the following theorem.
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Useful formulae for the first term [Lf , ∂īΦ]

Remark

There are some useful formulae. D l̄ satisfies the following equations.

[D l̄ ,Dm̄] = 0 , [D l̄ , ∂m̄Φ] = δ l̄ m̄, ∀l ,m, (6)

where [A, B] = AB − BA and Φ is a Kähler potential . Using them, one
can construct a star product as a differential operator Lf .

Proposition (Karabegov [15])

Let a(ξ) be a twisted symbol of an operator A. Then the twisted symbol
of the operator [A, ∂īΦ] is equal to ∂a/∂ξ ī ;

σ ([A, ∂īΦ]) =
∂

∂ξ ī
σ (A).

This proposition follows from From (6), i.e. σ
(
[D l̄ , ∂īΦ]

)
= δ l̄

ī
.
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The first term [Lf , ∂īΦ]

Proposition (The first term)

Let f and g be smooth functions on a locally symmetric Kähler manifold
Mand Lf be a left star product by f given as (??). Then

[Lf , ∂īΦ] g =
∞∑
n=0

∑
~αn

~β∗
n

βn
i T

n
~αn

~β∗
n

(
D ~αn f

)(
D

~β∗
n−~eig

)
(7)

or equivalently,

σ ([Lf , ∂īΦ]) =
∂σ (Lf )

∂ξ ī

=
∞∑
n=0

∑
~αn

~β∗
n

βn
i T

n
~αn

~β∗
n

(
D ~αn f

)(
ξ1̄

βn
1 · · · ξ ī

βn
i −1

· · · ξN̄
βn
N

)

1 Kentaro Hara and 2Akifumi Sako (Tokyo University of Science,Math)Quantization of Locally Symmetric Kähler Manifolds 3/6/2017 14 / 52



The second term [Lf , ~∂l̄ ]

Proposition (The second term)

Let f and g be smooth functions on a locally symmetric Kähler manifold
M. Let Lf be a left star product by f given as (??). Then,

[Lf , ~∂ī ]g

= ~
∞∑
n=0

∑
~αn

~β∗
n

N∑
k=1

∑
~αn

~β∗
n

βn
k (β

n
k − 1)

2
Rρ̄

k̄ k̄
ī T

n
~αn

~β∗
n

(
D ~αn f

)(
D

~β∗
n+ ~eρ−~ekg

)

+ ~
∞∑
n=0

N−1∑
k=1

N−k∑
l=1

∑
~αn

~β∗
n

βn
kβ

n
k+lRρ̄

k+l k̄
ī T

n
~αn

~β∗
n

(
D ~αn f

)(
D

~β∗
n+ ~eρ−~ekg

)

− ~
∞∑
n=1

∑
~αn−1

~β∗
n−1

N∑
d=1

gīdT
n−1

~αn−1
~β∗
n−1

(
D ~αn−1+ ~ed f

)(
D

~β∗
n−1g

)
.
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The second term [Lf , ~∂l̄ ]
The following formulas are given in [28].

Fact (D ; ∇)

For smooth functions f and g on a locally symmetric Kähler manifold, the
following formulas are given.

∇j̄1
· · · ∇j̄n

f = gl1 j̄1 · · · gln j̄nD
l1 · · ·D ln f

∇k1 · · · ∇kng = gm̄1k1 · · · gm̄nknD
m̄1 · · ·Dm̄ng

D l1 · · ·D ln f = g l1 j̄1 · · · g ln j̄n∇j̄1
· · · ∇j̄n

f

Dm̄1 · · ·Dm̄ng = g m̄1k1 · · · g m̄nkn∇k1 · · · ∇kng .

1 Kentaro Hara and 2Akifumi Sako (Tokyo University of Science,Math)Quantization of Locally Symmetric Kähler Manifolds 3/6/2017 16 / 52



The second term [Lf , ~∂l̄ ]
If βn

a > 1 and
∑N

k=a+1 β
n
k > 0, by using Fact 2, we obtain (??) as

βn
a∑

m=1

(
D ā
)m−1 [

D ā,∇ī

] (
D ā
)βn

a−m
(
Da+1

)βn
a+1 · · ·

(
DN̄
)βn

N
g (8)

=

βn
a∑

m=1

(
D ā
)m−1

g ābg āka,1 · · · g āka,βna−m [∇b,∇ī ]∇ka,1 · · · ∇ka,βna−m

(
Da+1

)βn
a+1 · · ·

(
DN̄
)βn

N
g

=

βn
a∑

m=1

βn
a−m∑
na=1

(
D ā
)m−1

Rī
āā

c̄ D c̄
(
D ā
)βn

a−m
(
Da+1

)βn
a+1 · · ·

(
DN̄
)βn

N
g

+

βn
a∑

m=1

N∑
j=a+1

∑
~αn

~β∗
n

βn
j Rī

āj̄
c̄ D c̄

(
D ā
)m (

Da+1
)βn

a+1 · · ·
(
D j̄
)βn

j −1
· · ·
(
DN̄
)βn

N
g .

(9)

Here, we used

[∇i ,∇j ]∇k1 · · ·∇km f = −
m∑

n=1

Rijkn
l ∇k1 · · · ∇kn−1∇l∇kn+1 · · ·∇km f . (10)

for m ≥ 1.
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Section 2

One and two dimensional cases



One dimensional case

The Scalar curvature R is defined as R = g i j̄Ri j̄ = Rl̄
j̄ l̄
j̄ .

Theorem (Noncommutative Riemannian surfaces)

Let M be a one-dimensional locally symmetric Kähler manifold (N = 1)
and f and g be smooth functions on M. The star product with separation
of variables for f and g can be described as

f ∗ g

=
∞∑
n=0

[(
g11̄
)n{n−1∏

k=1

2~
2k + ~k (k − 1)R

}{(
g11̄ ∂

∂z

)n

f

}{(
g11̄ ∂

∂z̄

)n

g

}]

where
R = R1̄

1̄1̄
1̄.
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Two dimensional case (the first term)

Next, we discuss star products on general two-dimensional locally
symmetric Kähler manifolds.
According to Proposition ??, for a two-dimensional locally symmetric
Kähler manifold M, T 1

~α1
~β∗
1

is given as

(
T 1
(1,0),(1,0) T 1

(1,0),(0,1)

T 1
(0,1),(1,0) T 1

(0,1),(0,1)

)
= ~

(
g11̄ g12̄
g21̄ g22̄

)
.

Next, we estimate T 2
~α2

~β∗
2

.
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Two dimensional case

Proposition

Let M be a two-dimensional locally symmetric Kähler manifold and f and
g be smooth functions on M. T 2

~α2
~β∗
2

given in (??) is obtained by

 T 2
(2,0),(2,0) T 2

(2,0),(1,1) T 2
(2,0),(0,2)

T 2
(1,1),(2,0) T 2

(1,1),(1,1) T 2
(1,1),(0,2)

T 2
(0,2),(2,0) T 2

(0,2),(1,1) T 2
(0,2),(0,2)


= ~2

 (g1̄1)
2 g1̄1g2̄1 (g2̄1)

2

2g1̄1g1̄2 g2̄1g1̄2 + g1̄1g2̄2 2g2̄1g2̄2
(g1̄2)

2 g2̄1g2̄2 (g2̄2)
2



×

 2 + ~R1̄
1̄1̄

1̄ ~R2̄
1̄1̄

1̄ ~R2̄
1̄1̄

2̄

~R1̄
21̄

1̄ 1 + ~R2̄
21̄

1̄ ~R2̄
21̄

2̄

~R1̄
2̄2̄

1̄ ~R2̄
2̄2̄

1̄ 2 + ~R2̄
2̄2̄

2̄


−1

.
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Section 3

A metric of a complex Grassmann
manifold



Complex Grassmann manifold Gp,q

Definition (Complex Grassmann manifold as a set)

Complex Grassmann manifold Gp,q is defined as a set of the whole p
dimensional part vector space of p + q dimensional vector space.

Gp,q :=
{
V ⊂ Cp+q : dimCV = p

}
In this section, capital letter indices A,B,C · · · mean aa′, bb′, cc ′ · · · . In
the inhomogeneous coordinates
z I := z ii

′
, z Ī := z ī ī

′
, (i = 1, 2, · · · p, i ′ = 1, 2, · · · q) , the Kähler potential

of Gp,q is given as

Φ = ln
∣∣∣Eq + Z †Z

∣∣∣ , (11)

where Z = φ (Y ) = (z I ) ∈ M (q, p;C) and Eq ∈ M (q, q;C) is the unite
matrix. From (11), the following facts are derived.
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Fubini-Study metric

Fact (Fubini-Study metric)

The Fubini-Study metric (gI J̄) is

ds2 = 2gI J̄dz
Idz̄J ,

then
g I J̄ =

(
δij + z ik

′
z̄ jk

′
)(

δi ′j ′ + z̄kj
′
zki

′
)
.

where

gI J̄ := gii ′ j̄ j̄ ′ = ∂I∂J̄Φ = ajibi
′j ′ , g I J̄ := g ii ′ j̄ j̄ ′ = aijbj ′i ′ .

with
aij = δij + z ik

′
z̄ jk

′
, bi ′j ′ = δi ′j ′ + z̄ki

′
zkj

′
.
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The Riemannian curvature

Definition

The Riemannian curvature of a Hermitian manifold M is defined as

Ri j̄k
l = ∂iΓ

l
j̄k
− ∂j̄Γ

l
ik + Γn

j̄k
Γlin − ΓnikΓ

l
j̄n

where

Γljk = g l q̄ ∂gj q̄
∂zk

Fact

The Riemannian curvature of a Hermitian manifold M is obtained as

[∇i ,∇j ]∇k1 · · ·∇km f = −
m∑

n=1

Rijkn
l ∇k1 · · · ∇kn−1∇l∇kn+1 · · · ∇km f . (12)

for m ≥ 1.
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Curvature with Fubini-Study metric

Fact (Curvature with Fubini-Study metric)

The curvature of a complex Grassmann manifold is

RĀ
C̄ D̄

B̄ = gPC̄gQD̄RĀPQB̄ = −δab′ Cδba′ D − δba′ Cδab′ D , (13)

where

δab′ cd ′ =

{
1 (a = c , b′ = d ′)
0 (otherwise)

.

From these facts, we can derive the recurrence relations to determine star
products on the Grassmann manifolds.
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Section 4

Deformation quantization for
complex Grassmann manifold



Deformation quantization for CPN

In this subsection, we obtain concrete expression of star products on CPN .
A complex projective space CPN is a Grassmann manifold G1,N by
definition.

Proposition

Let M be a complex projective space and f and g be smooth functions on
M. The recurrence relation of T n

~αn
~β∗
n

given in (??) is

T n
~αn

~β∗
n
=

N∑
d=1

~gīd
(1 + ~− ~n)βn

i

T n−1

~αn− ~ed ~β∗
n−~ei

. (14)
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Deformation quantization for CPN

Theorem

Let f and g be smooth functions on a projective space CPN . A star
product with separation of variables on a projective space CPN is given as

f ∗ g (15)

= f · g +
∞∑
n=1

∑
~αn

~β∗
n

∣∣∣G ~αn, ~β∗
n

∣∣∣+{ n∏
k=0

~
(1 + ~− ~k)αn

k !β
n
k !

}(
D ~αn f

)(
D

~β∗
n g
)
.

where |·|+ is the permanent and G ~αn, ~β∗
n is a matrix made of metrics.
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Matrix made of metrics

Definition

A matrix G ~αn, ~β∗
n is defined by using the Riemannian metrics on M. Its

elements are metrics on M and are located as follows. ~αn and ~βn are
elements of ZN .

G ~αn, ~β∗
n =

 G̃11 · · · G̃1n
...

. . .
...

G̃n1 · · · G̃nn


where

G̃pq =: gpq̄

 1 · · · 1
...

. . .
...

1 · · · 1

 ∈ M
(
αn
p, β

n
q ;C

)
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Permanent

A function similar to the determinant is defined on the matrix space.

Definition (Permanent)

Let C = (Ck,l)1≤k≤n,1≤l≤n be a n × n matrix. We define | · |+ as a

C-valued function on M (n, n;C) such that

|C |+ :=
∑
σn∈Sn

n∏
k=1

Ck,σn(k).

This is called “permanent”.

∣∣∣∣ c11 c12
c21 c22

∣∣∣∣+ = c11c22 + c12c21
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Deformation quantization for CPN

Fact

Let f and g be smooth functions on a projective space CPN . A star
product on a projective space CPN is given in [28] as

f ∗̃g =
∞∑
n=0

Γ(1− n + 1/~)g j̄1k1 · · · g j̄nkn

n!Γ(1 + 1/~)

(
∇j̄1

· · ·∇j̄n
f
)
(∇k1 · · · ∇kng)

=
∞∑
n=0

Γ(1− n + 1/~)
n!Γ(1 + 1/~)

(
Dk1 · · ·Dkn f

)
(∇k1 · · · ∇kng)

=
∞∑
n=0

Γ(1− n + 1/~)gm̄1k1 · · · gm̄nkn

n!Γ(1 + 1/~)

(
Dk1 · · ·Dkn f

) (
Dm̄1 · · ·Dm̄ng

)
.

(16)

As mentioned in Section ??, the star product with separation of variables
is uniquely determined. This fact means (15) coincides with (16). This
coincidence is easily checked from Definition 11.
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Deformation quantization for G2,2

In this subsection, we derive the recurrence relation to obtain concrete
expression of star products on a Grassmann manifold G2,2. The
inhomogeneous coordinates are z11

′
, z12

′
, z21

′
and z22

′
. To decide the

order of coordinates is useful in order to calculate the finite sum. We set
the order:11′ < 12′ < 21′ < 22′. In this subsection, j is used as “Not i”.
That means that if i = 1 then j = 2 and if i = 2 then j = 1. For example,
if I = ii ′ = 11′, then ij ′ = 12′, ji ′ = 21′, J = 22′. If I = ii ′ = 12′, then
ij ′ = 11′, ji ′ = 22′, J = 21′. A finite sum is defined as

4∑
D=1

aD := a11′ + a12′ + a21′ + a22′ .
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Deformation quantization for G2,2

Theorem

Let f and g be smooth functions on G2,2. The recurrence relation of
T n

~αn
~β∗
n

given in (??) is

βI
(
1 + ~− ~βn

I − ~βn
ji ′ − ~βn

ij ′
)
T n

~αn
~β∗
n

− ~
(
βn
ij ′ + 1

) (
βn
ji ′ + 1

)
T n

~αn
~β∗
n−~eJ+ ~eij′+ ~eji′−~eI

= ~gĪ IT
n−1

~αn−~eI ~β∗
n−~eI

+ ~gĪ ij ′T
n−1

~αn− ~eij′
~β∗
n−~eI

+ ~gĪ ji ′T
n−1

~αn− ~eji′
~β∗
n−~eI

+ ~gĪ JT
n−1

~αn−~eJ ~β∗
n−~eI

.

for each I .

Star products on a noncommutative G2,2 are determined by this formula
recursively. For general Gp,q, the recurrnce relations are determined in a
similar way.
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Conclusion

Thank you for your attention!
Conclusion

1 The deformation quantization with separation

of variables→You can make it by algebraic

recurrence relations !
2 Noncommutative Riemannian surfaces
3 Noncommutative Grassmann manifold
→ CPn:not so hard but · · ·
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Section

A function similar to the
determinant “permanent”



permanent

A function similar to the determinant is defined on the matrix space.

Definition (permanent)

Let C = (Ck,l)1≤k≤n,1≤l≤n be a n × n matrix. We define | · |+ as a

C-valued function on M (n, n;C) such that

|C |+ :=
∑
σn∈Sn

n∏
k=1

Ck,σn(k).

This is called “permanent”.
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permanent

Example

Here we show some examples. These suggest some properties like
determinant.

1 ∣∣∣∣ c11 c12
c21 c22

∣∣∣∣+ = c11c22 + c12c21

2 ∣∣∣∣∣∣
c11 c12 c13
c21 c22 c23
c31 c32 c33

∣∣∣∣∣∣
+

= c11c22c33 + c11c23c32 + c12c21c33 + c12c23c31 + c13c21c32 + c13c22c31

= c11

∣∣∣∣ c22 c23
c32 c33

∣∣∣∣+ + c12

∣∣∣∣ c11 c13
c31 c33

∣∣∣∣+ + c13

∣∣∣∣ c11 c12
c21 c22

∣∣∣∣+
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permanent

Remark

Similar to a determinant ∣∣tC ∣∣+ = |C |+ ,

where tC is a transposed matrix of C .
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Cofactor expansion of a permanent

Proposition

The following is a proposition similar to cofactor expansion of a
determinant.

|C |+ =

∣∣∣∣∣∣∣∣∣∣∣∣

c11 · · · c1j · · · c1n
...

. . .
...

. . .
...

ci1 · · · cij · · · cin
...

. . .
...

. . .
...

cn1 · · · cnj · · · cnn

∣∣∣∣∣∣∣∣∣∣∣∣

+

=
n∑

j=1

cij

∣∣∣∣∣∣∣∣∣∣∣∣

c11 · · · ĉ1j · · · c1n
...

. . .
...

. . .
...

ĉi1 · · · ĉij · · · ĉin
...

. . .
...

. . .
...

cn1 · · · ĉnj · · · cnn

∣∣∣∣∣∣∣∣∣∣∣∣

+
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Matrix made of metrics

Definition

A matrix G ~αn, ~β∗
n is defined by using the Riemannian metrics on M. Its

elements are metrics on M and are located as follows. ~αn and ~βn are
elements of ZN .

G ~αn, ~β∗
n =

 G̃11 · · · G̃1n
...

. . .
...

G̃n1 · · · G̃nn


where

G̃pq =: gpq̄

 1 · · · 1
...

. . .
...

1 · · · 1

 ∈ M
(
αn
p, β

n
q ;C

)
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Cofactor expansion

From Proposition 0.11, we obtain the following corollary.

Corollary (Cofactor expansion of a permanent)

For a matrix G ~αn, ~β∗
n ,

∣∣∣G ~αn, ~β∗
n

∣∣∣+ =
N∑

J=1

βn
JgJ̄I

∣∣∣G ~αn−~eI , ~β∗
n−~eJ

∣∣∣+ =
N∑

K=1

αn
KgĪ K

∣∣∣G ~αn− ~eK , ~β∗
n−~eI

∣∣∣+ .
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N = 2 and n = 2

N = 2 and n = 2 are substituted in Theorem ??. The results are listed
here. ~α2, ~β∗

2 ∈ {(2, 0) , (1, 1) , (0, 2)} and i = {1, 2}.

~2 (g1̄1)
2 =

(
2 + ~R1̄

1̄1̄
1̄

)
T 2
(2,0),(2,0) + ~R1̄

2̄2̄
1̄ T

2
(2,0),(0,2) + ~R1̄

21̄
1̄ T

2
(2,0),(1,1)

~2 (g1̄2)
2 =

(
2 + ~R1̄

1̄1̄
1̄

)
T 2
(0,2),(2,0) + ~R1̄

2̄2̄
1̄ T

2
(0,2),(0,2) + ~R1̄

21̄
1̄ T

2
(0,2),(1,1)

2~2g1̄1g1̄2 =
(
2 + ~R1̄

1̄1̄
1̄

)
T 2
(1,1),(2,0) + ~R1̄

2̄2̄
1̄ T

2
(1,1),(0,2) + ~R1̄

21̄
1̄ T

2
(1,1),(1,1)

~2g1̄1g2̄1 =
(
1 + ~R2̄

21̄
1̄

)
T 2
(2,0),(1,1) + ~R2̄

1̄1̄
1̄ T

2
(2,0),(2,0) + ~R2̄

2̄2̄
1̄T

2
(2,0),(0,2)

~2g1̄2g2̄2 =
(
1 + ~R2̄

21̄
1̄

)
T 2
(0,2),(1,1) + ~R2̄

1̄1̄
1̄ T

2
(0,2),(2,0) + ~R2̄

2̄2̄
1̄T

2
(0,2),(0,2)

~2g1̄1g2̄2 + ~2g2̄1g1̄2 =
(
1 + ~R2̄

21̄
1̄

)
T 2
(1,1),(1,1) + ~R2̄

1̄1̄
1̄ T

2
(1,1),(2,0) + ~R2̄

2̄2̄
1̄T

2
(1,1),(0,2)

~2 (g2̄1)
2 =

(
2 + ~R2̄

2̄2̄
2̄

)
T 2
(2,0),(0,2) + ~R2̄

1̄1̄
2̄ T

2
(2,0),(2,0) + ~R2̄

21̄
2̄ T

2
(2,0),(1,1)

~2 (g2̄2)
2 =

(
2 + ~R2̄

2̄2̄
2̄

)
T 2
(0,2),(0,2) + ~R2̄

1̄1̄
2̄ T

2
(0,2),(2,0) + ~R2̄

21̄
2̄ T

2
(0,2),(1,1)

2~2g2̄1g2̄2 =
(
2 + ~R2̄

2̄2̄
2̄

)
T 2
(1,1),(0,2) + ~R2̄

1̄1̄
2̄ T

2
(1,1),(2,0) + ~R2̄

21̄
2̄ T

2
(1,1),(1,1)

~2g1̄1g2̄1 =
(
1 + ~R1̄

21̄
2̄

)
T 2
(2,0),(1,1) + ~R1̄

1̄1̄
2̄ T

2
(2,0),(2,0) + ~R1̄

2̄2̄
2̄ T

2
(2,0),(0,2)

~2g2̄1g2̄2 =
(
1 + ~R1̄

21̄
2̄

)
T 2
(0,2),(1,1) + ~R1̄

1̄1̄
2̄ T

2
(0,2),(2,0) + ~R1̄

2̄2̄
2̄ T

2
(0,2),(0,2)

~2g2̄1g1̄2 + ~2g1̄1g2̄2 =
(
1 + ~R1̄

21̄
2̄

)
T 2
(1,1),(1,1) + ~R1̄

1̄1̄
2̄ T

2
(1,1),(2,0) + ~R1̄

2̄2̄
2̄ T

2
(1,1),(0,2).

There are multiple overlapping and tautological equations are omitted.
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N = 2 and n = 2

With (??) these are the same as the following equation.

~2
 (g1̄1)

2 g1̄1g2̄1 (g2̄1)
2

2g1̄1g1̄2 g2̄1g1̄2 + g1̄1g2̄2 2g2̄1g2̄2
(g1̄2)

2 g2̄1g2̄2 (g2̄2)
2


=

 T 2
(2,0),(2,0) T 2

(2,0),(1,1) T 2
(2,0),(0,2)

T 2
(1,1),(2,0) T 2

(1,1),(1,1) T 2
(1,1),(0,2)

T 2
(0,2),(2,0) T 2

(0,2),(1,1) T 2
(0,2),(0,2)


 2 + ~R1̄

1̄1̄
1̄ ~R2̄

1̄1̄
1̄ ~R2̄

1̄1̄
2̄

~R1̄
21̄

1̄ 1 + ~R2̄
21̄

1̄ ~R2̄
21̄

2̄

~R1̄
2̄2̄

1̄ ~R2̄
2̄2̄

1̄ 2 + ~R2̄
2̄2̄

2̄


then Proposition 0.7 is proved.
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The local coordinate can be defined in a similar way to S. Kobayashi and
K. Nomizu pp.160-162[19].
Let U be an open subset of Gp,q . A chart (U, φ) is defined by

U :=

{
Y =

(
Y0

Y1

)
∈ M (p + q, p;C) ; |Y0| 6= 0

}
and

φ : U −→ M (q, p;C)

where
φ (Y ) = Y1Y

−1
0 .

This is a holomorphic map of U onto an open subset of p × q-dimensional
complex space.
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